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Abstract

Many mathematical models in different disciplines involve the formulation of free boundary problems,
where the domain boundaries are not predefined. These models present unique challenges, notably the non-
linear coupling between the solution and the boundary, which complicates the identification of bifurcation
types. This paper mainly investigates the structure of symmetry-breaking bifurcations in a two-dimensional
free boundary problem modeling tumor growth. By expanding the solution to a high order with respect to
a small parameter and computing the bifurcation direction at each bifurcation point, we demonstrate that
all the symmetry-breaking bifurcations occurred in the model, as established by the Crandall-Rabinowitz
Bifurcation From Simple Eigenvalue Theorem, are pitchfork bifurcations. These findings reveal distinct
behaviors between the two-dimensional and three-dimensional cases of the same model.
© 2025 Elsevier Inc. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.

1. Introduction

In recent decades, an increasing number of PDE models describing solid tumor growth in
the form of free boundary problems have been proposed and studied, see [1-11] and reference
therein. These models, which consider the tumor tissue as a density of proliferating cells, are
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based on reaction-diffusion equations and mass conservation law for cell density and nutrient
concentration within the tumor. The influences of different factors on tumor growth are inves-
tigated, such as the effect of angiogenesis [12—15], time delay [16—19], inhibitor [20,21], cell
cycle [6,22-24], necrotic core [25-27], and so on. A systematic survey of tumor model studies
was provided in [28].

Let o and p denote the concentration of nutrients and the pressure, respectively. The basic
tumor growth model is to find the unknown tumor region €2(¢) (or the tumor boundary 9€2(z))
and the unknown functions o (x, ¢) and p(x, t) satisfying

or—Ao+o=0 in Q(t), t >0, (1.1)
Ap=—p(c —0) in Q(t), t >0, 1.2)
o=1 on 0Q2(¢), t > 0, (1.3)
pP=kK on 982(t), 14)

where « is the mean curvature, and

op

V, =
" on

on 4Q(¢), (1.5)

where % is the derivative along the outward normal 7 and V,, is the velocity of the free boundary
9Q(¢) in the outward normal direction 7. The initial conditions are

o(x,0) =op(x) in 2(0), where ©2(0) is given. (1.6)

In the basic model (1.1) — (1.6), it is assumed that the tumor region £2(¢) contains just one type
of cell, and the cell density is uniform. The tumor will either expand or shrink depending on the
amount of nutrients within the tumor, and the tumor proliferation rate is assumed to be linear with
respect to the concentration of nutrients, given by the function (o — @’). Here, u is a parameter
expressing the “intensity” of tumor expansion due to mitosis (if & > &) or tumor shrinkage by
apoptosis (if o < &), and 7 is a threshold concentration. In addition, it is assumed that the tumor
region is a porous medium, so that Darcy’s law V=-V p holds. Combining it with the law of
conservation of mass divV = u(o — &), we derive the equation (1.2). Furthermore, the boundary
condition for the pressure p, i.e., the equation (1.4), is due to cell-to-cell adhesiveness, and the
continuity of the velocity field V= Vy, yields the relation (1.5).

It is well-established that under the assumption 0 < & < 1, the system (1.1) — (1.6) admits
a unique radially symmetric stationary solution for both the 2-D [11] and 3-D [10] cases. It
was also proved in [11] for the 2-D case and [5,9] for the 3-D case that there exists a sequence
of symmetry-breaking bifurcation branches consisting non-symmetric stationary solutions that
bifurcate from the branch of the unique radially symmetric stationary solution with parameter /.
Similar bifurcation results in various tumor growth models have been obtained in [4,19,21,26,27].
Yet, the structure of these bifurcations remains largely unexplored. It was demonstrated in [9]
that the first symmetry-breaking bifurcation of model (1.1) — (1.6) in 3-D case is a transcritical
bifurcation. In contrast, our findings in this paper reveal a distinct behavior in the 2-D version of
the same model. We will prove that all symmetry-breaking bifurcations for model (1.1) — (1.6)
in 2-D are pitchfork bifurcations. The methods in this paper can be applied to analyze tumor
growth models with different factors proposed in [12-21,25-27]. Although the computations
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can be more complicated, similar bifurcation results could be obtained. This finding is consistent
with the numerical simulations in [26,29].

The structure of this paper is as follows: Section 2 presents preliminary results. In Section 3,
we prove the existence of bifurcation of non-radially symmetric solutions. Section 4 is dedi-
cated to deriving the type of bifurcations and proving that all bifurcation points are pitchfork
bifurcations. Finally, in Section 5, we provide a discussion of our results.

2. Preliminaries
2.1. Radially symmetric stationary solution
Consider (1.1) — (1.6) in the two-dimensional spatial domain. We denote the radially sym-

metric stationary solution of (1.1) — (1.6) by (os(r), ps(r), dBg,), where Bg, denotes the disk
centered at 0 with radius Rg. From (1.1) — (1.6), the solution satisfies

—Aos+0o5=0 0<r <Ryg, 2.1
Aps=—u(os —7a) 0<r <Rg, 2.2)
os=1 r = Rg, 2.3)
1

= — = Ry, 2.4
PS= g r=Rs (24)

dps

or

The system has now been reduced to an ODE system, and the explicit solution is given by

lo(r)
= 2.6
os(r) Io(Rs) (2.6)
| I Io(r) 1 | RPN
=- — — — —uo R, 2.7
ps(r) gHor Mlo(Rs) + Ry +u 1O Rs 2.7)
where Ry is uniquely determined by the equation
E = _h(Rs) (2.8)
2 Rsl(Rs) .

In (2.6) — (2.8), the functions I,(r), where n are non-negative integers, represent the modified
Bessel functions of the first kind. For convenience, we collect some properties of these functions
in Subsection 2.2.

