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ABSTRACT. The existence of positive standing wave solutions to a nonlinear
Schrodinger equation on a bridge type unbounded metric graph (a domain
of multiple half-lines with two junctions connected by a line segment with
arbitrary length) is showed, and under certain conditions, the existence of
multiple positive solutions is proved. Similar results also hold for the equation
with bistable nonlinearity.

1. INTRODUCTION AND MAIN RESULTS

The nonlinear Schrédinger equation (NLS)

0]
(1.1) ia—f +rAp+xh(|¢[*)p =0, t >0, x € RN
arises as a canonical model of physics from the studies of continuum mechanics,
condensed matter, nonlinear optics, plasma physics [T0)35]. A standing wave solu-
tion of (L)) is in a form of ¢(z,t) = ®(x)e " and P satisfies a nonlinear elliptic
equation

(1.2) rA® + A0 + xh(|®*)® =0, 2 € RY

which has been extensively considered in the last few decades [6[7,[34]. Here r
is interpreted as the normalized Planck constant, y describes the strength of the
attractive interactions, A is the wavelength and h is a real-valued function. Standing
wave solutions of more general Schrodinger type equation have also been studied
in [9}111 1416128, [B31L36].

While the standard spatial setting for the nonlinear Schrédinger equation is
the Euclidean space RN for N = 1,2, 3, there have been recent interests on wave
propagation on thin graph like domains which can be approximated by metric
graphs (or quantum graphs) [2H5][12]T3] 15l 17, 18] 201231 25H271 32,3337, see also
surveys [11[24].
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FIGURE 1. Metric graph with a single bridge

In this paper we consider the standing waves of the nonlinear Schrodinger equa-
tion on an unbounded metric graph with two vertices, namely, a domain of mul-
tiple half-lines with two junctions connected by a line segment. We state the pre-
cise definition of the domain below. The domain 2 consists of a single line seg-
ment Iy = (—dy,d2) with endpoints which have coordinate z = —d; and = = ds
(d1,d2 > 0), and two families of half-lines {I_; = (—o0,—dy) : 4 = 1,--- 1} and
{I; = (d2,0) : j=1,--- ,k} (I,k > 2) such that

k
—IOU UI— U LJl i) I—iﬂfj:[b, forie{1,---,l} and j € {1,--- ,k},
l

Io\{Io} = {—di,ds}, n I ={-di}, ﬂ I; =

See Figure [ for an illustration of the domain .
Here assuming dy,ds > 0 and [, k > 2, we set the local coordinates in the domain
Q as

IO = {—dl < xg < dz},
(1.3) I, ={-c0o<mz<—di}, i1€{l,--- 1},
I ={ds < z; < 400}, jed{l,-- k}

Since the coordinate domain for Iy, I_; and I; do not overlap, we will also use —co <
x < oo in the following as a global coordinate for the solution w which is the same for
all the left half-lines and for all the right half-lines. By denoting u;(z;) = ulz—(=:),
1= 0,17"' ,la and Uj(l'j) = U|E($]), j = ]-7 ,kv u = (u()vul,"‘ y UL, V1, et ;vk)
is a function defined in 2. We investigate the existence of standing wave solutions
to a nonlinear Schrédinger equation on the unbounded graph € with two vertices:

—uo = g(uo) —di1 <z < dg,
(1.4) =g(ui), —oo<wm<—dy,ie{l,--,l},
=g(vj), de<uzj<+oo,je{l,---, k},
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FIGURE 2. Graphs of functions in Example [[1l Left: g1 (u) with
p =2 and a = 1/4; Right: go(u) with a =1/4

with the compatibility conditions:

’U,()(—d1) :ui(—dl), 1€ {1, 71}7
U'O(d2) = U](d2) VES {17 T ,k},
l
(1.5) uh(—dy +0) = 2 wl(—dy —0),
s = 0) = 3 v} +0)

Here w'(d + 0) and w’(d — 0) are defined as the left and right hand side limits of
the function w'(z) at © = d. The first two conditions in (I.5]) imply the continuity
of the function u at x = —d; and x = ds, while the last two conditions indicate the
conservation of the flux at « = —d; and z = dy (Kirchhoff condition).
In (T) g : [0,00) — R is a continuous function satisfying the following condition
(G) or (G) listed as bellow.
(G) For fixed a > 0,
(g1) 9(0) = g(a) = 0;
(g2) g(u) < 0in (0,a) and g(u) > 0 in (a,00);
(g3) there exists & > a such that G(§) = 0, where G(t fo
(G') Forfix0<a<1,
(81") 9(0) = g(a) = g(1) = 0;
(g2’) g(u) < 0in (0,a) U (1,00) and g(u) > 0 in (a,1);
(g3’) there exists & € (a 1) such that G(&) = 0, where G(¢ fo
(g4) G(1)+3G(a) >
When (G') is satisfied, from (g4), we define

G(1)

~Gla) +1>2.

We note that (g3’) implies that G(1) > G(§) = 0, geometrically it means that the
area under the graph of g(u) from a to 1 is larger than the area under the graph of
lg(w)] from 0 to a. That is G(1) — G(a) > |G(a)| = —G(a). And (g4) implies that
G(1) — G(a) > 4|G(a)| = —4G(a), so the area under the graph of g(u) from a to 1
is at least four times of the area under the graph of |g(u)| from 0 to a. Condition
(g4) guarantees the existence of a positive solution of ([L4)—(LH) with [,k > 2.

(1.6) A=

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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FicURE 3. Graphs of functions in Example Left: gs(u) with
a = 1/4; Right: g4(u) with b=1/4

Example 1.1. We list some examples satisfying (G). Here 0 < a < 1. (see Figure
2)

(1) g1(u) = —aP~'u + uP, where p > 1;

B —au + u? 0<u<ugq
(2) g2(u) = {a(u—a)/(1+u—a) u > a.

Example 1.2. We list some examples satisfying (G’). (see Figure B)

(1) g3(u) = —u(u—a)(u—1) where 0 < a < ag and ag =~ 0.37318 is the smallest
positive root of 3a* — 6a® — 2a + 1 = 0;
(2) ga(u) = —u+ (1 +b)u?/(b+ u?) where b > 0 is small.

