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The reaction—diffusion Gierer—Meinhardt system with a saturation in the activator
production is considered. Stability of the unique positive constant steady state
solution is analysed, and associated Hopf bifurcations and steady state
bifurcations are obtained. A global bifurcation diagram of non-trivial periodic
orbits and steady state solutions with respect to key system parameters is obtained,
which improves the understanding of dynamics of Gierer—Meinhardt system with
a saturation in different parameter regimes.

Keywords: Gierer—Meinhardt system with saturation; Hopf bifurcation; Steady
state bifurcation; Heterogeneous case
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1. Introduction

In the pioneer work [1], Gierer and Meinhardt considered the following reaction—diffusion
system of activator—inhibitor type with a saturation of activator production: (see [1]
Equation (16))

da n a’ . 92%a
— = co——F— — Mna ,
or PP TP ey T T P2
(1.1
oh 2p

— =cpla* —vh + Dha—
ot x2’

Here, a(x,t) and h(x,t) are the concentration functions of the activator and inhibitor,
respectively. In (1.1), the activator concentration is limited to a maximum value so that the
activated area forms an approximately constant proportion of the total structure size. When
k = 0, (1.1) is reduced to the classical Gierer—Meinhardt system. Numerical simulations
of concentration patterns of (1.1) were obtained in [1-3] for one- and two-dimensional
spatial domains. In the last 40 years, the Gierer—Meindardt system was considered as one of
most important spatiotemporal morphogenesis pattern formation reaction—diffusion model
([4,5]). There have been many research results on the non-homogeneous steady state

solutions (such as multi-peak steady state solutions etc.) of the Gierer-Meindardt system
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(1.1) with k = 0, (see [6—13]) and the Gierer—Meindardt system with saturation (1.1) with
kK > 0, (see references [14—17]). There are also many results on the steady state solutions
of other similar models, (see references [18-23]).

In this paper, we analyse the Gierer—Meinhardt system with saturation in the following
form (see [16,24]):

U A+ M €Q, 150
— = u+o—u+-—m—m—, X , >0,
ar ! (1 + xud)v

LN 2 Q>0
15_ 2 Av — v+ u”, xel2,1t>0, (1.2)
d 1 dv(x,t

u(x ) = v(x ) = 0, X € 89, > 0,

av av
u(x,0) =ugx) > 0,v(x,0) =vo(x) >0, x € Q,

where Q is a bounded connected open subset of R” (n > 1), with a smooth boundary 92

, n 9%w(x, 1)
(if n > 2), and the Laplace operator Aw(x, t) = E e B for w = u, v models
T dw(x,1) . .
the diffusion effect; ————— is the outer normal derivative of w = u, v at x € 92, and a

no-flux boundary conditi(;)n is imposed for each of u and v; the parameters dy, d», T and o are
positive constants, whereas « is a nonnegative constant. Morimoto [16] showed that system
(1.2) admits a radially symmetric steady state solution when « is small and 2 = (—1, 1) is
one dimensional, and in [24] we obtained that when « is large, the unique positive constant
steady state solution of system (1.2) is globally asymptotically stable and hence (1.2) cannot
have nontrivial steady state solution.

The existence of non-trivial steady state solution when « is small and the non-existence of
non-trivial steady state solution when « is large make us to wonder the dynamical behaviour
when « is neither large nor small. In the first part of this paper, we follow the approach in
[25-27] to consider the sequence of Hopf bifurcations and steady state bifurcations from
the unique constant steady state solution for (1.2). While our techniques are similar to the
ones in these previous work, here we face the difficulty that the constant steady state is
not easily solvable as it is the root of a cubic polynomial. To overcome that, we use a new
parameter A (the u-coordinate of the constant steady state) as an equivalent parameter to x
to perform the bifurcation analysis for the case that the spatial domain Q = (0, ), with
¢ € R™. We discover that there are four different bifurcation scenarios with respect to A or
« if the other four parameters dj, d2, T and o are in different regimes. To be more precise,
our analysis shows that for two constants defined in terms of d;, d>, T and o

-1 dr —dy — 2+/dd
Mlzr and M, = 2 ! ]2,
dr +dy +2/d1d>

T+ 1’

(1) If o > max {M|, M»}, then the constant steady state solution is locally asymptot-
ically stable for all k > 0; thus, there are not any bifurcations occurring from the
constant steady state solution;

(2) If My > o0 > M>, then the constant steady state solution is locally asymptotically
stable for large k¥ > 0, and it loses stability via Hopf bifurcations for smaller « (but,
there are no steady state bifurcations);
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(3) If My > o0 > M, then the constant steady state solution is locally asymptotically
stable for large k > 0, and it loses stability via steady state bifurcations for smaller
k (but, there are no Hopf bifurcations);

4) If 0 < 0 < min{M, M3}, then the constant steady state solution is locally
asymptotically stable for large « > 0, and both Hopf bifurcations and steady state
bifurcations occur for smaller «.