Later on, we will use u as the bifurcation parameter, which explicitly appears in the formula of
ps. To avoid the dependence of this particular solution (o, ps, Rs) on the bifurcation parameter
u, we decompose pgs as

ps(r) = ps(r) + upg(r),
where ps and p¥ are defined to satisfy the following boundary value problems, respectively:
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—Aps=0 0<r <Ry,
~ 1 _r 2.9
pS - RS r= S
—Aps=05—0 0<r < Rg,
(2.10)
ps=0 r = Rs.
These equations can be solved to obtain:
(r)= 1 (2.11)
ps(r R .
1 Ip(r) L. o
—————+4+1—-0Rs. 2.12
ps(r) = i To(Rs) + 10 Rs (2.12)

. . . . )92 5 IpL(R
In later computations, we will use the information of aaSB(rRS) , 2 Gasr(f ) 2P Sa(rRS) , pSB(r s,
Pps(Rs) P5(Rs) 93ps(Rs) 4 O*PY(Rs)

pr R v e T R 03 . We put them in the following lemma:

Lemma 2.1. For the radially symmetric stationary solution (s, ps, pg, d Brg), we have

dos(Rs) i (Rs)

- , 2.13
ar Io(Rs) ( )
9%05(R I (R
os(Rs) _ . _I(Rs) 7 2.14)
ar? RgIy(Rs)
aps(R 32ps(R 33 ps(R
ps( S)_ Ps( s)_ Ds( S):O’ 2.15)
or ar2 ar3
and, by (2.7), we also have
IpE(R o I (R
pS( s) _ ERS . 1(Rs) — (2.16)
ar 2 Io(Rs)
3% pi(R i3 (R 211 (R
Ps(Rs) g_(l_ 1(Rs) ): 1(Rs) Y 2.17)
ar? 2 Rslo(Rs) RsIo(Rs)
3 pE(R 1 2+ R (R
Ps(Rs) __( + RO ( s). 2.18)
ar3 Rs R3Io(Ry)

2.2. Properties of Bessel functions

Recall that the modified Bessel function of the first kind 7,,(£) satisfies the differential equa-
tion

2
Ir/z/(é)"i_élr/z(‘i:)_<l+g_2)ln(‘§):0 §>0, (2.19)

and is given by
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£ n 00 1 £ 2k
I == —_— =) , 2.20
&) <2 ]gklr‘(n—i-k—l—l) 2 (2:20)

from which it is easy to derive

Iny1(8) - i’ foré >0, n> 1. (2.21)

1,(&)  2n

Furthermore, by [5,7,11], I,,(£) satisfies the following properties, which are needed in subsequent
computations.

1@+ gln@) =L@ azl, (222)
1)~ gln &) =Ls1(E)  n=0, (2.23)
0
£, 8) = £(§"+11n+1 é)) n>0, (2.24)
2n

In—l(é)_1n+l(§)=?[n(§) n=l, (2.25)

(&) . . L
is increasing in & for £ > 0 n>1. (2.26)

2.3. Bifurcation theory

In this subsection, we state some abstract bifurcation theorems which are critical in our anal-
ysis:

Theorem 2.2. (Crandall-Rabinowitz Theorem, [30-32]) Let X, Y be real Banach spaces and
let F(-,-) be a C? map, p > 2, of a neighborhood (u9,0) in R x X into Y. Denote by F;
and F the first- and second-order Fréchet derivatives, respectively. Assume the following four
conditions hold:

(I) F(u,0)=0 forall uin aneighborhood of |10,
(II) Ker Fx (o, 0) is one dimensional space, spanned by xo,
(I1l) Tm Fy (o, 0) =Y has codimension one,
(1V) Fux(o, 0)[xol & Y1,
then (u, x) = (no, 0) is a bifurcation point of the equation F(u, x) = 0 in the following sense:
in a neighborhood of (1, x) = (1o, 0), the set of solutions to F (i, x) = 0 consists of two CP~!

smooth curves, I'y and Ty, which intersect only at the point (g, x) = (o, 0); 'y is the curve
x =0, and 'y can be parameterized as follows:

T2 = (u(e), x(e) : |e| small, (1(0), x(0)) = (110, 0), x'(0) = xo.
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Theorem 2.2 was first proved in [30] for C ! maps with continuous F,,. The version here with
C? (p > 2) maps was stated in [32] with C? ~2 solution curves. Indeed, the solution curves are
cr—1as pointed out in [31] (see Corollary 2.3 and Lemma 2.5).

While the Crandall-Rabinowitz Theorem reveals the locations where bifurcation branches
occur, it does not provide information on the direction of bifurcation branches, which is important
in determining the type of bifurcation diagrams. To investigate the type of bifurcation, we need
the following theorem:

Theorem 2.3. ([31,33]) Suppose the conditions of Theorem 2.2 are satisfied and let (10, 0) be
the bifurcation point of F (i, x) = 0 in Theorem 2.2. Along the bifurcation branch T';, we have

, (I, Frx (o, 0)[xo, x0])
0)=— s 2.27
W) = = Fooe (10, O)x0) @27

where | € Y* satisfying Kerl = Im F,(uo,0), and (-,-) is the duality pair of Y* and Y. If
w'(0) #£ 0, which indicates Fyx (o, 0)[xo, x0] & Im Fx (10, 0), then the bifurcation branch T
exhibit a transcritical bifurcation. On the other hand, if '(0) = 0, then Fyx (10, 0) [x0,x0] €
Im F (1o, 0), and the bifurcation is a pitchfork type. Furthermore, in the case of a pitchfork
bifurcation and assuming p > 3, the direction of bifurcation at (¢, 0) is determined by

<lv -FX)CX(/’LOv O)[x07 x()v XO]) + 3(15 fXX(I’LO’ O)['x07 ¢]>

4 O J——
w(0) 3(1, Fux (o, 0)[xo])

, (2.28)

where ¢ is the solution of

Frex (o, 0)[x0, x0] + Fx (1o, 0)[¢] = 0. (2.29)
3. The existence of bifurcation branches

In this section, we give an alternative proof to [11] regarding the existence of symmetry-
breaking bifurcation branches in the stationary problem for system (1.1) — (1.6). This proof
employs the Crandall-Rabinowitz Theorem and the methodologies are similar to those used in
[9,14,19,21,34].

In the context of the Crandall-Rabinowitz Theorem, we define the curve I'; as the branch of
radially symmetric stationary solution discussed in Section 2.1. Specifically, I'; is given by

Fl :{(M7057 ﬁSV p;vaBRs) : /’L >0}'

Based on this radially symmetric solution branch, we consider a family of domains €, with
perturbed boundaries

3Q. : r = Rg + R(9),

where 13(9) = ¢8(0) with || <« 1. Within the perturbed domain 2., we denote (o, p) by the
unique solution of the system
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—Ac+o=0 inQ,, 3.1)
_Ap=p@—35) inQ, 3.2)
o=1 on 02, (3.3)

p=k  ondQ. (3.4)

Similar to the decomposition in Section 2.1, we decompose p as

p =D+ up*, (3.5)

where p and p* satisfy the following boundary value problems:

—Ap=0 in Q,,
~ 3.6)
pP=kK on 082,
and
—Ap*=0-07 in Q,,
(3.7)
p =0 on 02,

respectively. This decomposition allows us to eliminate the dependence of the solution on the
bifurcation parameter w. It is clear that the system (3.1) — (3.4) is equivalent to solving for
(o, p, p*) from (3.1), (3.3), (3.6), and (3.7). For notation simplicity, we shall refer to this new
system as System (.A).