Note that a function satisfying (G) could be Schrédinger type like g1 (u) which is
asymptotically superlinear, and it can be asymptotically sublinear like ga(u). On
the other hand, a function satisfying (G’) is a bistable nonlinearity with w = 0
and v = 1 both being stable for the corresponding ODE u’ = g(u). The bistable
nonlinearity arises from the studies of neuron propagation (Fitz-Hugh Nagumo
equation) or population ecology (strong Allee effect).

For some [,k > 2, we look for a symmetric positive solution u(x) of (L4) and
([CH) in a form of (u1,us, - ,u, ug,v1,va, - - ,Vk) satisfying

Uy =ug=---=u; and v; = vy = -+ = V.

Here a symmetric solution u does not mean u(—x) = u(z) as in many other work,
and it actually represents a solution that is the same on all the left half-lines and
on all the right half-lines. When [ = k = 1, the problem (I4) and (L3)) is reduced
to

(1.7) —u" =g(u), z € R, ¥ (0) =0, lim u(z)= lim u'(z)=0.

Since ¢ satisfies the condition (G) or (G'), (L7) has a unique positive solution w(x)
which is symmetric with respect to = 0, positive, strictly increasing for z < 0,
and decaying exponentially at the infinity [6l8]. Moreover w(0) = £ where £ > a
satisfies G(§) = fO&g(s)ds =0 as in (g3) or (g3’).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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In the following we consider ([L4) and (LH) with { > 2 and k¥ > 2. For some
7 > 0, we convert the problems () and (L3) with a symmetric solution to

(1.8) —ufl = g(ug), —dy <z <0,
. u6(0) = Ovuo(o) = 7—7
(1.9) —uf = g(u1), —00 < a1 < —di,
ul(_dl) = UO(—dl), ul(—oo) =0,
with
(1.10) up(—di +0) = Iy (—dy — 0);
and
(1.11) —uy = g(ug),0 < xg < da,
| uh(0) = 0,up(0) = .
(1.12) —vf = g(v1),d2 < w2 < 00,
'Ul(dZ) = U()(dQ),’Ul(oo) =0,
with
(113) uh(d> ~ 0) = ki (d +0)

Namely, we look for an appropriate 7 € (£,00) which allows a solution (ug,u1)
to (LY) and (LI) satisfying (LI0) which is increasing in (—o0,0), and a solution
(ug,v1) to (LII) and (LI2)) satistying (LI3]) which is decreasing in (0, 00). Then a
desired solution u!*(x) stated in the following theorems is given by

uo(zo), —di <o < d,
(114) uLk(‘/L‘) = ul(xi)v —o0o <z < _dla 1= 17' o al
’Ul(.’Ej), d2<l'j<00,j:1,"',]{7.

First we have the following results regarding the existence of a positive solution
of (L) and (LA on the bridge type graph € for Schrédinger type g(u).

Theorem 1.3. Consider the stationary problem (L) and (LH) in Q with the
coordinates given by [L3), and dy,ds > 0 and I,k > 2. Assume the hypothesis (G)
1s satisfied and tmpose the conditions at infinity of the domain as

(115) lim U1($1) = lim ’Uj(.Ij) = O, 1€ {1, e ,l}, ] (S {1, ce 7]6}
T;—r—00 :Ej*}OO

(1) Forl =k >2 and dy = dy = d > 0 given, (L4) and [3) admit at least
one positive solution satisfying uo(—z) = uo(z) and u,(—z) = v;(z);

(2) Forl > 2 and di > 0 given, (L) and (LI) admit at least one positive
solution u' (x) in (—di,0) and (—oo,—dy) respectively satisfying (LI0),
and vt (0) = 7 > & where & is defined in (g3); there exists 2 < k; < I
such that for each k > k;, there exists d§ > 0 so that (LII) and (CIZ)
admit at least one positive solution u%(z) in (0,d5) and (d5, o0) respectively
satisfying (LI3) and uf(0) = 7 = ub (0); ubF(z) = (vl (2),uls(z)) is a
positive solution of (L) and (LH) with di > 0 and dy = d5 > 0.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Note that for the solution u*(z) = (u) (z),u%(z)) in Theorem [L3 ! (x) is
defined for x < 0 and u%(z) is defined for 2 > 0, while the solution u"*(x) in (L14)
is defined in three distinct sub-intervals (—oo, —dy), [—d1,ds] and (da, 00). Each
of the two definitions can be easily converted to the other one. Similarly for the
bistable nonlinearity, we have

Theorem 1.4. Consider the stationary problem ([[L4) and (L) in Q with the
coordinates given by (L3), and di,ds > 0 and I,k € N satisfying 2 < I,k < [A]
where A is defined in (LG), and [A] is the greatest integer less than or equal to A.
Assume the hypothesis (G') is satisfied and impose the conditions at infinity of the

domain as (LIH).

(1) Forl =k and dy = da = d > 0 given, (L4) and (LI) admit at least one
positive solution satisfying uo(—x) = uo(x) and u;(—z) = v;(x);

(2) Forl > 2 and dy > 0 given, (L8) and (LI) admit at least one positive
solution ub (x) in (—dy,0) and (—oo,—dy) respectively satisfying (LI0),
and ub (0) = 7 > & where & is defined in (93°); there exists 2 < k; < I
such that for each k satisfying k; < k < [A], there exists d§ > 0 so that
(CID) and (LI2) admit at least one positive solution uk(x) in (0,d5) and
(d,00) respectively satisfying (LI3) and u%(0) = 7 = ub (0); ubk(x) =
(ub (x),uk(2)) is a positive solution of (L) and (LH) with d; > 0 and
dy = d5 > 0.

Indeed a more careful analysis of the length d; and dy for a solution u in the
above results implies the following existence of a positive solution of (L4 and (LX)
for Schrodinger type g on the bridge type graph € with any number of “legs” on
the left and right, and any length d = d; + d2 of the bridge.

Theorem 1.5. For (L4) and (I3 in Q with the coordinates given by ([(L3)), assume
the hypothesis (G) is satisfied and the conditions at infinity is imposed as (LIH]).
Then for any l > 2, k > 2, and d > 0, there exists at least one positive solution
uy*(z) of TA) and [LH) with |Io| = dy + dy = d; and there exists d, > 0 such that
when d > d, there ezists at least two positive solutions uék(x) (G =2,3) of (LA
and (L5) with |Iy| = di +da = d and these two solutions are different from u}*(z);
and when d = d. there exists at least one positive solution ulzk(a:) of (C4) and
([CH) with |Io| = di 4+ da = d that is different from ullk(x) Moreover for j =1,2,3,
ul-’k(x) is strictly increasing for © € (—o00,0) and uék(x) is strictly decreasing for

J
x € (0, 00).