Temporally oscillatory patterns and non-constant stationary patterns have appeared in many
reaction—diffusion pattern formation systems since the pioneer work [28], in which
Turing identified six kinds of spatiotemporal patterns. Our classification of patterns in (1.2)
according to two quantities M and M, above demonstrates the importance of parameter
values in non-linear pattern formation mechanism. Notice that M| depends on T (time
scale); M» depends on d; and d> (diffusion coefficients); and o is the source term. Hence,
the relative order of the three quantities M1, M> and o determines the occurrence (or non-
occurrence) of patterns and also the types of patterns. It is also interesting to compare the
role of activator source term o in (1.2) to the one in CIMA reaction discussed in [25] (see
also [29,30]). Here, for (1.2), a larger o results in non-existence of patterns, while for CIMA
reaction in [25], more patterns are possible for larger source term.

All pattern formation mentioned above is given by assuming a constant source o. In
the second part of this paper, we consider (1.2) with a non-constant source function o (x).
Notice that in this case, there is no constant steady state solution. We prove the existence
of a non-constant steady state solution as a “primary pattern”, and this primary pattern
is globally asymptotically stable for a large x or a large o. The research in this direction
is still preliminary, and it is desirable to know the effect of feeding function ¢ (x) on the
primary and other patterns. In recent years, the effect of spatial heterogenous environment
on diffusive competition and predator—prey models have been considered in for example,
[31-38]).

The remaining part of the paper is organised as follows. In Section 2, stability and Hopf
bifurcation analyses for system (1.2) are conducted. In Section 3, steady state bifurcations
and the interaction between Hopf and steady state bifurcations are studied. In Section 4, we
consider the case when the source function o is spatially heterogeneous. Some numerical
simulations and bifurcation diagrams are shown in Section 5. Throughout the paper, we
denote by N the set of all the positive integers, Ny = N U {0}, and R* the set of all the
positive real numbers.

2. Stability and Hopf bifurcations

In this section, we analyse the stability of the constant steady state solution of (1.2), and
consider the related Hopf bifurcations for (1.2) with the spatial domain Q = (0, £x),
¢ € RT, and a constant source term o > 0, which is

u2

+ (1 +ku?)v’
|

v = —(davxy — v +u?), x e (0,0n), t >0, (2.1)
T

MX(O,[):UX(O,I)ZO, ux(ﬂﬂ,t)zvx(ﬂn,t)=0, t>07
u(x,0) =ugx) >0, wv(x,0) =uvox) >0, x € (0, €m).

Uy =djuyy +0 —u x € (0,¢m), t >0,
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System (2.1) has a unique positive constant steady state solution (1, A2), and A is the unique

positive root of
1

e
From elementary calculus, for any fixed «, there exists a unique . = A(x) > O satisfying
Equation (2.2). Differentiating Equation (2.2) with respect to «, we see that
1 2
“Gor

— 0. (2.2)

20kM () =

s

and hence A (k) is a strictly decreasing functionin k forx > 0, withlim,_.o A (k) = c+1and
lim,_.» A(k) = o. Hence, throughout the paper, we always assume A € (0,0 + 1],
and use A as a bifurcation parameter which is equivalent to k.

As in [25,27], we define the real-valued Sobolev space

X = {(u, 0T e H2(0, ex) x H2(0, 1) : Gz, v2)lxo, tx = 0}, 2.3)

and also define the complexification of X tobe X¢ := X ®iX = {x1 + ixz| x1, x2 € X}.
The linearised operator of the steady state system of (2.1) at (A, A2) is,

92 2(h—o0)? . r—o

d +

) 9x? A A2
L) = , 24
) 2 d 9% 1 24
T ox2 T

with the domain Dy ;) = Xc. It is known that the eigenvalue problem

—¢" =pp, xe(0,€m), ¢0) =g r)=0,

2
has eigenvalues u, = Z—z (n =0,1,2,...), with corresponding eigenfunctions ¢, (x) =

cos %x (n=0,1,2,...). Let

¢ = n ay
( i’ ) _ ,;)cos i ( " ) 25)

be an eigenfunction for L(A) with eigenvalue B (1), that is, L(1)(¢, ¥)T = B(A) (¢, ¥)T.
Then, we can obtain that (see [27])

L,,(A)(Z"):ﬂ(z\)(i"), n=01,2,..., (2.6)
n n
where
din? 200 —o0)? A—o
ettt e
L,(A) = 2.7
n(A) 2 b’ 1 2.7
T 2 T

Then, the characteristic equation of L(}) is

B2 —T,0)B+Dy(A) =0, n=0,1,2,..., (2.8)
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where

2 T A

20—0)% 20\ —

( )+( o)
A 2

s

b\ n? 1 2( —0)?
Tn(k):—<d1+72)" 142020

2 o4

20 — 0)2>] n_2 d1d2n4:|
— .