We define the bifurcation equation F as

~ 0
Fu.R=2| | (3.8)
3n Q%
Combining with (3.5), we have
~ op ap*
Flp, R) = (— +u ) (3.9)
on n/lyq,

By (1.5), F(u, R) represents the negative value of the normal velocity of the free boundary. In
a stationary solution, the free boundary remains unchanged. Therefore, (o, p, p*) is a stationary
solution of System (.4) in the perturbed domain €2, if and only if F(u, E) =0.

The function S(6) may be viewed as a function defined on the unit circle

T={xeR*: |x|=1},
so it is natural to impose 2 -periodic boundary condition on the function S(6). Furthermore, it
can be proved that the solution to System (.A) is even in variable 6 if we assume S(6) = S(—6).

As a result, we introduce the following Banach spaces: for any integer / >0 and 0 < o < 1,

7
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X" = (R e C**(2) : R is 27r-periodic in 6, and R is even}, (3.10)

X12+°‘ = closure of the linear subspace spanned by {cos(j#), j =0,2,4,---}in xe (3.1
For System (A), one can apply Schauder theory to establish the following lemma:

Lemma 3.1.If S € C3+“(22 and (o, P, p*) satisfies System (A), then o € C3T4(Qy), p e
CH(Qy), and p* € C3TY(Q,).

Lemma 3.1 shows that the mapping (i, R) — F(u, R) is from Rt x C31% (%) to C*(%).
Recalling the definitions of Banach spaces Xt and Xl2+“ in (3.10) and (3.11), we can use
similar arguments to prove F(u, R) maps from X/*3%¢ to X!+ (or from X 12+3+“ to X12+°’) for
any integer [ > 0.

In order to apply the Crandall-Rabinowitz Theorem, we need to compute the Fréchet deriva-
tives of F. To do that, we shall analyze expansions of (o, p, p*) in ¢. For any u > 0, we formally
write

o =05+ 01 + 0(c?), (3.12)
P=Ds+ep+ 0, (3.13)
p*=pi+epi+ 0. (3.14)

Substituting equations (3.12) — (3.14) into System (A), neglecting terms of order 0(g?), and
also recalling that

Rs+¢€5)% +2S2 — (Rs +¢5) - S, 1 1
o= ReX e AN ZREED T L e (54 5w) 06D GIS)
(Rs+e8)2+83) Rs R
we obtain the linearized systems for o1, p1, and p7:
—Ao1+01=0 in Bgy,
dos(Rs) (3.16)
o1(Rg,0) = —TS(O) on 9 Bgq,
— Aﬁ] =0 in BRS,
- 1 dps(Rs) (3.17)
B1(Rs,0) = —— (SO) + Sas 0) — LE25256)  on dBgy,
Ry ar
—ApT:O’l inBRS,
Pi(Rs,0) = _7581’ S©) on 3 Bgs.

In the subsequent Section 4, we will consider the next order of approximation and prove a more
refined formula for «.
Following [9,14,19,21], the following lemma can be easily proved.

8
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Lemma 3.2. If S € C3**(X) and (o, p, p*) satisfies System (A), then
lo — o5l seacg,, < ClellS I esrecsy, (3.19)
1P+ wmp*) — (Ps + urH |l ciegg,) =< ClellSlcstacs), (3.20)

where the constant C is independent of .

To further justify equations (3.12) — (3.14), we need to estimate the 0(&2) terms using the
appropriate norms. It is important to note that (o, p, p*) is defined only on Q, (o5, ps, p§) has
explicit expressions and is defined everywhere on R?, and (o1, p1, p7) is defined only on Bgy.

Therefore, we must transform these functions into a common domain before proceeding with our
analysis. To this end, we introduce the Hanzawa transformation H,, which is defined by

(r,0) = He(r',0") = (' + x (Rs —1r")eS(0"),0), (3.21)
where x(z) : R — R is a bounded function satisfying

0, if|z] > 380/4
1, iflzl <8o/4

8kx
0zk

C

< — k=1.2..-.
=5 5 Loy 5
50

x €C*, x (@)=

and &g is a small positive constant. The Hanzawa transformation H; maps Bg, into £2, while
keeping the ball {r < Rg — 3—180} fixed to avoid the singularity of the Laplace operator at 0. The
inverse transformation H."! maps Q. onto Bg.

Using the Hanzawa transformation, we let

Gin0)=o1(H ' (n0),  Pi(n0)=Pi(H'(.0),  Pi(r.0)=pi(H ' (,0)).
(3.22)
Then, (o, p, p*), (05, ps. p3), and (071, ?],ZJT) are all defined on the same domain .. This
allows us to establish another lemma. The proof of the lemma follows methods similar to those
found in [9,14,19,21]. We introduce additional decompositions for p, pgs, and p; here; however,
these do not impact the validity of the proof.

Lemma 3.3. If S € C31%(X), (0, B, p*) satisfies System (A) and (51, P}, DY) is defined in (3.22)
where (o1, p1, pY) is the solution to the system (3.16) — (3.18), then

lo — a5 — £81llcara g,y < ClelISlessas). (3.23)
1P+ 1p™) — (Ps + up§) — e(py + wPPl creacg,y < ClelllSllcate s (3:24)
where the constant C is independent of .
Since

dps ~ 9py
Fou 0= (2 +u=5)
or or

=0+M(5R B II(RS))

PAEAN
ks 27 To(Ry)
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where this last equality is justified by (2.8), we proceed to substitute equations (3.13), (3.14), and
(3.24) into (3.9) to derive the following:

Fou b= (G +u5)

= (Vﬁ'ﬁ—i—MVp* ~fi)
r=Rgs+eS

op . 10p. 1 R re .
<8r et 90C 9)' z<e’_769>
- (2)

ap* ., 1ap* ., 1 L Te.
(G ) —— (o a)
1+ (2)

r=Rg+eS

r=Rgs+eS

r=Rgs+¢eS

_9p

or i

r=Rg+eS or

+ 0(lePlIS || ¢3+a(x)

r=Rs+eS

aps(R apE(R 9%ps(R 32 pE(R 3p1(Rs, 0
=< Psa(r S)-l-M Pga(r s)) ( ps( S)Ss+ P5(Rs) 6+ P1(Rs )é3