Similar results also hold for bistable type g but the number of “legs” on the left
and right is restricted by the quantity A defined in (L8]).

Theorem 1.6. For (L4) and (L3 in Q with the coordinates given by ([L3)), assume
the hypothesis (G') is satisfied and the conditions at infinity is imposed as ([I5)).
Then for any d > 0 and 2 <[,k < [A], where A is defined in (L0), and [A] is the
greatest integer less than or equal to A, there exists at least one positive solution
ut (x) of (TA) and ([LH) with |Io| = dy +dy = d; and there exists d, > 0 such that

when d > d, there exist at least two positive solutions uék(x) (i =2,3) of (LA)
and ([L5) with |Iy| = di +da = d and these two solutions are different from u}*(z);

and when d = d, there exists at least one positive solution us™(x) of (L) and

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



SCHRODINGER EQUATION 3817

(L) with |Io| = dy +dy = d that is different from u}* (). Moreover for j =1,2,3,
uék(x) is strictly increasing for © € (—o00,0) and uék(x) is strictly decreasing for
x € (0, 00).

We remark that the results in Theorem when | = k have been proved in
[19, Theorem 1.5]. Theorems and [L@ show the effect of different nonlinearities
on the existence of positive solutions on the bridge type metric graphs, which is
different from the case of [ = k =1 (equivalent to @ = R and (7). It also shows
that (L4) and (3] have at least three distinctive positive solutions when the length
d of the bridge is sufficiently long.

We also have the following results regarding the multiplicity of positive solutions
of (4l and (L) for a fixed height (maximum value of the solution) 7 = u(0). For
Schrodinger type g(u) we have

Theorem 1.7. Consider the stationary problem ([L4) and (LH) in Q with the
coordinates given by ([L3)). Assume the hypothesis (G) is satisfied and the conditions
at infinity is imposed as ([(LID). Then there exists a sequence {wy,, : m =1,2,---}
such that

§:w1<w2<~~~<wm<wm+1<~~,
and for any positive integer m > 2,

(1) when T € (w1, wn,) and any integers I,k > m, (L4) and (LH) admit at least
four positive solutions u*(x) with ub*(0) = 7;

(2) when T = wy,, and either () I > m+ 1 and k = m, or (ii) | = m and
k>m+1, (L) and (L) admit at least two positive solutions ub*(x) with
ul,k(o) =7

(3) when T = wy, and ! =k =m, (L) and [L3) admit at least one positive
solution with ub* (x) with u"*(0) = 7.

Similarly for bistable type g(u) we have

Theorem 1.8. Consider the stationary problem ([[L4) and (L) in Q with the
coordinates given by ([L3). Assume the hypothesis (G') is satisfied and the conditions
at infinity is imposed as (LID). Then there exists a finite sequence {w, : m =
1,2,---,[A]} such that

fzwl<w2<~~~<wm<wm+1<~-~<w[A_1]<w[A]:1,

and for any positive integer m > 2,

(1) when 7 € (w1, wy) and any integers m < I,k < [A], (L4) and (L3) admit
at least four positive solutions ul*(x) with u**(0) = 7;

(2) when T = wy,, and either (i) m+1 <1 <[A] and k =m, or (i) l =m
and m+1 < k < [A], (L) and [LT) admit at least two positive solutions
ub® (z) with ubk(0) = 7;

(3) when 7 = wy, and I = k = m, () and [[A) admit at least one positive
solution with ub*(z) with u!"*(0) = 7.

In Theorems [T and [ part (1), if I =k > m (or m <1 =k < [A]), then two
of four positive solutions are symmetric in the sense that dy = ds, up(—z) = ug(x)
and u;(—z) = vj(x), and the other two are not symmetric with dq # dz. The one
positive solution in Theorems [[T7] and [[§ part (3) is also a symmetric one. For
the Schrédinger type g, the “height” u(0) = 7 for a positive solution is unbounded,
while the “height” of a positive for bistable type ¢ is bounded by v = 1 from

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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the Maximum Principle. Theorems [.7] and also show an relation between the
“height” 7 = u(0) and the number I, k of “legs” on the two ends of the bridge.
The solutions defined in the theorems above are related to the unique positive
solution w of (7). The existence and uniqueness of the solution w of (7)) with
g satisfying (G) or (G’) follows from phase portrait analysis in [§] or variational
approach in [6]. Here we show that for a bridge type graph, such a positive solution
still exists but it may not be unique. The exact multiplicity of positive solutions
of a semilinear elliptic equation with bistable nonlinearity on a ball domain was

studied in [291[30].

We prove the main results stated in the Introduction in Section

2. GROUND STATES FOR A BRIDGE GRAPH

In this section, we first prove the existence of a solution to (L)—([LI0). Suppose
that u is the solution of initial value problem

1) {ﬂwzgw»

’U,(O) = ’ao,’u,/(O) = (:10,

where g > 0 and &g € R. Let (x) = «/(z). Then (u(z),0(zx)) is the solution of
the initial value problem

u =0,
(22) 0 = —g(u),
The solution (u, #) can be extended to x € (=T, T) which is the maximum interval of

existence of the solution and T' € (0, oco]. Note that (22]) is a first order Hamiltonian
ODE system with the Hamiltonian

(2.3) H(u,0) = G(u) + %92.

Hence for a solution (u,8) of ([2.2)),
d _OH , 0H,6
%H(u(x)ﬁ(x)) =554 + W@ =0.

In particular, H(u(z),0(z)) = H(u(0),0(0)) for all x € (=T,T).
Now, we consider a solution of (Z1I) with @y = 0. Multiplying (1)) by «’ and
integrating on [z, 0], we obtain that

0 1
@a) 0= [+ gl ldy =~ 0/ @) + Gla(0) - Glu(e)).