1
DMM=;[F- +{m+@<k-
(2.9)

If the constant steady state (A, %) is locally asymptotically stable, then for each n € Ny, we
have 7,,(1) < 0 and D, () > 0. Moreover, we identify Hopf bifurcation values A9 which
satisfy the following Hopf bifurcation condition (see [25,27]):

(Hy): There exists n € Ny such that

T,(,0) =0, D,(ho) >0, and Tj(ro) #0, Dj(ho) #0 forj#n, (2.10)

and a unique pair of complex eigenvalues near the imaginary axis o(X) £ iw()) satisfying

a' (o) #0. (2.11)
From (2.9), we have
d> n? 1 o2
W=—(di+—=)—>5—-—=-—1-40+2(2+—), (2.12)
)2 ¢ A

and hence T, (1) is a strictly increasing function with respect to A for A € (o, 0 + 1]. So
for a possible Hopf bifurcation value %o, we have o’ (L9) = 7T, (A9)/2 > 0. Moreover, the
real part of one pair of complex eigenvalues of L(A) becomes positive when A crosses Ag

increasingly.
For the simplicity of notation, in the following, we denote
2 d
= —1, and d=—. 2.13
et d, @13

We consider the stability condition and the Hopf bifurcation condition of the positive

constant steady state solution (A, 22). Clearly, To(A) < O for A near . If m > —, then
T
To(o + 1) > 0. Since Tp(2) is a strictly increasing function with respect to A, then there
exists a unique Ay (0 < Ay < o + 1), such that To() > O for A > Ay, To(X) < O for
1
A < Ay, and To(Ay) = 0. Apparently, if m = —, then A, = o + 1 satisfies the Hopf

T
bifurcation condition (Hj) and is the unique Hopf bifurcation value at which spatially
homogeneous periodic orbits bifurcate out for any ¢ > 0. In the following, we look for

. Lo . 1
spatially non-homogeneous periodic orbits. So, we assume m > —, and define
T

4yt +d 4y +d 1
K,,:n\/ Tt \/ (thtd)eo+l) — (2.14)

tToo+1) "\ (-1—1)(o +1)+27’

Then, for ¢, < ¢ < £,4+1, (n € N), we define )\f to be the unique root of 7;(A) = 0 for
0 < j < n. These points satisfy

)\,*E)\(I){<)\.{1<)\,§<-“<kffd+l.
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Clearly, Tj()»j.") = 0 and E(kf’) # 0 fori # j.For £ € [0, £1), Ay satisfies the Hopf
bifurcation condition (H;) and is the unique Hopf bifurcation value at which spatially

homogeneous periodic orbits bifurcate.
2

Now, we need to check whether D ()»7 ) > 0 is satisfied. Define p = Z—z, then

1 200—0)r  20n— 2k —0)?
Dn<x)=D(x,p)=T[1— (—o)” | 20 ")+[d1+d2<1—Mﬂpwldzpz]

A A A
(2.15)
Solving X from equation D (A, p) = 0 and choosing the one larger than o, we have
didyp* + (dy + do)p +3
A(p) = o 4+ D2p (di +dr)p
4(drp + 1)

VD + i+ d)p+37 +80(dop + Didrp? + (i +d)p+ 1)

4(drp + 1) '
(2.16)

The following lemma asserts that D(A, p) > 0 for any possible (A, p), hence D; (Af’ ) >0
for any j.

LemMa 2.1  Let m and d be defined as in (2.13), and let D (A, p) be defined as in (2.15).
If the parameters m and d satisfy

m < 2vd +d, (2.17)
then D(\, p) > Oforall A € (0,0 + 1] and p € [0, c0).

Proof If m <d,then
>0

2
dy + d> (1 _ M)
A
for all the A € (0,0 4 1], and hence D(X, p) > Oforall A € (0,0 4+ 1] and p € [0, 00).
If m andd satisfyd < m < 2Vd+d, then (d —m)*—4d < 0. In this case, D(}, p)=0
has no positive roots with respect to p when A = o + 1. From

3+49+8
A(O):a+¥

>0+ 1, and lim A(p) = oo, (2.18)
p—>00

we know that there exists p € [0, 00) such that A(p) = mine[0,00) A(p). Then, we have

that A(p) > o + 1. If not, then there exist p; € [0, p] and p» € [p, o) such that

A(p1) = A(p2) = o + 1, which is a contradiction. Using the fact that the other root

X(p) of D(A, p) = 01is less than o, then we have that D(A, p) > Oforall A € (0,0 + 1]

and p € [0, 00).
From the two cases discussed above, we conclude that D(X, p) > Oforall A € (o, 0+1]
and p € [0, 0o) if (2.17) is satisfied. O

Summarizing the above analysis, we have the following two results about the stability and
Hopf bifurcation of the positive constant steady state solution.
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THEOREM 2.2 Suppose that the parameters o, T, d| and dp satisfy

2 emn]@gp 4] (2.19)
—1 < min { — —, = (- .
o+ 1 dr d T

Then, the positive constant steady state solution (x, 1%) of system (2.1) is locally asymptot-
ically stable for any ) € (0,0 + 1].