012 ST or

dp7(Rs, 0)

, 2Pi(Rs. 6)
ar

5) + OISl csacs)-

Thus,

5 3°Ps(R 32 pE(R 351(Rs. 0
f(M7R)=f(M,O)+e(MS+M Ps S)S+ P1(Rs,6)
or ar? ar

api(Rs, 0)
MI)IT) + 0(|8|2”S”C3+a(2))

which formally gives the Fréchet derivative of F in R at (u,0)

82~ R 32 (R 9% (R ¥ 3p*(Rs. 0
Fru o) = DPSRD ¢ VPR o 951 (Rs.0) | 3pi(Rs, )

3.25
ar? or? or or (3.25)

In what follows, we shall use (3.25) to establish the existence of bifurcation branches by verifying
the regularity and the four assumptions in Theorem 2.2. The results are stated in the following
Theorem:

Theorem 3.4. For any 6 > 0, there exists a unigue Rs > 0 such that System (A) has a family of
radially symmetric stationary solutions in a form of

T ={(n, 050), ps(), ps(), Brs) : 1 > 0}.
Then, for every even integer n > 2, the point (i, 0) is a bifurcation point of System (A), where

nn?—=1)

(3.26)
RIM,

Mn =

10
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and M, is defined in (3.34). Furthermore, in a neighborhood of (i, 0), the set of solutions to
System (A) consists of exactly 'y and

Fz,n = {(,U,n(S), Gn(S, ')7 ﬁn (87 ')7 PZ(& ')7 aQE,n) : |8| < 1}1

such that o, (¢, -) = 05(-)+£01()+ O(e?), Pule, ) = Ps()+ep1()+0(e?), pi(e,-) = pi()+
epi () + O(&?), where o1, P, and pi satisfy (3.16) — (3.18) with S(8) = cos(n6), respectively,
and the corresponding free boundary 02, ,, is of the form r = Rg + ¢ cos(nf) + 0(&?).

Proof. To begin with, for any 4 > 0, the radially symmetric stationary solution (o, ps, p¥)
exists when R(0) = 0 and remains independent of w. Consequently, the first assumption of The-
orem 2.2, namely that F(u, 0) =0, is satisfied.

By (3.24), the operator F maps from RT x X'+3+¢ to X/*¢ (or from R* x X571 10 X4t9).
Since the set {cos(n6)}7° , is an orthonormal basis for X I+ e use a Fourier series expression
for S(9):

SO) = Zan cos(nd). (3.27)
n=0

Applying the separation of variables technique to the systems (3.16) — (3.18) and utilizing the
results from Lemma 2.1, we can solve (o1, pj, p’f) explicitly by

01(r.6) = Y @,01,0(r) cos(n6) = Zan( M) cos(nd),  (3.28)

= = Io(Rs)1n(Rs)
e8] 0 (1’12 _ 1)rn
Pr0) =) anpra(r) cos(nd) = ) | ay—m5— cos(nf). (3.29)
n=0 n=>0 N

oo

r"I1(Rs) I (Rs) 1, (r)
S

pi@r,0)= ZanPT,n(”) cos(nt) = - RIo(Rs) ~ Io(Rs)I,(Ry)

n=0 n=0

)cos(ne). (3.30)

Differentiating (3.28) — (3.30) in r, and using properties of Bessel functions in Section 2.2, we
obtain

301(r.0) o~ 301 ,(r) RS I1(Rs) n
T = ng(:)anT COS(HG) = nX:(:)an[ - m([n+1 (r) + ;I,,(r))] COS(I’IO),

ap1(r, 0 © 585 o0 2 _ yn-l
pir.0) Z;anma,i:(%osme) - ’;)%WTVCOS(HQ),

and

11
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9
apla(r 0) Zan Pln() 0s(n6)

zian[_ nr" U1 (Ry) N I1(Rs)

n
Rilo(Rs)  Io(Rs)Ia(Rs) (1) + 7 1a0) [eos(a).

Hence, in (3.25),

8ﬁ1(RS,9) 3P1(RS»9) i [n(n _1) II(RS)I"H(RS)]cos(nH) (3.31)

+u
or Io(Rg) 1, (Rs)
Substituting (2.15), (2.17), and (3.31) into (3.25), we have
Fru, 0)[S(0)]

M( 211 (Rs) )Zan cos(n9)+Za,,[ n(n? — 1) II(RS)I"H(RS)]cos(nG)

Rslo(Rs) Io(Rs)In(Rs)
i ( 2hRy) n(n?—1) M11<Rs>1n+1(Rs>)cos(n9)
= Rslo(Rs) R} Io(Rs) I (Rs) ’
(3.32)
in particular,
5 [ 2Ii(Ry) n(n?—1)  L(Rs)ly1(Rs)
Tt Oeos(n0)) = (g s — & IR Iy (Rs) ) o)
(3.33)

a nn?—1)
2 <— uM, + —Rg )cos(n@),

where

M, —1— 2I1(Rs) I (RS)In+l(RS). (3.34)
RsIo(Rs) Io(Rs) I (Rs)

It was proved in [18] (Lemma 4.1) and [35] (Lemma 3.3) that

20 B @)
() o)1y (x)

>0 forn>2and x > 0, (3.35)

thus
M, >0 for n > 2. (3.36)
Furthermore, for n = 0 (see Lemma 4.1 in [19]),

5 _ (2hRs) - RN
Fr(u. 0)[1] —M(RSIO(RS) 1+ I&(Rs>) > 0;

12
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and forn =1,

2I1(Rs) L (Rs)
RsIp(Rys) Io(Rs)

Fi(u, 0)[cos(0)] = u( )cos(e) —o.

implying that cos() is in the kernel of Fz(u,0) for all w. For n > 2, following (3.36),
Fr(u, 0)[cos(nd)] =0 if and only if

A nm?—1)
W=y = ——5——
RIM,

It was proved in [15,19] that u,, is monotonically increasing in n for n > 2. Therefore,

Span{cos(f), cos(n6)} if u=p,, n>2;

KerFz(1,0) =
Span{cos(9)} if W=y, n>2.