We consider a solution u of (ZI)) satisfying v'(0) = 0, v/(z) > 0 for z < 0. Then
[24) implies that

u'(z) = V2/G(u(0)) — G(u(z)), z <0
du

. dx = ’
(2.5) V2y/G(ag) — G(u(x))

x < 0.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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Suppose that « < 0, integrating (23] for z € [a, 0], we have

1 [ d
(2.6) a=—— / ~—u
V2 Ju(@) V/Glin) = G(u)
Let o < 0 and recall that w is the unique positive solution of (L7)). Let (P, Q) =
(w(a),w’(«)). Consider the following system which is equivalent to (L8] and (LI0):

u =0, p<x<O,

0 =—g(u), p<x <0,
w(0) = i, 6(0) =0,
u(p) =P, 0(p) =1Q

for some @ > 0,1 > 2 and p < 0. The following lemmas are important for obtaining

a solution to (L8)—(TI0).

Lemma 2.1.

(2.7)

(i) If (G) holds, for any o < 0 and integer I > 2, there exists a unique 4@ =
W(a) > & and p = pr(a) < 0 such that 1) has a solution (u,0) with
u(z) >0 and 8(x) > 0 for z € (pr(a),0).

(ii) If (G') holds, for any o < 0 and integer | satisfying 2 < | < [A], there
exists a unique @ = 4y(a) € (€,1) and p = pr(a) < 0 such that 27) has a
solution (u,0) with u(x) > 0 and 6(z) > 0 for z € (pr(a),0).

Proof. Fix a < 0 and let (P, Q) = (w(a),w’(a)). Let (u,0) be the solution of v’ = 6
and ¢ = —g(u) with (u(pr),0(pr)) = (P,1Q) where pr, < 0 is to be determined.
Then the solution orbit of the solution satisfying (u(pr),0(pr)) = (P,1Q) is on the
curve

(2.8) H(u,0) = H(P,1Q) = G(P) + ng.

We claim that the curve H(u,0) = H(P,lQ) intersects with § = 0.

(i) If (G) holds, since G(P) < H(P,1Q) and ILm G(u) = 400 > H(P,1Q),

u o0
then there exists @ € (P,+o00) such that G(2) = H(P,lQ), which implies that
H(u,0) = H(P,1Q). We claim that % > &. Indeed
G() = H(PIQ) > H(P,Q) =0

since [ > 2 and H(P,Q) = H(0,0) as ILm w(a) = limg— 0o w'(a) = 0. Hence a4 > ¢
as G(u) < 0 for 0 < u < & and G(u) > 0 for u > £. The monotonicity of G implies
that such @ = 4; € (§,00) is unique. We may assume u(0) = @ and 6(0) = 0 then
pr < 0 is uniquely determined by o < 0. The solution satisfies u’ = 6 > 0.

(i) If (G') holds, then by using G(P)+Q?/2 = 0 and (g4), for integer [ satisfying
2 <1 < [A], we have

(2.9) H(P,1Q) = G(P) + §Q2 = G(P) - I’G(P) < (I? = 1)(—=G(a)) < G(1),

as G(a) = min,e[o,1) G(u). Then again from G(P) < H(P,1Q), there exists a unique
@ € (P,1) such that G(a) = H(P,1Q), which implies that H(a,0) = H(P,1Q). The
proof of that @ > £ is as before and the uniqueness follows with the monotonicity
of G in (&,1). O
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3820 J. SHI AND J. ZHOU

Lemma 2.2. For any o < 0 and integer I > 2 if (G) holds (or 2 <1 < [A] if (G')
holds), let pr, = pr(«) be defined as in Lemma 211, we have

lim pr(a) =0 and lim pr(a)= —oo.
a—0— a—r—00

Proof. From (2.0)), we have

1 [ du
2.10 o) = —— .
(210) NG /w@ J/G(a) - Gu)

For u € [w(a), u()), from the mean-value theorem, there exists n € (u, %(«)) such
that

G(a(a)) — G(u) = g(n)(u(a) — u).

Note that w(0) = £ > a. Since P = w(a) — € and Q = w’(a) = 0 as & — 07, then
() = & and n — £ as a — 0~ . Hence g(n) > 0 is bounded as & — 0~ and

1 [ du

V2 Ju@) Vg(n)y/a(a) —u
a(a)
wle) V(o) —u
= -2Cv/u(a) —w(a) = 0, asa — 0.

On the other hand, P = w(a) = 0 and Q = w'(«a) — 0 as @« — —o0. then a(a) — &
as o — —oo. Thus (ZI0) implies that

0> pr(a)=

lim (a):—i/gd—u:—oo
R RCY RV G R

since the solution of ([2:2) with «(0) = w(0) and #(0) = 0 is a homoclinic orbit. O
Now we can prove the existence of a positive solution to (L8])—(TI0).

Proposition 2.3. For any d > 0 and integer | > 2 if (G) holds (or 2 < 1 <
[A] if (G') holds), the equations (LY)—(LI0) admit a positive solution (ug,u1) and
up(z) >0 in (—=d,0), uj(z) >0 in (—o0,—d).

Proof. For any d > 0, by Lemma and the continuity of pr(«), there exists
a € (—00,0) such that d = —pp(«). By Lemma 2] there exists a unique @ =
() > & such that (7)) has a solution (u, ) with «(0) = @(«), u(d) = w(a) and
0(—d) = lw'(«) where w(z) is the unique positive solution of (7). Let 7 = @;(«),
then (L8)) admits a solution with ug(0) = 7, up(—d) = w(a) and uy(—d) = lw'(a).
Finally we take ui(z) = w(z + o + d) for x € (—o0,—d). Hence (up,u1) is a
solution to (LL8)) and (L9) satisfying (LI0) and ug(z) > 0 in (—d,0), uj(z) > 0 in
(—o0, —d). O

We remark that when (G’) holds, the equations (L8)—(I0) have no positive
solution (ug,uq) satisfying ugy(x) > 0 in (—d,0), uj(x) > 0 in (—oo0, —d) for integer
I > [A]. Indeed (2.9) would become

l2
G(P)+5Q = (I* = )(=G(P)) > G(P),

for any P’ € (P, 1] and [ large enough as G(P) < 0. Thus, there is not @ such that
G(u) = H(P,1Q) for any P, and | > [A] and ([27) has no solution for such .
For the function @;(«) defined in Lemma 2] we have the following properties.
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Proposition 2.4. Suppose thatl > 2 if (G) holds (or2 <1 < [A] if (G') holds), the
function t(«) defined in Lemma 2] satisfies @ (o) > & for a € (—00,0), admits
the mazimum value at o, € (—00,0) which satisfies w(ow) = a, U(a)(a —ay) <0
for a # o, and ;(a.) satisfies

(2.11) G(u(a)) = (1 = 13)G(a).
Moreover for 1 > j > 2, we have @ (a) > 4,(c) for a € (—00,0).
Proof. Indeed, from the fact
G(u(a)) = H(P,1Q),
we have
(2.12) G(u(a)) = Gw(a)) + 5 W' ()]
Differentiating (2.12]) with respect to «, and by using the equation in (I.7), we have
g(ta())iy(a) = (1 = *)u’(a)g(w(a)).

