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Abstract

A dynamic reaction—diffusion model of four variables is proposed to describe the
spread of lytic viruses among phytoplankton in a poorly mixed aquatic environ-
ment. The basic ecological reproductive index for phytoplankton invasion and the
basic reproduction number for virus transmission are derived to characterize the phy-
toplankton growth and virus transmission dynamics. The theoretical and numerical
results from the model show that the spread of lytic viruses effectively controls phyto-
plankton blooms. This validates the observations and experimental results of Emiliana
huxleyi-lytic virus interactions. The studies also indicate that the lytic virus transmis-
sion cannot occur in a low-light or oligotrophic aquatic environment.

Keywords Reaction—diffusion model - Phytoplankton blooms - Lytic viruses - Basic
ecological reproductive index - Basic reproduction number

Mathematics Subject Classification 92D25 - 35K57 - 92B05

1 Introduction

Phytoplankton are the world’s most important aquatic producers. They play an
essential role in biogeochemical cycles and strongly influence the abundance and bio-
diversity of aquatic communities. Light and nutrients are two essential resources for
phytoplankton growth (Huisman et al. 2006; Klausmeier and Litchman 2001; Wang
et al. 2007; Yoshiyama et al. 2009; Zhang et al. 2021). Phytoplankton absorb light
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energy to synthesize carbon dioxide and water into organic matter and release oxygen
(Chen et al. 2015; Davies and Wang 2021). At the same time, they ingest various nutri-
ents from the surrounding environment to preserve normal physiological metabolism
(Vasconcelos et al. 2016; Zhang et al. 2018, 2021). These processes are important
for achieving energy conversion and elemental cycles in nature and maintaining the
carbon-oxygen balance of the atmosphere.

Viruses in aquatic ecosystems are generally small particles. The components of
viruses are mainly nucleic acids and protein coats (Fuhrman 1999). This means that
viruses can trigger the biosynthesis of the viral genome and protein only when they
are parasitic in the host cells (Beretta and Kuang 1998; Edwards and Steward 2018;
Fuhrman 1999; Fuhrman et al. 2011). Viruses are extremely abundant and widely
distributed over oceans, lakes, and rivers (Suttle 2005). It is shown that viruses are
the major pathogens and important causes of mortality for most aquatic organisms
(Demory et al. 2021; Fuhrman 1999). As a result, viruses directly affect the structure
and stability of aquatic communities.

It is recognized that viruses infect a significant proportion of phytoplankton and
it is a major cause of the loss of phytoplankton (Demory et al. 2021; Kuhlisch et al.
2021; Suttle et al. 1990). According to the mechanism of virus transmission among
phytoplankton, lytic viruses are considered to be one of the most common viruses
(Beretta and Kuang 1998; Edwards and Steward 2018; Fuhrman 1999). The process
of the lytic virus infection can be divided into the following steps. First, the virus
contacts and adsorbs on phytoplankton cells by random diffusion, and then injects
its nucleic acid into the cells. Second, the virus takes over the synthesis machinery
of phytoplankton cells and produces viral genome and protein biosynthesis, which
is needed for the viral offspring. Third, after the new virus is assembled, the lytic
process ends with the lysis of the phytoplankton cell membrane, and then the virus
particles are released into aquatic environments. This infection process indicates that
Iytic viruses destroy phytoplankton cells and reduce the biomass of phytoplankton.
In view of the interrelationship between phytoplankton and lytic viruses, it is of great
interest to explore the spread of lytic viruses among phytoplankton.

In this study, we propose a mathematical model to describe the spread of lytic viruses
among phytoplankton. Here the aquatic environment under consideration is a poorly
mixed water column. This suggests that both phytoplankton and virus distributions
are spatially heterogeneous (Huisman et al. 2006; Klausmeier and Litchman 2001).
Light comes from the water surface and nutrients come from the bottom of the water
column (Ryabov et al. 2010; Yoshiyama et al. 2009; Zhang et al. 2021). Phytoplankton
growth requires light and nutrients. Lytic viruses move randomly with turbulence and
use phytoplankton cells as hosts to replicate and reproduce, eventually releasing a
large number of lytic viruses when the cells rupture (Demory et al. 2021; Edwards
and Steward 2018; Fuhrman 1999; Kuhlisch et al. 2021). One principal objective of
the present paper is to model and elucidate the mechanism of lytic virus transmission
among phytoplankton in a heterogeneous environment.