To ensure that KerF%(u, 0) has a dimension of one, thereby meeting requirement (II) of Theo-
rem 2.2, we must exclude the case n = 1. Consequently, we work with the space X;J““ defined
in (3.11). For any even integer n > 2,

Ker F(un, 0) = Span{cos(n6)},
Im Fg(in, 0) = Span{1, cos(20), cos(46), - - - , cos((n — 2)0), cos((n +2)0),---},  (3.37)

which meet the requirements (II) and (III) of Theorem 2.2. Finally, by differentiating (3.33) in
L, we obtain

.ﬁLg(un, 0)[1, cos(nB)] = —M,, cos(nf) ¢ Im Fg(uo, 0), (3.38)

which fulfills the last requirement of Theorem 2.2.

In summary, all the requirements of the Crandall-Rabinowitz Theorem (Theorem 2.2) are
satisfied at (w,, 0) for even integers n > 2. Therefore, for each such n, (i, 0) is a bifurcation
point of System (.A), and the conclusions in Theorem 3.4 hold. [J

Remark 3.5. The bifurcation result is actually valid for all integers n > 2 not restricting to even
n only. For any odd n > 3, we may work with the Banach space

M = closure of the linear space spanned by {cos(j0), j =0,2,3,4,5,---}in x!te

and apply the Crandall-Rabinowitz theorem in a more delicate manner. The issue here is that
F does not map M'™3* into M'*®, but we could shift the center of the system to eliminate
the mode n = 1 and make a modified mapping F which maps M'+3+% into M. In [36], the
authors utilized group-theoretic methods by selecting appropriate isotropy subgroups to demon-
strate that the bifurcation results are also valid for odd integers n > 2. Although the results are
derived in a 3-D context, similar methods could be applicable to the 2-D case. However, the
details of the analysis, which involve complex computations, will not be discussed here.

13
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4. The type of bifurcation points

By Theorem 3.4 and Remark 3.5, we know that, for every integer n > 2, the bifurcating
solution (., (g), R, (¢e)) satisfies

Fln(e), Ru(e)) =0,
(1n(0), R, (0)) = (1, 0),
R, (g) = e cos(nf) + O(&?).

In order to determine the type of the bifurcation, we need to compute ), (0) by using (2.27). To
do that, we need £2-order expansion, and we formally write (without the subscript n):

o(r,0) =os(r) +eo1(r, 0) + £202(r, 0) + O(&%), 4.1
P(r,0)=ps(r) +epi(r,0) + &2 pa(r, 0) + O(e?), 4.2)
Pr(r,0) = Ps(r) +epi(r, 0) + €2 p3(r, ) + 0(&3). 4.3)

We also establish a refined formula for the mean curvature « on of the free boundary.

Lemma4.1. [f 02, : r = Rs + &S(0), where S € CZ(Z), then

1 S+, 28Sps + S2 + 152
. + 99—{—52 06 399

K =— - + 0(&?). 4.4
r=Rs+eS®) Rg R§ Rg € @.4)

Proof. Using the mean curvature formula in the two-dimensional case for a curve r = p(0):

2 _3
P 4202 —p-pgy  1H200)T Po\2  Poo pa\2\ 2
= 2 = ZRVIET R 1+2(—) - 1+(_) :
(0% + p3)3/? p(L+ (81372 p o o 0
4.5)

Taking p(0) = Rs + €S(0), we have pg = ¢Sy and pgg = €Spg. Then

1 1 1 S 5,8 58 4
— === +e —&’— + 0(g"),
p Rs+eS Rg R2 Rg Ré )
S, SS, 525,
PO _g20 2250 1 3220 4 0t
P Rg R S
2 S2 2853
(@) 282_92_% 0+0(4)
Y R RS
S SS, 528,
P00 _ o200 _ 22000 L 32 000 1 0,
0 Rs R Ry

and

14
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+0(Y),

2 S, 282+ S8 4882 + §25,
<1+2<@> _p99>=1_gﬁ+32 ot b0 _ 3 9+3 06
P Rg R RS
3
2

po\?\ LAY 4 2385 | 3385} 4
1 (—) =1——(— 0 =l—-¢&=-— — + 0(&").
<+ > 2p)+ = 1=t e T+ 06

Putting these into (4.5), we obtain

1 S 52 $3 S, 282+ S8
=<— —&— +82—3 — 83—4 + 0(84)> (1 S +8207200
Rs "R} R} R} Ry R2

4882 + S2§ 3 2 3552
R A 0(84)) (1 T e R 0(84)>
R3 2 R? R}

1 8S+Sgg+822S599+52+%S§ 383+ 3557 +38%Sp9 — 353 So0
—¢&

= 2 3 4
Rs R2 R} R?

+ 0(eh,

which gives the estimate (4.4). O

Given our focus on the type of bifurcation at a bifurcation point u = u,, we will henceforth
consider the special case where S(0) = cos(nf) and u = u, for n > 2, where u, is given in
Theorem 3.4. Each cos(n6) corresponds to a bifurcation branch emanating from (u,, 0).

Substituting the refined expansion (4.1) into (3.1) and (3.3) and collecting the g2-order terms,
we derive the system for o:

— Aoy +02=0 in Bg,,
1 9%05(Rs) 901(Rs, 0) (4.6)
crz(Rs,Q):—ETW(@)—TS(Q) on 9 Bg;.

Note that the general solution to the Poisson equation —Au + u = 0 in a disk is given by

u(r,0) =Y Aply(r)cos(nd),
n=0

where the coefficients A, are determined by the boundary condition. We will next simplify the
boundary condition as specified in (4.6). Recall that when S(0) = cos(n0),

11 (Rs) 1, (r)

o1(r,0) =0y ,(r) cos(nd) = _m ¢

os(nf), “.7)

hence

do1(Rs,0) _ _(11(Rs)1n+1(RS) nli(Rs)

or Io(Rs)In(Rs) Rs]o(RS)>COS(n9)' (4.8)

By combining this with (2.14) and utilizing the formula of M,, in (3.34), we obtain

15
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_ L Li(Rs) ) Ii(Rs) 1 +1(Rs) ~ nli(Rs) )
ox(Rs.0)==3 (1~ 11re) 0+ (Treynime) * Reho(Ry) )
_ (271 +1 hL(Rs) 1 n I (RS)I"+1(RS)>cosz(n6)
2 Rglp(Rs) 2 Ip(Rs)I(Rs)

1 2n—-3 Li(Rys) 2 N 2
(E S Rt B Mn> cos2(n0) 2 M, cos>(nf). (4.9)

Using the double-angle formula

1 2n6
cosz(ne) = 74_ cos(2n ),
2
we find that the boundary term o>(Rg, 0) is a linear combination of 1 and cos(2n6). There-
fore, the solution to (4.6) should be a linear combination of Io(r) and I»,(r) cos(2n6). With this
insight, we solve (4.6) as