Since g(iy(a)) >0, w'(a) > 0 and 1 — {2 < 0 for [ > 2, hence

ay(a) >0, if glw(a)) <0
and

() <0, if g(w(a)) > 0.
Moreover, u;(«) = 0 if and only if g(w(a)) = 0. That is only satisfied when o = v,
such that w(a,) = a for some a, € (—00,0). Hence, for o < a, 4 is increasing

and for o > v, @ is decreasing. By the fact @;(a) — £ as « — 0~ and o — —o0,
have @;(a) > & for a € (—00,0). By [Z12)),

l2
(2.13) Gliu(a)) = Gla) + F[w' (o).
Multiplying (L7) by v’ and integrating from a, to 0, we have
1
(2.14) i[w'(oz*)]2 = —G(a).

Combining (213) and [2I4)), we obtain (ZI1]). Finally from ([2.12]), we have

~ _ l2 _ 52
Gl (@) = Gliiy() = —5 [/ (a))? > 0.
This implies that 4;(a) > @;(a) if { > j > 2 for o € (—00,0), as G(u) is strictly
increasing when u > £. (]

Now we are ready to prove Theorem [[.3] and the proof of Theorem [[.4]is similar
S0 it is omitted.

Proof of Theorem [[3. First we assume that [ = k > 2. From Propositions [Z3]
and 24 for any d > 0 given, (L8) admits at least one solution u}(zo) defined in
[—d, 0] with u$(0) > &, (LI) admits a solution u;(x1) defined in (—oo, —d), and
the junction condition (II0) holds. Since I = k, by the same way, we can obtain
a solution u3(z¢) = u(—z0) defined in (0,d) to (LII) with u2(0) = uj(0) > &,
a solution vy(x1) = ui(—21) defined in (d,o0) to (LI2)) and (I3) holds. Then
u* = (ug,u1,v1) is a positive solution of (L)-(I3) with dy = do = d where
ug(wg) = ul(zo) when z¢ € [—d,0] and ug(zg) = ud(zo) when ¢ € (0,d]. This
proves the existence of a positive solution to ([4)—(T3H) when I = k.
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Next we assume that [ > 2 with k to be specified. From Propositions 2.3l and
24 again, for any d; > 0 given, (L8) admits at least one solution u}(zg) defined
in [—dy,0] with u$(0) > &, (LI) admits a solution u(z1) defined in (—oo, —dy),
and the junction condition (LIO) holds. Taking 7 = u$(0) > &, by Proposition
24 there exists 2 < k; <[ such that for each k > k;, there exists g, € (—o00,0)
satisfying @z (Bx) = 7. Let d§ = —pr(Brx) > 0, then applying the arguments in
Proposition 23] for # > 0, (LII]) admits a solution uZ(z¢) with u3(0) = 7 in (0, d5),
(CI2) admits a solution v (1) in (d5, o0) and (LI3) holds. Then u* = (ug,u,v;)
is a positive solution of (L8)—(TI3) with d; > 0 arbitrary and dy determined by
dyi, I and k, where ug(wg) = uj(zo) when x¢ € [—dy,0] and ug(zo) = ug(zo) when
xo € (0,dz2]. This proves the existence of a positive solution to (CA)—(TH) when !
and k are not necessarily the same. O

If I =1, then, H(P,Q) = 0 where P = w(a) and Q = w’(a) as defined in Lemma
2 and G(a) = 0 implies that @ = £. On the other hand,
k‘2
2
If £ = 1 also holds, then the graph Q is a line and (L4)—(LH) is reduced to (7))
which has a unique positive solution. If k # 1, we have that G(w(a)) = 0 in (2I5).
Thus o = 0 and the graph 2 is a star which has a unique vertex and k+ 1 half-lines
connected to the vertex. The positive solutions of (L4)—(LH]) on a star graph have
been studied in for example [IH4L[26].

We can analyze i and d5 in the above proof more carefully to prove Theorem
[l and again the proof of Theorem [L.Gl is similar thus omitted.

(2.15) 0=G(8) = Gw(@) + 5 [W(a)* = (1 - k)G(w(a)).

Proof of Theorem [LAl Let [ > 2 and k > 2. Without loss of generality, we assume
that 2 <1 < k. As in the proof of Theorem [[.3] from Propositions 2.3] and 2.4} for
any di > 0 given, (L8) admits at least one solution u(xg) defined in [—ds, 0] with
u}(0) > &, (LI) admits a solution u;(z1) defined in (—o0o, —d;), and the junction
condition (II0) holds. Let 7 = u}(0) > £ then 7 = () for some a € (—00,0). We
know that when @ = av,, %;(«) achieves the maximum value @; (o) for o € (—00,0).
Then from ! < k, we have @ (a) > (), and @) (a)(a — a,) < 0 and (o) — &
as a — —oo or a — 07 from Proposition 241 This implies that for 7 € (&, (),
from Proposition 24} there exists two values 8} and 37 satisfying

—0< B <a.<Bi<0

such that G (8;) = 7 for i = 1,2. Let d5 , = —pL(B}) and d§ , = —p(57), then

1 T du
a5y = —pr(B}) == —_—
Y UVR S VG - Glu)
(2.16) 1 i

2 k
>\/§ (2 Q) — G(w) = —pr(Bi) = ds,
as 7 > w(fy) > w(B}). Thus (LII) admits a solution uf, with uf,(0) = 7 in
(0,d5 ), (LI2) admits a solution vy ; in (d ;,00) i = 1,2 and (LI3) holds. Hence
for a fixed dy > 0, there are two distinct dy = dj,; such that (LX)~ (LI3) has a
positive solution with d; > 0 arbitrary and dy = d§,1 > d§)2 > 0. Note that
dy = d’gﬂ- depends on d; continuously when [, k are fixed.
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Taking dy > 0 as a varying variable, we have 7 — £ when d; — 0 or d; — 0.
Consequently we have 3 — 0 and 87 — oo, which imply that d’il — oo and
d5 5 — 0 hold when either d; — 0 or d; — oo. Now we define

(2.17) dp =dy +d5,.