Proof Fromm < 1/t and T,(A) is a strictly increasing function with respect to A, we
have T,,(A) < Oforall A € (0,0 + 1]and n € Ny. Since m < 2Jd + d, then from Lemma
2.1, D,(A) > Oforall A € (0,0 + 1] and n € Ny. So, the positive constant steady state
solution (4, 42) is locally asymptotically stable. O

THEOREM 2.3  Suppose that the parameters o, T, d| and dp satisfy

! 2 A, (2.20)
p— m= —_— <— el .
T~ o+ 1 da dr

and £, is defined as in Equation (2.14). We define for each 0 < j < n,
1
M= 2 [Ri+do+ [RR; +580) ], (2.21)

R (a+2) L4 Lo
=\ T ) et

where

(1) For any m satisfying (2.20) and any £ > 0, A = )»6{ (defined in (2.21)) is the Hopf
bifurcation point where spatially homogenous periodic orbits bifurcate from the
curve {(A,u,v) = A, A A% 0 <A <o+ 1) Form=1/t,\ =0 +1, and
form > l/t,o<)»51 <o+ 1

2) Ifm > 1/t,and € € [£,, L,41) for some n € N, there exist exactly n points )»;.1
(defined in (2.21)), 1 < j < n, which satisfy

0<k51<)\f1<)»§{<-~-<kf§a+l, (2.22)

such that system (2.1) undergoes a Hopf bifurcation at A = )»7 , and the bifurcating
periodic orbits are spatially non-homogenous; the bifurcating periodic orbits near

(x;f oM )2) can be parameterised as (.(s), u(s), v(s)) so that A(s) € C® in
the form A(s) = )»5-{ + o(s) for s € (0, §) for some small § > 0, and,

u(s)(x, 1) = )\7 4 (ane2n’il‘/T(S) +Ee*27rit/T(S)) cos %x + o(s),

v(s)(x, 1) = ()»7)2 + (bnezni’/r(s) + Ee*h”/””) cos ox + o(s),
' (2.23)
where (ay, by) is the corresponding eigenvector of Equation (2.6) with respect to
eigenvaluei /D ()»5?'), T(s)=2n/,/D; (Af), and D is defined in Equation (2.9).

The proof of Theorem 2.3 is based on discussion above and arguments in [27], and we
omit the details.
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Remark 2.4

(1) The condition on parameter m in (2.19) is equivalent to

T—1 d2 — dl — 2«/d1d2
o > max , , (2.24)
T+ 1 dy+d +2/dd>
and similarly the condition on parameter m in (2.20) is equivalent to
-1 dy —dy —2/d\d
T - > —d 1d2 (2.25)

o> )
T+1 7 dr +dy +24/did>

Hence, the unique constant steady state solution (1, A%) is locally asymptotically
stable for any x > 0 and o, 7, d|, dy satisfying (2.24). These two conditions
are two of the four mentioned in the introduction, and the other two appear in
Section 3.

(2) If (2.19) or (2.20) (or equivalently (2.24) or (2.25)) is satisfied, then there is no
steady state solution bifurcation occurring from the constant steady state (A, A%) for
any A € (o, 0 + 1] (or equivalently ¥ € [0, 0c0)). However, it is not known whether
non-trivial steady state solutions (not bifurcating from trivial solutions) exist for
these parameter ranges.

3. Steady state bifurcations

In Theorems 2.2 and 2.3, we have identified the ranges for parameter m in which the
constant steady state solution (X, A2) is locally asymptotically stable for any « or A (see
Equation (2.19)), or it could lose stability to a limit cycle for small « ( see Equations (2.20)
and (2.22)). In this section, we consider possible steady state bifurcations, and the steady
state bifurcation values Aq satisfy the following condition (see [27]):

(H»): There exists n € Ny such that

T.(ho) £0. Duy(ho) =0, and Tj(ko) £0. Dj(ho) #0 forj#n (.1)

and
D;z (Ao) # 0. 3.2)

From Theorems 2.2 and 2.3, we know that if a steady state bifurcation occurs, then the
parameters d and m must satisfy

m>2/d+d. (3-3)

Clearly (3.3) can be satisfied if dy /d> is sufficiently small. Indeed, we have the following
conclusion for the possible steady state bifurcation points.

Lemma 3.1 Ifthe parameters d and m satisfy Equation (3.3), and let A(p) be the function
defined as in (2.16), then there exists a unique p* > 0, which is the global minimum of
A(p), such that A(p) is strictly decreasing when p € [0, p*) and is strictly increasing when
p € [p*, 00). Moreover, if m = 24/d + d, then AMpY)y =0+ 1, and ifm > 2/d + d, then
o<AMp*)<o+1.
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Proof From Equation (2.15), we see that for any fixed A, D(X, p) = 0 has at most two
positive roots. Hence, from (2.18), we have that the monotonic behaviour of A(p) must
belong to one of the following two cases:

(1) X(p) is a strictly increasing function for p > 0; or
(2) there exists a unique p* > 0, which is the global minimum of A(p), such that A(p)
is strictly decreasing when p € [0, p*) and is strictly increasing when p € [p*, c0).