My Ior) My Dn () o, (4.10)

2= 5 Ry T 2 Dn(Rs)

To facilitate subsequent calculations, it is necessary to compute the term W. We proceed
with this computation as follows:

805(r,0) _ @ I(r) @(bnﬂ(i’) 2n12n(r)>cos(2n9) 4.11)
or 2 Ip(Rs) ' 2 \Iu(Rs) ' rhu(Rs) ’
hence
302(Rs,0) M, I,(Rs) M, /Iys1(R 2
02(Rs,0) _ My Ii(Rs) _H(MJF_”)COS(Z,,Q), (4.12)
or 2 Ip(Rs) 2 \ Du(Rs) Rs

In a similar manner, by substituting (4.2) and (4.3) into (3.6) and (3.7) and using Lemma 4.1,
we obtain the following systems for p; and pj:

—Apy=0 in By,
- 28Spe + S+ 182 19%ps(Rs) .,  Pp1(Rs,6) (4.13)
Rs,0) = - s% — S 3 Bgs,
P2(Rs, 0) i 502 o on 9 Bg
—Apik:az inBRS,
- 190%p%(R ap*(Rs, 0 (4.14)
D2(Rs,0)=—— Pst S)Sz— pi(Rs )S on 9 Bg;.
2 9r? or

When S(0) = cos(n6), it follows from Section 3 that

16
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- - (n* — Dr"
p1(r,0) = p1.,(r)cos(nf) = T cos(nf), (4.15)

s
LR Li(Rs)In(r)
RSIo(Rs)  Io(Rs)In(Rs)

Pi(6) = pi,, (r) cos(n6) = ( ) cosn), 4.16)

hence

Ip1(Rs,0) _n(n*—1)

0, 4.17

» Rg cos(no) ( )

dpT(Rs,0) _ Li(Rs)In11(Rs) 0s(n6) (4.18)
ar ~ Io(Rs) 1, (Rs) ' .

We first solve for p,. Substituting (2.15) and (4.17) into the boundary condition in the system
(4.13) and using the following equations,

§% =cos?(n) = = (1 + cos(2n9)),

2
SSp9 = —n2 cos>(nf) = —"7(1 +cos(2n)),

N =

n2

S35 =n®sin®(nh) = 7(1 — cos(2n6)),

we simplify the boundary condition to:

Pa(Rs.8) = %[(l - ﬁ) + (l - %) cos(2n9)] - n(n® — 1) 1+ cos(2nf)
s

2 4 2 R} 2

(4.19)

2 4 2

1(1 3n? M) 1(1 Sn M)Cos(zne)_

We observe that the boundary condition is a linear combination of 1 and cos(2n6). Recalling the
general solution to the Laplace equation Au = 0 in a disk is

o0
u(r,0) =Y Byr" cos(nd),
n=0

we note that the coefficients B, are determined by the boundary condition (4.19). As a result, p>
is solved as

1 3n? n(nz—l)) rn (1 S5n n(nz—l))
2

- — — = 2n0). (4.2
3 1 5 cos(2nf). (4.20)

Since the first part of (4.20) is a constant, it vanishes upon taking derivatives. Hence, we have

ap2(Rs,0) 2n/1 5n nm*-1
”287‘9 = —4(5 - T) cos(2n). 4.21)
r RS
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Next, we proceed to solve for p5 from the system (4.14). We observe that

A(p; +02)=0 in Bgy,
(P35 +02)(Rs,0) 4.22)

1,0°pi(Rs)  8%0s(Rs)\ .o (0Pf(Rs,0) d01(Rs,0)
__5( or2 + ar2 )S _< or + or )S on 9 Bgs,

where, by (2.14), (2.17), (4.8), and (4.18), the boundary condition can be simplified as

1 Ii(Rs) 1+ cos(2nb) nli(Rs) 1+ cos(2nf)
2 Rslo(Rs) 2 RsIy(Rs) 2
2n—1 I;(Rys) 2n —1 I1(Ry)

= + cos(2nb).
4 Rsly(Rs) 4 Rgslyp(Rs)

(p3 +02)(Rs,0) =

Reemploying the general solution of the Laplace equation, we have

2n—1 I;(Ry) P 2n—1 L(Rs)

5(r,0) = ———"_cos(2n0) — o (r, 6), 4.23
P20 = Relo(Rs) T RE 4 Rsho(Rg) " T 200 @29
hence
ap3(Rs, 0 2n—1) L (R do2(Rs, 0
py(Rs.0) _n(2n—1) 21( s) cos(2n8) — 02(Rs )’ 424)
or 2 R5Io(Rs) or
where W was computed in (4.12).

At this point, we shall rigorously establish the e2-order expansion for ¢ and p in the case
02 :r = Rg 4+ gcos(nf).

Lemma 4.2. Assume that (o, p, p*) is the solution to System (S) in the domain whose boundary
is defined by 92, : r = Rgs 4 g cos(n); (o1, p1, p}) is the solution to the system (3.16) — (3.18),
and the explicit solutions o1, p1, and pT are given in (4.7), (4.15), and (4.16), respectively;
and 0y, Py, and p§ are solutions to the systems (4.6), (4.13), and (4.14), respectively, and are
explicitly given by (4.10), (4.20), and (4.23). Then,
lo — (05 + €01 + £202) | ¢34, ) < Clel’. (4.25)
| (P + 1p*) = (Ps + s + (B + up}) + (2 + upd) | criag,, < Clel’.  (4.26)
Proof. We first prove the estimate for . Note that o, o1, and o> are defined (by their explicit

formulas) for all r > 0, and they satisfy the same elliptic equations —Au 4+ u =0 for all r > 0.
So, if we denote W = o — (o5 + €01 + £207), then we have

—AV| —¥; =0 in Q.
We then check the boundary condition, on 92,

18
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\1/1‘ :(o — (os+¢e01 + 8202))
3%

r=Rg+e¢cos(nd)

dog(R 9%20g(R
—1 —og(Rg) — 2ZSEB) osno) — %82 cos(n0) — so1(Rs, )
r
Rs.0
_ TR 0) s16) — 20 (Rs. 6) + O(E3),

ar

Using (2.3), (3.16), and (4.6), we find that all the lower-order terms cancel out, and ¥|yq, =
O (&%). Then the inequality (4.25) follows by applying the Schauder estimates on W.
The proof to (4.26) is similar. Let