Then (LR)-(LI3) has a positive solution with dy > 0 arbitrary and dy = dj , > 0.
When d; varies from 0 to oo, dga > 0 and d§,2 — 0 as d;y — 0 or dy — oo, which
implies that dj, varies from 0 to co as well. This proves that for any d = d;, > 0,
there exists at least one positive solution u}*(z) of ([4) and (LH) with |Io| =
dy + df , = dp. From the construction above, u"*(z) = (u1(z1), uf(xo)) is strictly
increasing for z € (—00,0) and ub*(x) = (u(xo), v1(w2)) is strictly decreasing for
x € (0, 00).
On the other hand, we define

(2.18) dy = dy +d ;.

Then (L8)-(LI3) has a positive solution with d; > 0 arbitrary and dy = d§,1 > 0.
When d; varies from 0 to oo, d’il > dg,z >0 and d’il — o0 as dy — 0ordy — oo,

which implies that dy — oo as d; — 0 or dy — oo. Let d, = ;nir(l) dy. Then
1>

for d > d,, there exists at least two positive solutions uék(x) (j = 2,3) of (T4
and ([3) with |[Iy| = dy + dl2€,1 = dy from the continuity of dyy with respect to
dy. For d = d,, there exists at least one positive solution of (L4) and (LH) with
[Io| = dy+d5 ; = dy. These solutions with |Io| = dy are different from ul* (z) with
‘IOlZdL as dy > dy, for any dy > 0. O

The existence of multiple positive solutions of ([4]) and (L&) can be shown
following the approach in the proof of Theorem Now we will prove Theorem
[[7, and the proof of Theorem [[.§ is similar thus omitted.

Proof of Theorem [0l Let m € N and let w41 = Um1(as) where @ and «, are
defined in Lemma 2] and Proposition 241 Then from (ZITI), we have

(2.19) G(wmy1) = (1 —(m+1)*G(a), m=1,2,3,---.

Hence from 4, is increasing in m as in Proposition 24 and [2I9), we have w,, 1 >
wp, for m € N as G(u) is an increasing function for u > &.

From Lemma 2. Lemma and Proposition 24] for each | > m + 1, the
function @ () is defined for a € (—00,0), 4j(a)(a — o) < 0 for o # ., U(a)
achieves a local and global maximum value at a = «,, and

lim @ (a)= lim 4(a)=¢.
a—>—00 a—0~

Moreover when [ > j > 2, we have @;(a) > @;(a) for a € (—00,0).
Suppose that 7 € (w1, wm41), then for each [ > m + 1, there exists all and 0‘12
satisfying —oo < af < a, < af < 0 such that
T = t(of) = w(af).

Let di, = —pr(oq) and di 5 = —pr(a}), then similar as ZI6), we have df ;| >
di, > 0. Hence the equations (LB)-(LI0) have two solutions ’U,ZLZ(:E) =
(u0,i(20),u1,i(x1)) for i = 1,2 such that dy = df ; for ulL7l(x) and dy = df , for
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ulL72(:c), and the construction of ule(x) is similar to the ones in the proof of The-
orems [LL.3] and

Similarly since k > m+1, by the same argument, there exists 8} and 33 satisfying
—00 < B} < aw < B7 < 0 such that

T =y (By) = U (B7)-
Let d5, = —pr(8}) and d5 , = —pL(B}), then from 10, we have d§ ; > df, > 0.
Hence the equations (LII)-(LI3) have two solutions uf, ;(x) = (uo,i(x0), v1,i(22))
for i = 1,2 such that dy = df, for uf; ,(z) and dy = df, for uf,(x), and the
construction of u’fh(:c) is similar to the ones in the proof of Theorems and
Now for 7 € (w1, Wm+1), given that I > m + 1 and k > m + 1, we have four

positive solutions of (L8)—(TI3) as

Ik Lk
Uyy (z) = (ulL,l(‘r)vu%,l(‘r))v Uyg (z) = (UlL,l(x)a“]fm(x))v
Lk Lk
uyy (z) = (UlL72($)7U]1€%71(93))7 Ugy () = (ule(x),u’fm(x))
These give four positive solutions to (L4 and (LE). Note that the length of the
bridge d = |Iy| = d1 + ds for the four solutions satisfy

du=d +d5, >dn=d,+ds, >dn=d,+ds,,
diy=d g +dsy >dp=d +d5, >dp=d,+db,.

This proves part (1).
For part (2), if 7 = wp41, L > m+ 2 and k = m + 1, there exists of and o}
satisfying —oo < af < a, < a? < 0 and S = «, satisfying (o) = Wyp41. Then

similar to the case in part (1), (IL4) and () admit at least two positive solutions

ubF(z) and ubl(x). Similarly if 7 = wpy1, [ = m+1 and k > m + 2, ([4) and

(CH) admit at least two positive solutions u}F () and u’¥ (). Finally for part (3),
if 7 =wpni1, I =k =m+1, then oy = 8; = v such that @ (a.) = wy41. Thus
() and (L) admit at least one positive solution u}l(z). O

REFERENCES

[1] R. Adami, Ground states for NLS on graphs: a subtle interplay of metric and topology, Math.
Model. Nat. Phenom. 11 (2016), no. 2, 20-35, DOI 10.1051/mmnp/201611202. MR3491787

[2] Riccardo Adami, Claudio Cacciapuoti, Domenico Finco, and Diego Noja, Constrained
energy minimization and orbital stability for the NLS equation on a star graph,
Ann. Inst. H. Poincaré C Anal. Non Linéaire 31 (2014), no. 6, 1289-1310, DOI
10.1016/j.anihpc.2013.09.003. MR3280068

[3] Riccardo Adami, Claudio Cacciapuoti, Domenico Finco, and Diego Noja, Variational proper-
ties and orbital stability of standing waves for NLS equation on a star graph, J. Differential
Equations 257 (2014), no. 10, 3738-3777, DOI 10.1016/j.jde.2014.07.008. MR 3260240