Since d and m satisfy Equation (3.3), then D(o + 1, p) = 0 has positive real roots while
D(o, p) = 0does not. Using the fact that A(0) > o + 1, we obtain that when d and m satisfy
Equation (3.3), the second alternate for A(p) above occurs, which implies the conclusion
of the lemma. ]

In the case that m > 2+/d + d, the equation D(c + 1, p) = 0 has two positive roots,
denoted by py and p_ where p_ < p;. Denote A* = A(p*), where A* is the global
minimum of A(p) as in Lemma 3.1. Then, for each A € (A*, 0 + 1], D(), p) = 0 has two
positive roots p4(X) and p_ (1) with respect to p, where py (1) is strictly increasing for
A€ (M*, 0 + 1] with p4 (M%) = p* and p4y (0 + 1) = p4, and p_ (1) is strictly decreasing
for x € (A*, o + 1] with p_(A*) = p* and p_(0 + 1) = p_. Hence, if for some n € N, we
have p_ < n?/€? < p,, then the value A5 = A(n?/€?) € [\*, o + 1] satisfies D, (15) = 0.
Define

Tps = ——, (3.4)

n, \/P_
then for any £ € [Zn,+, Zn,,], there exists a A3 such that D, (A3) = 0.
These points A;f are potential steady state bifurcation points. We define

LE ={t>0:D;(x,0) =Dj(r,£) =0, forsome A e [r* 0+1],i# j}
J{e=0:Di(h.0) =T;(x.£) =0, forsome % € [1*,0 +1].i, j € No},
(3.5)

2 =
4

and for any fixed i, j(i # j), if D;(A,¢) = D;(A,£) = 0, then A = A(p) e

[N

A(p) ‘ ;2 » where A(p) is defined as in Equation (2.16). Hence, there is at most countable
p=L

many poiﬁts (£, A) satisfying D; (A, £) = D;(A, £) for any fixed i, j (i # j). Similarly, for
any fixed 7, j, there is at most countable many points (¢, A) satisfying D; (A, £) = T; (A, £).
Hence, LE has at most countably many points, (also see [25,27]). So, for a bifurcation
from simple eigenvalue, we assume that £ € RT\ L%, and we consider the corresponding
possible bifurcation points A,f . To satisfy the bifurcation conditions, we only need to verify
whether D), ()L,Sl ) # 0, which is proved in the following lemma:

LEmMA 3.2 Let Ay and A* be defined as above. If A5 # )*, then D/,(A3) # 0.
Proof From Equation (2.15), we have

1
DG p) = = | F() +1di + b EW)] p+ drdap?). (3.6)
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20 —0)% 2 — 2(h —0)?
where F(u) = 1 — 22— 9" A - %) and EQ) = 1 —%.By differentiating
D(A(p), p) = 0 with respect to p, we have
oDy oD _ a7
ordp  op '

If we assume that D/, (AS) = 0, then

oD s n?
o (An’ 72) =0

dxr
From )L;f # A*, it follows that T ) # 0. Hence, we have
4

that is,
n?>  di+dEQS)
Iz 2ddy
Thus, )L;E = A*, which is a contradiction. |

Summarizing above analysis, we are ready to state a global bifurcation result of non-trivial
steady state solutions of (2.1).

THeEOREM 3.3 Suppose that parameters d and m satisfy
m>2v/d+d. (3.8)
Let M(p) be defined as in Equation (2.16) and let Zni be defined as in Equation (3.4). If for

somen € N, £ € [Zn,+, Lo~ 1\ LE| then there exists exactly one point )»,f € (A, 0 + 1]
such that A(n*/€%) = )»,5; and ) = )»,Sl is a bifurcation point where non-trivial steady
state solutions with mode cos(nx /€) bifurcate from the trivial branch. To be more precise,
there is a smooth curve 'y, of positive steady state solutions of (2.1) bifurcating from
{(A,u,v) = ()L,Sl, )\S, (Aﬁ)z) 10 < A <o+ 1}, with T, contained in a global branch C,, of
the positive steady state solutions of (2.1). Moreover,

(1) Near (r,u,v) = W3, 45, (A3)?), Ty = {(A(s), u(s), v(s)) : s € (—€, €)}, where

u(s) = A5+ sa,cos(nx/l) + syri(s),
v(s) = (Ap)* + sby, cos(nx/€) + sPa(s),

for some C*° smooth functions A, Y1, Y such that 1(0) = Aﬁ and ¥1(0) =
V2(0) = 0. Here a,, and b, satisfy L, (ro)(a,, b,)" = (0,0)7.

(2) either C, contains another ()»]5, kf, (Af )2), or the projection of C, onto A-axis
contains the interval ()»f, o+ 1].

The proof of Theorem 3.3 is again similar to the ones in [25,27], hence we omit here.
We note that to obtain the results in Theorem 3.3, we need to prove that there exist two
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positive constants C, C > 0 such that any positive steady state solution (u(x), v(x)) of

system (2.1) satisfies C < u(x), v(x) < C. We do not give a proof of that fact here as a
more general result for the heterogeneous case will be given in the next section.

Remark 3.4

(1) From [24], we know that when « is sufficiently large (or equivalently A is near o),
then the positive steady state solution (A, A?) is globally asymptotically stable.
Hence in Theorem 3.3, there exists a A > o such that the projection of the
global branch C,, does not contain the interval (o, ). On the other hand, by using
the calculations in [25], the bifurcation direction and stability of the bifurcating
solutions can be calculated but very lengthy, hence we omit it.

(2) It is possible that the global branch C, reaches A = o + 1 which corresponds to
k = 0, the classical Gierer—Meinhardt case.

(3) Similar to Remark 2.4.1, the condition (3.8) is equivalent to

dy —dy —2+/did>
< .

dr +dy +24/did
However, when the condition (3.8) (or equivalently (3.9)) is satisfied, Hopf bifur-

cation is still possible despite occurrence of steady state solution bifurcations, see
the following proposition.