Several mathematical models have been introduced to investigate lytic virus trans-
mission (Béchette et al. 2013; Beretta and Kuang 1998; Demory et al. 2021; Edwards
and Steward 2018; Fuhrman et al. 2011). In these existing studies, the basic assump-
tions are that both phytoplankton and viruses are spatially uniformly distributed.
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However, there is growing evidence that only shallow aquatic environments and
epilimnion are well-mixed, while most aquatic ecosystems are poorly mixed. This
means that phytoplankton generally exhibit strong spatial heterogeneity (Huisman
et al. 2006; Klausmeier and Litchman 2001; Ryabov et al. 2010; Yoshiyama et al.
2009; Zhang et al. 2021). Our model consists of four dynamic reaction—diffusion
equations. Its contribution is the ability to describe the spatially heterogeneous dis-
tribution of phytoplankton and viruses. This model also incorporates the effects of
light and phytoplankton sinking relative to existing models of lytic viruses. Thus
the reaction—diffusion model contains advection terms and a nonlocal structure. This
increases the complexity of the model structure and the difficulty of model analysis.
We will rigorously derive the basic ecological reproductive index for phytoplankton
invasion and the basic reproduction numbers for lytic virus transmission by analyzing
nonnegative steady states and some basic properties of solutions of the model.

Phytoplankton blooms are an important phenomenon in which phytoplankton
biomass increases rapidly and significantly over a period of time (Chen et al. 2015;
Kuhlisch et al. 2021). It has adverse effects on aquatic ecological environments. Phy-
toplankton blooms lead to poor water quality of aquatic resources, cause the death
of aquatic organisms, and even threaten the health and safety of humans (Ho et al.
2019). It has become apparent that lytic viruses can influence phytoplankton biomass
abundance from observations and some experiments (Demory et al. 2021; Edwards
and Steward 2018; Fuhrman et al. 2011; Kuhlisch et al. 2021; Suttle et al. 1990).
For example, Emiliana huxleyi is distributed worldwide and frequently forms large
and dense blooms. These blooms are often terminated by the lytic virus transmission
(Kuhlisch et al. 2021). Experiments have shown that about 50% of Emiliana huxleyi
cells are infected by a large double-stranded DNA virus during blooms, and 25-100%
Emiliana huxleyi deaths are related to the lytic virus infection (Fuhrman 1999; Kuh-
lisch et al. 2021). Another objective of this study is to examine these observations
and experimental results theoretically and reveal the evolution trend in phytoplank-
ton biomass and free lytic virus density with varying ecological factors based on the
mathematical model described above.

The structure of the paper is organized as follows. In the next section, a mathemat-
ical model consisting of four reaction—diffusion equations is formulated to describe
phytoplankton-virus interactions. By using the principal eigenvalue theory, bifurcation
theory, and persistence theory, we analyze some basic properties of dynamic solutions
and nonnegative steady states of the model in Sect. 3. Two important basic indices are
derived. In Sect. 4, numerical bifurcation and time series diagrams are made to explore
the role of lytic virus transmission for phytoplankton blooms, and the changes in phy-
toplankton biomass and free lytic virus density for varying environmental factors. An
overview of the main conclusions and future research questions are presented in the
last section.

2 Model formulation

The water depth coordinate is x and the time scale is ¢. Consider a poorly mixed water
column with x = 0 at the water surface and x = x; at the bottom of the water column.