Wy = (P + up*) = (Ps + up§ + e(Br + up}) + € (52 + up3))-
Combining (2.9), (2.10), (3.6), (3.7), (3.17), (3.18), (4.13), and (4.14), we obtain
—AY, = u\¥ in Q,,
and on the boundary 92, after canceling terms that arise from the Taylor series expansions,

1 . (n? — 1) cos(nd)

| = _L_ @
r=Rg+e cos(nd) Rg RS

082

, (1= 2n?) cos?(nf) + % sin®(n0)
—¢

+ 0(&d).
R§

By Lemma 4.1, W3 |50, = 0(&3) and the inequality (4.26) follows immediately from (4.25) and
the Schauder theory. [

Based on Lemma 4.2, we are now able to compute the second-order Fréchet derivative Fz
in (2.27). By (3.9), we have

op ap*
Fu, o z(—+ )
(M 8005(" )) on H on r=Rg-+¢cos(nd)
(V5. 7+ uv *.*) , 427
( p ntu pon r=Rg+e¢ cos(n) ( )
where, by (4.2),
Vp-n
p-n r=Rg+e¢cos(nd)
(Bﬁq N €y 817) 1 (q —nesin(nf)ey )
= —e RN e, — —
ar Rs + ecos(nf) 90 \/1 +( —ne sin(nb) )2 r Rs + ecos(nf)
Rg+e¢cos(nf) (4 28)
dps(Rs) 3> ps(Rs) dp1(Rs,0) ,(133ps(Rs)
= or —i—s( o2 cos(n@)—i—T) + ¢ (ETCOS (nb)
9?p1(Rs, 6) 1 9ps(Rs,0) 3p2(Rs. 0) 3
_ 0 — —————nsin(nb ) — 40 ,
972 cos(nf) + R§ 29 nsin(nd) ) + o + 0(&”)

19
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and, by (4.3),

Vp*-i

r=Rg+e¢ cos(nd)
B <8p . éo ap* 1 (_, —nesin(nf)ey )

or ér Rg + ecos(nb) 00 ) \/1 _—nesin(nf) ) e R + ecos(nb)
R5+scos(n0)

(4.29)
cos?(no)

ap%(Rs) 3 p%(R 9 . ap;(Rs,0) 193 pE(Rs)
= ar +8( gz costnd) + —— )” <2 a3
2p*(Rg, 1 ap*(Ry, ap*(Rs, 0

pl( S ) (0)+ Pl( s5,0) nsin(nf) + Pz( 5,0)

ar? a6 ar

7 )+ 0(ed).

Hence,

F(u, ecos(nb))

_ (aﬁS(RS) +M8p§(Rs)) +8(M wcos(ﬂ@)

6
ar or ar? cos(nd) + u ar?

dP1(Rs,0)  3pf(Rs.0) ) 1335S(RS)
L P P )+<(3 or3
92p1(Rs, 0 3% p*(Rs, 0 1 9p1(Rs,
+7P18( 25 )cos(n0)+,u7pl( s.9) (9)+—7p1( 5:0) sin(n0)
r

ar? 06
w api(Rs,0) | dp2(Rs,0) ap;(Rs, 0)
KPS T +u

ps( s)
or3

0s2(n6) + £ 5 cos®(nf)

S
in(n6d) +

0(&d). 4.30
R2 00 or )+ O *-30)

On the other hand, since F(u, 0) = 0, Taylor series expansion gives

2
F(u, ecos(nb)) =eFz(u, 0)[cos(nbd)] + %fﬁﬁ(lb 0)[cos(n@), cos(nd)] + 0(83). (4.31)

Comparing the >-order terms in (4.30) and (4.31), we obtain

Frr(w, 0)[cos(nb), cos(nb)]

BF(R 3 (R 9251 (R ,0
= 717;(3 ) cos*(n0) + M—pasg 2 cos*(nf) + 2% cos(nf)
r r r

32p¥(Rs, 0) 2 3p1(Rs,0)
L2 T 0 2 i 0
+ 22— os(n >+RS s sin(10)

2p dpy(Rs,0) . dp2(Rs, 6) ap5(Rs,0)
— 0)+2 2 .
Rg a6 nsin(n6) + ar +en ar

(4.32)

In (2.27), I € Y* satisfies Ker! = Im F (i, 0), where u, (n > 2) are the bifurcation points
derived in Section 3. By (3.37) and Remark 3.5, for every integer n > 2,
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Im F(pn, 0) = Span{l, cos(6), cos(20), - - - , cos((n — 1)8), cos((n + 1)8), - - - }.

Therefore, we can take I(s) = fozn cos(n6) sdd which satisfies the requirement. Next, we proceed
to compute the numerator and the denominator in formula (2.27).

We start by computing the denominator in (2.27). Using (3.38) and recalling the sign of M,
in (3.36), we have

2
{, ]:ILE(M”’ 0)[cos(nB)]) = f —M, cosZ(nQ)dG =—-M,r <0. (4.33)
0

For the numerator in (2.27), we first use (4.15) and (4.16) to compute the partial derivatives
with respect to 0:

~ 2

w = P1a(Rs)( — nsin(nd)) = —”(”R—L%l) sin(no), (4.34)
api(Rs,0) o _(_nhRs)  NLhRs)N\, . o
S = b (Rs) (= nsin(n6)) = ( TR —Io(Rs))( nsin(nd)) =0; (4.35)

and also the second-order r-derivative of py and pj:

3°p1(Rs, 0) _ 32p1n(Rs)

nn—Dm2=1)
L

or2 a2 cosnt) = i cos(nf) (4.36)
9?p}(Rs,0) 9?p} ,(Rs) _ (Li(Rs)  Li(R9)lus1(Rs)
92 = 92 cos(nf) = (IO(RS) - RSIO(RS)In(RS))COS(ne)' (4.37)

Now, substituting (2.15), (2.18), (4.21), (4.24), and (4.34) — (4.37) all into (4.32) and using the
double-angle formulas, we obtain

Fri(u, 0)[cos(nb), cos(nb)]
- ( 1 (2+R§)11(Rs))1+cos(2n9) L 2101= D0 = 1) 1+ cos(2ne)

Rs  R2Io(Rs) 2 RA 2

o (11(R5) _ Li(Rs)Ln41(Rs) ) 1+cos(2n6) 2n%(n® —1) 1 — cos(2nh)
Io(Rs)  Rslo(Rs)1,(Rs) 2 R:

2n—5n% —2n%m% — 1 2n — DL (R
Rl 4n (n )cos(2n9)+un( n2 )1 (Rs)
R} R3Io(Ry)