0O<o (3.9

Here we describe the Hopf bifurcations when (3.8) (or equivalently (3.9)) is satisfied,
which complements Theorem 2.3.

ProrosiTioN 3.5 Suppose that parameters d and m satisfy Equation (3.8).

() Ifm < 1/z, then for system (2.1), there is no . € (o, 0 + 1] satisfying the Hopf
bifurcation condition (H1), and there is no Hopf bifurcations from the constant
steady state solution (X, 22).

) Ifm > 1/, then system (2.1) undergoes a Hopf bifurcation at A = )»571 with )»5.{
defined in (2.21), and )\5.1 & [\*, 0 + 1], where A* = L(p*) and p* is defined in
Lemma 3.1.

The condition (3.9) and whether m < 1/t together give the two other scenarios of
bifurcations mentioned in the introduction. To be more precise, if

dy —dy —24/d1d; T—1
>0 > —0,
dy +di +2/ddy T+1

(3.10)

then steady state bifurcations can occur for A € (o, o + 1] but not Hopf bifurcations; and if
dr —dy —2/didy T —1 }
dy +dy +2didy T+ 1)

then both steady state bifurcations and Hopf bifurcations occur for A € (o, o + 1] from the
constant steady state solution (X, A2).

U<min{ 3.11)



Downloaded by [Hong Kong Polytechnic University] at 20:25 20 May 2014

1126 S. Chen et al.

4. The heterogeneous source case

In this section, we suppose that the source function o (x) in (1.2) is heterogenous, that is,
o (x) is a continuous non-negative function over €2, but it is not necessarily a constant (as
assumed in Sections 2 and 3). Then, system (1.2) becomes

O Aut o) —u+ u? €Q, 1>0

— = u+ox)—u+-——5—, X , >V,

ar ! (1 + ku)v

v 5

TE—d2AU—U+M, xe, t>0, 4.1
u ov

— = —=0, x €92, t>0,

ov ov

u(x,0) =uplx) >0,v(x,0) =vg(x) >0, x € Q.

In this section, we focus on the steady state solutions of system (4.1), which satisfy

2
u
—diAu = — ———, X €,
1Au =o(x) —u+ At cado X
—drAv = —v + u?, x €Q, 4.2)
d ad
_u — —U = O, X € BQ
ov ov

Since o (x) is not a constant, there is no constant steady state solution of (4.2). Our main
result in this section is on the existence of a non-trivial steady state solution, which mainly
follows the method in [35].

TueEorREM 4.1  Suppose that di, d>» > 0 are fixed, k > 0, and o (x) is a continuous non-
negative function defined on Q and not identically zero. Then, system (4.2) has at least one
positive solution. Moreover, for a sufficiently large k, system (4.2) has a unique positive
solution and this solution is linearly stable.

Proof With a parameter a € [0, 1], we consider the following problem

diAu=o(x)—u+ au” cQ

— u=ox)—u+-——, x ,

! (1 + ku?)v

—dzsz—v—l—uz, x € Q, (4.3)
B 0

_u=—v=()’ XGBQ,

av av

Clearly when a = 1, system (4.3) reduces to (4.2).
Let (u,4(x), v,(x)) be a positive solution of (4.3) with a € [0, 1]. From the comparison
principal of elliptic equations, we have that

ug(x) > u(x), and v,(x) > minu’(y),
yeQ

where u(x) is the unique positive solution of

—diAu=0(x)—u, x €,

3 4.4
_M = 0, X € 89 ( )
av
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Similarly, we also have

Ua(x) <H(x), and v, (x) < max@(y),
yeQ

where u(x) is the unique positive solution of

—diAu=0(x) —u-+ —————, X€ Q,
K min o u )

du

— =0, x € 092.

ov
We define

O = {(ux), v(x)) € C(Q) x C(Q) 1 C <ulx), vix) < C,x¢€ Ql,

where

1 _
C = —min {ming(x), mingz(x)} , and C =2max {max u(x), maxﬁz(x)} .
2 xeQ xeQ xeQ xeQ @5)

Then, for any a € [0, 1], system (4.3) has no solution on d O. When a = 0 system (4.3) has
a unique positive solution (uq, vg) € O, which is given by ug = u, and vg is the unique
positive solution of

—drAv = —v +g2, x € Q,

dv
— =0, x € 092.
v

As in [35], we define an operator
A(a,u,v) = (L1 f(a,u,v), Lrg(u, v)),

where L1 = (—diA+ 7Y, Ly = (—daA+ )7L, and

2

ft,u,v) =0(x)+ , 8, v) :uz.

(1 + ku?)v

Then, A is completely continuous from [0, 1]x O to C(Q) xC(RQ), and (ug, v,)is asolution
of system (4.3) if and only if (u,, v,) = A(a, u,, v,). From the analysis above, we also
have that (u, v) # A(a, u, v) when (1, v) € 90 and a € [0, 1]. So, we have that

deg(l — A0, u,v), 0,0) =deg(I — A(1, u, v), O,0).