@ Springer



77 Page4of 35 J.Zhang et al.

Loss
. C i :
Nutrients (N) Sl Susceptible phytoplankton (S) | Death

Consuming Infecting Lytic viruses (V)
- s Releasing
Light (L) Comenmimg 1 Infected phytoplankton (I) Ii

X

Fig. 1 Phytoplankton-virus interactions in a poorly mixed water column

The model consists of four reaction—diffusion equations describing the change of the
concentrations of susceptible phytoplankton (S(x, 7)), virus-infected phytoplankton
(I(x, 1)), free lytic virus particles (V (x, t)), and dissolved nutrients (N (x, t)). Their
interaction relationship is shown in Fig. 1. The biological significance of variables and
parameters in the model is summarized in Table 1.

According to the research work in Beretta and Kuang (1998); Edwards and Steward
(2018); Fuhrman et al. (2011), we have the following assumptions:

(A1) Only susceptible phytoplankton can reproduce through photosynthesis and con-
sumption of nutrients;

(A») Virus-infected phytoplankton are removed by lysis before reproducing. The
latency period is 7' from the infection to the lysis. The lytic virus reproduces
inside phytoplankton cells during this period T';

(A3) The lysis of virus-infected phytoplankton releases massive amounts of lytic
virus particles.

Let S(x,t) and I(x, t) be the biomass density of susceptible phytoplankton and
virus-infected phytoplankton, respectively. They have two different forms of move-
ment in the water column. One is random movement in the vertical direction by
turbulence with a diffusivity d;, (Huisman et al. 2006; Klausmeier and Litchman
2001; Ryabov et al. 2010; Yoshiyama et al. 2009; Zhang et al. 2021). The other is
directional movement including sinking or buoyant due to gravity or seeking more
light with a velocity w (Grover 2017; Klausmeier and Litchman 2001; Ryabov et al.
2010; Yoshiyama et al. 2009). The whole water column is a closed environment for
phytoplankton. This means that S(x, ) and I (x, ) satisfy no-flux boundary conditions
at endpoints x = 0 and x = x;.

Whether virus-infected phytoplankton can consume resources is still a disputed
subject (Gourley and Kuang 2004). Here we introduce a parameter 6 € [0, 1], which
represents the proportion of infected phytoplankton capable of resource consumption
(Smith and Thieme 2012). By Assumptions (A1) and (A»), the growth of susceptible
phytoplankton depends on light and nutrients. It is expressed as

N L(x,S+6I)
y+N h+L(x,S+6I)

rg(N)f(L(x,S+01)S=r-
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Here the light intensity L(x, S + 61) following the Lambert-Beer law (Huisman et al.
2002) is given by

L(x,S+06I)= L exp <—lox —1 /X(S(Z, t)+01(z, t))dz> , x € (0, x)
0

since light is absorbed by water and phytoplankton above the point x. The reduction
of susceptible phytoplankton biomass includes three parts: — ;S (death and grazing
Jager et al. 2010; Vasconcelos et al. 2016; Wang et al. 2007; Zhang et al. 2021),
—n(S 4+ 61)S (competition among phytoplankton for other growth resources such
as inorganic carbon for photosynthesis Davies and Wang 2021; Hsu et al. 2017; Nie
et al. 2016; Zhang et al. 2021), and —bBSV (lytic virus infection into virus-infected
phytoplankton (Beretta and Kuang 1998; Edwards and Steward 2018; Fuhrman et al.
2011)). The increase in virus-infected phytoplankton biomass comes from b8SV and
the loss is owing to the lysis with the lytic death rate —§V where § = 1/T and T is
the latency period from the infection to the lysis.

Let V (x, t) denote the density of free lytic viruses in the water column. By Assump-
tion (A3), its increase is from the lysis release of infected phytoplankton with the
Iytic virus replication factor g, also known as “burst size" (Beretta and Kuang 1998;
Edwards and Steward 2018; Fuhrman et al. 2011). The reduction in V is caused by
death with a rate —u, V and infectious consumption with a rate —8SV. The free Iytic
virus particles move randomly in the water column under the influence of turbulence
with a diffusion rate d,,. Neumann boundary conditions at x = 0 and x = x; mean
that no free lytic virus particles enter or leave the water column.