[4] Riccardo Adami, Claudio Cacciapuoti, Domenico Finco, and Diego Noja, Stable standing
waves for a NLS on star graphs as local minimizers of the constrained energy, J. Differential
Equations 260 (2016), no. 10, 7397-7415, DOI 10.1016/j.jde.2016.01.029. MR3473445

[5] Riccardo Adami, Enrico Serra, and Paolo Tilli, NLS ground states on graphs, Calc. Var.
Partial Differential Equations 54 (2015), no. 1, 743-761, DOI 10.1007/s00526-014-0804-z.
MR3385179

[6] H. Berestycki and P.-L. Lions, Nonlinear scalar field equations. I. Ezistence of a ground state,
Arch. Rational Mech. Anal. 82 (1983), no. 4, 313-345, DOI 10.1007/BF00250555. MR695535

[7] H. Berestycki and P.-L. Lions, Nonlinear scalar field equations. II. Existence of in-
finitely many solutions, Arch. Rational Mech. Anal. 82 (1983), no. 4, 347-375, DOI
10.1007/BF00250556. MR695536

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://mathscinet.ams.org/mathscinet-getitem?mr=3491787
https://mathscinet.ams.org/mathscinet-getitem?mr=3280068
https://mathscinet.ams.org/mathscinet-getitem?mr=3260240
https://mathscinet.ams.org/mathscinet-getitem?mr=3473445
https://mathscinet.ams.org/mathscinet-getitem?mr=3385179
https://mathscinet.ams.org/mathscinet-getitem?mr=695535
https://mathscinet.ams.org/mathscinet-getitem?mr=695536

SCHRODINGER EQUATION 3825

[8] H. Berestycki, P.-L. Lions, and L. A. Peletier, An ODE approach to the existence of positive
solutions for semilinear problems in RN, Indiana Univ. Math. J. 30 (1981), no. 1, 141-157,
DOI 10.1512/iumj.1981.30.30012. MR600039

[9] Jaeyoung Byeon and Zhi-Qiang Wang, Standing waves with a critical frequency for non-
linear Schrédinger equations, Arch. Ration. Mech. Anal. 165 (2002), no. 4, 295-316, DOI
10.1007/s00205-002-0225-6. MR1939214

[10] Thierry Cazenave, Semilinear Schriodinger equations, Courant Lecture Notes in Mathemat-
ics, vol. 10, New York University, Courant Institute of Mathematical Sciences, New York;
American Mathematical Society, Providence, RI, 2003, DOI 10.1090/cln/010. MR2002047

[11] Manuel Del Pino and Patricio L. Felmer, Multi-peak bound states for nonlinear Schrédinger
equations (English, with English and French summaries), Ann. Inst. H. Poincaré C Anal.
Non Linéaire 15 (1998), no. 2, 127-149, DOI 10.1016/5S0294-1449(97)89296-7. MR1614646

[12] Yihong Du, Bendong Lou, Rui Peng, and Maolin Zhou, The Fisher-KPP equation over simple
graphs: varied persistence states in river networks, J. Math. Biol. 80 (2020), no. 5, 1559-1616,
DOI 10.1007/s00285-020-01474-1. MR4071425

[13] Shin-Ichiro Ei, Ken Mitsuzono, and Haruki Shimatani, The dynamics of pulse solutions
for reaction diffusion systems on a star shaped metric graph with the Kirchhoff’s bound-
ary condition, Discrete Contin. Dyn. Syst. Ser. B 28 (2023), no. 12, 6064-6091, DOI
10.3934/dcdsb.2022209. MR4622858

[14] Andreas Floer and Alan Weinstein, Nonspreading wave packets for the cubic Schrédinger
equation with a bounded potential, J. Funct. Anal. 69 (1986), no. 3, 397-408, DOI
10.1016,/0022-1236(86)90096-0. MR867665

[15] Leonid Friedlander, Eztremal properties of eigenvalues for a metric graph (English, with
English and French summaries), Ann. Inst. Fourier (Grenoble) 55 (2005), no. 1, 199-211,
DOI 10.5802/aif.2095. MR2141695

[16] Changfeng Gui, Ezistence of multi-bump solutions for nonlinear Schrédinger equations via
variational method, Comm. Partial Differential Equations 21 (1996), no. 5-6, 787-820, DOI
10.1080,/03605309608821208. MR 1391524

[17] Yuta Ishii, The effect of heterogeneity on one-peak stationary solutions to the Schnaken-
berg model, J. Differential Equations 285 (2021), 321-382, DOI 10.1016/j.jde.2021.03.007.
MR4231513

(18] Yuta Ishii and Kazuhiro Kurata, Existence of multi-peak solutions to the Schnakenberg model
with heterogeneity on metric graphs, Commun. Pure Appl. Anal. 20 (2021), no. 4, 1633-1679,
DOI 10.3934/cpaa.2021035. MR4251810

[19] Satoru Iwasaki, Shuichi Jimbo, and Yoshihisa Morita, Standing waves of reaction-diffusion
equations on an unbounded graph with two vertices, SIAM J. Appl. Math. 82 (2022), no. 5,
1733-1763, DOI 10.1137/21M1454572. MR4496711

[20] Shuichi Jimbo and Yoshihisa Morita, Entire solutions to reaction-diffusion equations in mul-
tiple half-lines with a junction, J. Differential Equations 267 (2019), no. 2, 1247-1276, DOI
10.1016/j.jde.2019.02.008. MR3957986

[21] Shuichi Jimbo and Yoshihisa Morita, Asymptotic behavior of entire solutions to reaction-
diffusion equations in an infinite star graph, Discrete Contin. Dyn. Syst. 41 (2021), no. 9,
4013-4039, DOI 10.3934/dcds.2021026. MR4256453

[22] Shuichi Jimbo and Yoshihisa Morita, Front propagation in the bistable reaction-
diffusion equation on tree-like graphs, J. Differential Equations 384 (2024), 93-119, DOI
10.1016/j.jde.2023.11.016. MR4673608

(23] Yu Jin, Rui Peng, and Junping Shi, Population dynamics in river networks, J. Nonlinear Sci.
29 (2019), no. 6, 2501-2545, DOI 10.1007/s00332-019-09551-6. MR4030394