When a = 0, system (4.3) has a unique positive solution (uq, vg) € O, and the linearised
operator of system (4.3) at (ug, vo) for is

- —diA+1 0

L) = .
—2up —dh A +1

So, it is clear that (ug, vo) is non-degenerate and linearly stable. Then, we have that
deg(I — A0, u,v), 0,0) =1,

and hence deg(! — A(1, u, v), O, 0) = 1. So, system (4.2) has a positive solution for any
d1 s dz, Kk > 0.
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If (uy, vy) is a positive solution of system (4.2), then the eigenvalue problem associated
with (4, v4) 18

2

Uy "

—di A — =\, e Q,
1 ¢+¢ (1 +Ku£)2v*¢+ (1 —}—KM%)U)%I// ¢ X
— AV —2uyp + Y =AY, x e, (4.6)
0 0
¢ I// =0, x € 092,

v v

where A is an eigenvalue and (¢, ¥) is an associated eigenfunction satisfying | ¢[l,> =
[l 2 = 1. Multiplying ¢ to the first equation of (4.6) and integrating, we have

2
2w o A S
diVI2, +1 - /<1+Ku2>2 ] ”/Q(1+Kuz) SUdx = .

From Equation (4.5), we see that C depends on u(x), which is the unique positive solution
of Equation (4.4), and hence C is independent of k. Since C < uy(x), vi(x) < C,and C
is independent of «, it follows that

Uy u2
lim su — = |#|Pdx| + limsu / ——=——Ypdx
/c—>oop / (1 + KM2)2 |¢| K—)OOp (1 + ICMZ)U2 Il/d)
2
2(maxa(x)+1/(;c£)> (maxa(x)—i—l/(icg))
< lim —*2 . + lim —~*<2 — =0.
e (14 kCHC =0 (14 rCHC

Thus, we conclude that for sufficient large «, Re(}) is positive. So, (u, vy) is linearly stable
and index(A(1, -), (u4, v4)) = 1. Hence, for sufficiently large «, system (4.2) has a unique
positive solution and this solution is linearly stable. O

With a similar proof, we can also prove the following existence and stability result:

ProrosiTiON 4.2 Suppose_that di,dr > 0 are fixed, k > 0, and o(x) is a continuous
positive function defined on Q2. Then, there exists og > 0 such that system (4.2) has a unique
positive solution which is linearly stable, if

min o (x) > 0.
xeQ

We also remark that by using the methods in [24], under the conditions in Theorem 4.1
or Proposition 4.2, that is, either « is large, or o is large, then the unique positive steady state
solution is not only linearly stable, but globally asymptotically stable if o (x) is a positive
constant. We conjecture that if o (x) is not a constant, the global stability still holds when
either « is large, or o is large.

5. Simulation examples

In this section, we use several sets of specific parameter values to illustrate our analytical
results for (2.1). The parameters are chosen so that they belong to three regimes where three
different non-trivial spatiotemporal patterns are predicted.
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A=c+1 —
)

H.
08 / 0.251))
0,1
o) AyplP)

0.6 [
04

02

0 0.2p=0.25 0.4 0.6 0.8 1 1.2
p

Figure 1. Hopf bifurcation points for parameters satisfying (5.1). Here the horizonal axis is p and

1
the vertical axis is A; the Hopf bifurcation curve Agp(p) = 1 [R +40 4+ +/R(R + 80)] with

d 1
R = (dl + —2> p+—+ 1. Thatis, Ay p(p) satisfies T (Ag p(p), p) = 0, where T (1, p) = T,,(V),
T T

with p = n2/0% forn =0, 1, 2.

Example 5.1 To visualize the results in Theorem 2.3, we choose
c=0.1, =8, d=05  d=1, =2. 5.1

Since this set of parameters satisfies Equation (2.20), then there is no A satisfying the steady
state bifurcation condition (H») from Remark 2.4.2. We can also compute that in this case
£, ~ 0.9495n forn € N.So ¢ =2 € [€>, {3), and there exist three Hopf bifurcation points,
(see Figure 1):
A< <8
where
A = agp(0) ~0.7492, A =1y p(0.25) ~ 0.8286, A = ryp (1)~ 1.0656.

It is easy to see that if £ is larger, then there are more Hopf bifurcation points. The periodic
orbits bifurcating from A = )\(’)1 are spatially homogenous, hence they are also the periodic
orbits of the ODE system corresponding to (2.1). Figure 2 shows the numerical bifurcation
diagram of the periodic orbits from A = Ag using k as a parameter. Indeed, for this set
of parameters, the direction of the Hopf bifurcation is forward. Since the equilibrium is
unstable when « is larger than the Hopf bifurcation point, the bifurcating periodic orbits
are unstable, and hence the Hopf bifurcation is subcritical, (see Ref. [39]). But, the branch
of cycles turns back at a fold bifurcation point Ao < )L(I)i . Finally, we give two numerical
simulations for the occurrence of the Hopf bifurcation at A = A(I)’ (see Figures 3 and 4).
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1.8+
16+
14+

12+

08 E

0.6 -
LPC

04l

O 1
0.8 0.85 0.9 0.95 1 1.05 11
K

Figure 2. Bifurcation diagram of ODE system corresponding to (2.1). The horizontal axis is «, and
the vertical axis is u. A family of limit cycles bifurcates from the Hopf point H and LPC is a fold
bifurcation of the cycles.