~ [1(R ~ R 2
i, 1Ry) = ( 2n+1( S)+—n>cos(2n9)
Io(Rs) In(Rs)  Rs

(
= (I+ pII) + (I + pIV) cos(2n6),

(4.38)

cos(2n6)

where
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nn?—1) - nn?—1) 2n—5n?
Y == 4 4
RS RS RS
M= L(l I1(Rs) 11 (Rs) I+ (Rs)) I1(Rs) (l Y )
B IRs)\2 "

I=

9

2 B RsIy(Rs) B Io(Rs)I,(Rs)

1 1 11 (Rs) L(Rs) 1~
B R_S<Mn 2 * RSIO(RS)> * Io(Rs) (5 a Mn>’

and

IV=L<1 I1(Rs) II(RS)In+1(RS)) 11(Rs)<1 n(2n—1))

Rs\2  Rslo(Rs)  Io(Rs)Ix(Rs) /' Io(Rs) \2 R2
—Mn<12"+1(RS) 2_”)
Iy (Rs) Rs
1 1 (R (R 1 n@2n-1
LGV 1( S))+1( s)(_ ( - ))
Rs 2 Rglp(Rs) Io(Rs) \2 R
_ Mﬂ(M 2_")‘
Iy (Rs) Rs
When @ = u,, it follows from (4.9), (3.26), and (2.8) that
nn?—1)
MnMn:Tg
and
S 2n—3 Ii(Rs) tn | Qn—=3)u,6  n(n?—1)
M, = — _— M, = — — .
MM = = o R o(Ry) M= 4 R

Hence, we obtain

(1D e )

and

2n—5n%  u, 1 & L(Rs) /1 nn—1)
1 v=""272" _(_ - _) (_ )
i R TR\ T2 ) TRy BT T R

B <Izn+1(Rs) 2_11)
"IN Dbu(Rs)  Rs/

Note that we can express 1 and cos(2n6) in terms of cos(n6) and sin(n6). More specifically,
Equation (4.38) can be rewritten as
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Frr(n, 0)[cos(nd), cos(nb)]
= (I+ pall) (cos®(n) + sin®(n0)) + (I + 2, IV) (cos*(n0) — sin®(nd))
= (I+ pull + I + 1, IV) cos?(nf) + (I+ pnll = I — 1, IV) sin®(n)

2n =50 | pa o I1(Rs) ~  n@n—1) ~ (Dni1(Rs)
=|— <+ (EF -1 1= M, + ——2) — uo M, (==
[ R} TR )+“"10(RS)( "t TR ) " ”( Lu(Rs)
2n ) 5n% —2n 11 (Rs) ~  n2n—1) ~ /Dbyi1(Rs)
il 0 [ A S
* RS>]COS o s “’110(1%5)( "T TR ) + s I (Rs)

e

This demonstrates that F 5 (is, 0)[cos(nf), cos(nd)] is a bilinear function, which facilitates its
use in computing Fzz(un, 0)[cos(nd), ¢] in (2.28). However, for computational simplicity, it
is more practical to directly use Equation (4.38) when calculating the numerator in (2.27). We
notice that

Frg(in, 0)[cos(nd), cos(nb)]
= (I+ wpll) + (I + @, IV) cos(2n6)

o ~ _ 5,2 i ~
B RGP R
Hn 2223 (% ”(2’1;%— 1)) Bl Nn(M + 2—n>] cos(2n0)

Ln(Rs) Rs
= A1+ Arcos(2nd)

is a linear combination of 1 and cos(2n6). Since cos(n6) is orthogonal to both 1 and cos(2n6),
it yields
(I, FRr(ttn, 0)[cos(nB), cos(nd)])
2 2
=A /cos(n@) do + A» f cos(n6) cos(2nd)do = 0. (4.40)
0 0

Therefore, by combining (4.33) and (4.40) and applying Theorem 2.3, we find that ./, (0) =0
for all n > 2. We summarize our findings in the following theorem:

Theorem 4.3. Let T2, = {(un(€), 04 (¢, ), Pule,-), pi(e, ), 3Qe.n) : le| K 1} be the solution
branch for System (A) obtained in Theorem 3.4, where n > 2 is an integer. Then, u, (0) =0, and
the bifurcation at (i, 0) is a pitchfork bifurcation.

5. Discussion

The bifurcation theory has been extensively developed for ODEs and PDEs within fixed do-
mains. However, its application to free boundary problems remains largely unexplored. Although
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Fig. 1. Contour plots of the boundaries for the two bifurcating solutions near & = 8.6445 with ¢ = £0.1 and Rg = 2.

most studies on free boundary tumor growth models have established the existence of symmetry-
breaking bifurcations, they have not investigated the structure of these bifurcations. One of the
primary challenges is the nonlinear decoupling of the free boundary, which makes the calculation
of 1/ (0) in (2.27) complicated.

In this paper, we first applied the Crandall-Rabinowitz Theorem to demonstrate the existence
of bifurcations. It is important to note that, in the first requirement of the Crandall-Rabinowitz
Theorem, the special solution should be independent of the bifurcation parameter. In our model,
the radially symmetric stationary solution ps depends on the bifurcation parameter p. To address
this dependency, we introduced a decomposition of p as p = p + up* and refined the proof
methodologies found in [9,14,19,21]. Moreover, we expanded the solution (o, p, p*) to 0(e?)
order and showed that u’(0) = 0 at each bifurcation point. It indicates that all symmetry-breaking
bifurcations established by the Crandall-Rabinowitz Theorem are pitchfork bifurcations.

We employed the numerical method described in [37] to compute bifurcation solutions within
System (A). The discretization was set up with Ng = 20 and Ny = 32, and we focused on
computing bifurcation solutions near the bifurcation point © = s & 8.6445. For small values
of &, specifically ¢ = £0.1 in the simulation, we observed two distinct bifurcation solutions:
one corresponding to the positive value ¢ = 0.1 and the other to the negative value ¢ = —0.1.
Fig. 1 exhibits contour plots of the boundaries for these two bifurcation solutions. Pitchfork
bifurcations typically occur in systems with symmetry and exhibit symmetry in the bifurcation
diagram. The presence of two bifurcation solutions around the same bifurcation point suggests a
pitchfork bifurcation, which is consistent with our theoretical findings.

To further determine the direction of the pitchfork bifurcations, it is necessary to proceed to
the next order, 0(83), and determine the sign of ©”(0) using (2.28). This task involves more
complex and intricate calculations, so we leave it for our future investigation.
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Data availability
Data will be made available on request.
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