[24] Adilbek Kairzhan, Diego Noja, and Dmitry E. Pelinovsky, Standing waves on quantum
graphs, J. Phys. A 55 (2022), no. 24, Paper No. 243001, 51, DOI 10.1088/1751-8121/ac6c60.
MR4438617

[25] Peter Kuchment, Quantum graphs. I. Some basic structures, Waves Random Media 14 (2004),
no. 1, S107-S128, DOI 10.1088/0959-7174/14/1/014. Special section on quantum graphs.
MR2042548

[26] Yuhua Li, Fuyi Li, and Junping Shi, Ground states of nonlinear Schriédinger equa-
tion on star metric graphs, J. Math. Anal. Appl. 459 (2018), no. 2, 661-685, DOI
10.1016/j.jmaa.2017.10.069. MR3732549

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://mathscinet.ams.org/mathscinet-getitem?mr=600039
https://mathscinet.ams.org/mathscinet-getitem?mr=1939214
https://mathscinet.ams.org/mathscinet-getitem?mr=2002047
https://mathscinet.ams.org/mathscinet-getitem?mr=1614646
https://mathscinet.ams.org/mathscinet-getitem?mr=4071425
https://mathscinet.ams.org/mathscinet-getitem?mr=4622858
https://mathscinet.ams.org/mathscinet-getitem?mr=867665
https://mathscinet.ams.org/mathscinet-getitem?mr=2141695
https://mathscinet.ams.org/mathscinet-getitem?mr=1391524
https://mathscinet.ams.org/mathscinet-getitem?mr=4231513
https://mathscinet.ams.org/mathscinet-getitem?mr=4251810
https://mathscinet.ams.org/mathscinet-getitem?mr=4496711
https://mathscinet.ams.org/mathscinet-getitem?mr=3957986
https://mathscinet.ams.org/mathscinet-getitem?mr=4256453
https://mathscinet.ams.org/mathscinet-getitem?mr=4673608
https://mathscinet.ams.org/mathscinet-getitem?mr=4030394
https://mathscinet.ams.org/mathscinet-getitem?mr=4438617
https://mathscinet.ams.org/mathscinet-getitem?mr=2042548
https://mathscinet.ams.org/mathscinet-getitem?mr=3732549

3826 J. SHI AND J. ZHOU

[27] Bendong Lou and Yoshihisa Morita, Asymptotic behaviour for solutions to reaction-diffusion
equations on a Toot-like metric graph, Nonlinearity 37 (2024), no. 7, Paper No. 075011, 19.
MR4752564

(28] Wei-Ming Ni and Izumi Takagi, Locating the peaks of least-energy solutions to a semilinear
Neumann problem, Duke Math. J. 70 (1993), no. 2, 247-281, DOI 10.1215/S0012-7094-93-
07004-4. MR1219814

[29] Tiancheng Ouyang and Junping Shi, Ezact multiplicity of positive solutions for a class
of semilinear problems, J. Differential Equations 146 (1998), no. 1, 121-156, DOI
10.1006/jdeq.1998.3414. MR1625731

[30] Tiancheng Ouyang and Junping Shi, Ezact multiplicity of positive solutions for a class
of semilinear problem. II, J. Differential Equations 158 (1999), no. 1, 94-151, DOI
10.1016,/S0022-0396(99)80020-5. MR1721723

[31] Paul H. Rabinowitz, On a class of nonlinear Schrédinger equations, Z. Angew. Math. Phys.
43 (1992), no. 2, 270-291, DOI 10.1007/BF00946631. MR1162728

[32] Hewan Shemtaga, Wenxian Shen, and Selim Sukhtaiev, Well-posedness of Keller—Segel
systems on compact metric graphs, J. Evol. Equ. 25 (2025), no. 1, Paper No. 7, DOI
10.1007/s00028-024-01033-x. MR4839753

[33] Z. Sobirov, D. Matrasulov, K. Sabirov, S. Sawada, and K. Nakamura, Integrable nonlinear
Schrédinger equation on simple networks: connection formula at vertices, Phys. Rev. E (3)
81 (2010), no. 6, 066602, 10, DOI 10.1103/PhysRevE.81.066602. MR2736292

[34] Walter A. Strauss, Ezistence of solitary waves in higher dimensions, Comm. Math. Phys. 55
(1977), no. 2, 149-162. MR454365

[35] Catherine Sulem and Pierre-Louis Sulem, The nonlinear Schrédinger equation, Applied Math-
ematical Sciences, vol. 139, Springer-Verlag, New York, 1999. Self-focusing and wave collapse.
MR1696311

[36] Xuefeng Wang, On concentration of positive bound states of nonlinear Schrédinger equations,
Comm. Math. Phys. 153 (1993), no. 2, 229-244. MR1218300

[37] Eiji Yanagida, Stability of nonconstant steady states in reaction-diffusion systems on graphs,
Japan J. Indust. Appl. Math. 18 (2001), no. 1, 25-42, DOI 10.1007/BF03167353. MR1822132

DEPARTMENT OF MATHEMATICS, WILLIAM & MARY, WILLIAMSBURG, VIRGINIA 23187-8795
Email address: jxshix@um.edu

DEPARTAMENTO DE MATEMATICA, UNIVERSIDADE DE BRASILIA, 70910-900 BRASILIA - DF -
BraAzIL
Email address: zhou@mat .unb.br

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://mathscinet.ams.org/mathscinet-getitem?mr=4752564
https://mathscinet.ams.org/mathscinet-getitem?mr=1219814
https://mathscinet.ams.org/mathscinet-getitem?mr=1625731
https://mathscinet.ams.org/mathscinet-getitem?mr=1721723
https://mathscinet.ams.org/mathscinet-getitem?mr=1162728
https://mathscinet.ams.org/mathscinet-getitem?mr=4839753
https://mathscinet.ams.org/mathscinet-getitem?mr=2736292
https://mathscinet.ams.org/mathscinet-getitem?mr=454365
https://mathscinet.ams.org/mathscinet-getitem?mr=1696311
https://mathscinet.ams.org/mathscinet-getitem?mr=1218300
https://mathscinet.ams.org/mathscinet-getitem?mr=1822132

	1. Introduction and main results
	2. Ground states for a bridge graph
	References