Figure 3. Convergence to the constant steady state solution. The parameters satisfy (5.1), k = 2 and
initial values: u(x,0) = 1+ 0.1cos(x/2), x € [0,27], v(x,0) = 1 4+ 0.1cos(x/2), x € [0, 27].
Here ) ~ 0.645473 < A [l

Example 5.2  To visualize the results in Theorem 3.3, we choose
c=02, =1, d1 =003, dy=1, £=05. 5.2)

Then, the parameters satisfy Equation (3.8) and 2/(c + 1) — 1 < 1/t, and 7,,(1) > O for
A € (0,0 4+ 1]and n € Ny. So, there is no A satisfying the Hopf bifurcation condition (Hy).
We can also compute that in this case p4 & 19.5141 and p_ ~ 1.7082, and 17,,,+ ~ 0.2264n
and £, _ 22 0.7651n. So, £, + satisfy

0< €y <lyy <l <l <lyy<lsy<loy<lo_<...
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Figure 4. The constant steady state solution loses its stability through a Hopf bifurcation. The
parameters satisfy (5.1), « = 0.92, and initial values: u(x,0) = 1 + 0.1cos(x/2), x €
[0,27], v(x,0) =14 0.1cos(x/2), x € [0,27]. Here » &~ 0.755617 > A(I;I.

1.8
\ \

1.6 : Ay () : :

14 F\ (P_1.2)1 ‘ E
? I @29) \
(A=0+1)1.2 LA .

| N
. (16.3)
0.8 : () Mp) : E
06 ! ! :
[ [
04 ‘ [ i
[ [
02 ! ! .
[ [
0 [ . | .
0 p=4 5 10 15p=16 20 25
p

Figure 5. Steady state bifurcation points for parameters satisfying (5.2). Here, the horizonal axis is
p and the vertical axis is A; the steady state bifurcation curve A = A(p) is given by (2.16), Az (p) =

! ID( :
o+ D [Rz +VRz(Rz + 86)] where Ry = dy +da +2dyd, p? satisfying w _o;
’ P

and p* satisfies A'(p*) = 0.

Since ¢ = 0.5 satisfies £ € [22,4_, 573,+), then £ € [Zj,+, fj,_] for j = 1, 2. Then, from
Theorem 3.3, there exists two possible steady state bifurcation points Xf and )Lg satisfying
p_<kls<)\§<p+,

where

1 4
A =2 <£—2> =A(4) =1.0864, A3 =21 <£—2> = A(16) = 1.1540.

From Figure 5, we have that Ais # A* for i = 1,2, and then they are the steady state
bifurcation points.
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|

>

Ve
;\

1 (;1.2)
2
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Figure 6. Steady state bifurcation points and Hopf bifurcation points for parameters satisfying (5.3).
Here, the horizonal axis is p and the vertical axis is A; the Hopf bifurcation curve Ay p(p) =

1 d 1
1 [R +40 ++/R(R + 80)] with R = (d] + —2> p+ — -+ 1; the steady state bifurcation curve A =
T T

1
X(p)is givenby (2.16). 4z (p) = o+ — [RZ +VR;(Rz + 80)] where Ry = d +dy+2d,dy p*
2
aD( : .
satisfying w = 0; and p* satisfies ' (p*) = 0.
p

Example 5.3 In this example, there exist both Hopf bifurcation points and steady state
bifurcation points, (see Figure 6). we choose

0=02 =50, d =003 d=1 £=05. (5.3)

Then, the parameters satisfy Equation (3.8) and 2/(c + 1) — 1 > 1 /~ 7. From the results
of Example 5.2, we still have p; ~ 19.5141 and p— ~ 1.7082, and ¢, 4 ~ 0.2264n and
£,,— ~ 0.7651n for this case. So, £, + satisfy

0<liy<byy<lyy <l <lyy<lsy<lop<O_<...

Since £ = 0.5 satisfies £ € [Zz,Jr, £3), then there exists two steady state bifurcation points
Af and kg satisfying
p,<kls<kg<p+,

where
1 4
A =2 (4_2) =), A5 =41 <£—2> = A(16).

Also, in this case, we compute that £,, &~ 0.2781n, then £ € [£1, £;) and hence there
may exist two Hopf bifurcation points: )\{)1 < )L{{ . From Figure 6, we have Ag < )Lf{ < A%,
and hence )L{'I and Agl are the Hopf bifurcation points. So, in this case, there exist both Hopf
bifurcation points and steady state bifurcation points, and

A< < <A <25,
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We remark that in Figure 6 (Pgs, Ams) is the interaction point of curve (p, Agp(p)) and
(p, A(p)). So, when £ = ¢, = n/~/Pus, then Dy (ko) = T,(ro) = 0, and a codimension-
two bifurcation may occur there. This En € LE where L is defined as in Equation (3.5).
In general, the explicit value of Ay 5 cannot be explicitly solved, and it may not exist for all
parameter values. Further investigation of dynamics near the Turing-Hopf codimension-two
bifurcation may be an interesting topic for future research.
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