The function N (x, t) describes dissolved nutrient concentration in the water col-
umn. The nutrient supply is through the nutrient exchange at the bottom of the water
column (x = x;) with a fixed nutrient input concentration N° and an exchange
rate o (Klausmeier and Litchman 2001; Ryabov et al. 2010; Yoshiyama et al. 2009;
Zhang et al. 2018). The nutrients are transported by turbulence in the water column
with a diffusion rate d,,. A no-flux boundary condition is imposed at x = 0 since
there is no nutrient exchange at the water surface. The nutrient consumption in the
water column by susceptible and virus-infected phytoplankton is described by a rate
—cprg(N) f(L(x,S+61))(S+01).

The above assumptions and analysis yield the following complete model for
phytoplankton-virus interactions with light and nutrients

Si= dpSex — @Sy +rg(N)f(L(x,S+601)S — u,S—n(S+60S —bpSV,
——

— —— S —
diffusion and advection ~ susceptible phytoplankton growth  susceptible phytoplankton loss  infection
I, = dyly —ol + bBpSV — &1
t plxx x B s
diffusion and advection  infection  lysis death of virus-infected phytoplankton (2 1)
Vi=dyVix + qsl - wyV - BSV,
——— —— —— —_——

diffusion  lysis release of virus-infected phytoplankton  free lytic virus death  infection

Ny =dyNyy —cprg(N) f(L(x, S+ 601))(S +61),
———

diffusion phytoplankton consumption
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for x € (0, x;) and t > O with the boundary conditions

dpSx(0,1) —wS(0,1) =dpSc(x, 1) —wS(x;,1) =0, t >0,

dpl(0,t) —wl(0,t) =dpl(x;,t) —wl(x;,t) =0, t >0,

Vi(0,1) = Vi(x;,t) =0, t >0,

Nyx(0,1) =0, d;Ny(x;,t) = a(NO — N(x7, t)) (nutrient exchange), ¢t > 0

2.2)

and the initial conditions

Sx,0) = So(x) =2# 0, I(x,0) = Iop(x) =2# 0, x € (0, x7),

Vi(x,0) = Vo(x) =# 0, N(x,0) = No(x) =# 0, x € (0, x7). 23

Herew € R, 0 € [0, 1], and remaining parameters are assumed to be positive constants.

Model (2.1) is a system of four reaction—diffusion—advection equations with a
nonlocal structure. To explore the phytoplankton-virus interactions, we rigorously
analyze the dynamic properties of model (2.1) including basic properties and behavior
of solutions and existence and stability of nonnegative steady states.

3 Model analysis

The main purpose of this section is to explore the theoretical results of model (2.1)—
(2.3). Some basic properties of solutions of model (2.1)-(2.3) are given in Sect. 3.1.
The study of nonnegative steady state solutions is in Sect. 3.2. The dynamic numerical
simulations are performed to explain and supplement our theoretical results in Sect.
3.3.

3.1 Basic properties of solutions

Let X = C([0, x7], R“) denote the Banach space of all continuous functions defined
on [0, x;] with values in R* and the norm being the supremum norm. The feasible
domain W for (2.1)—(2.3) is the positive cone in X:

W:={(S,1,V,N) € C([0,x,],RY : §() = 0,1(-) >0,V() > 0,N(-) > 0}.
3.

Theorem 3.1 The system (2.1)—(2.3) possesses a unique classical solution in W for
allt > 0 and it is dissipative.

Proof The local existence and uniqueness of nonnegative classical solutions of system
(2.1)—(2.3) follow from standard arguments (see Martin and Smith 1990). To obtain
the global existence of the solutions, we only need to prove that the solutions of system
(2.1)—(2.3) are dissipative.
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From the N-equation in (2.1), we obtain

N; <dpNyy, x € (0,x)), t >0, Ne(0,7) =0,
dyNy(x1, 1) = a(N® = N(x;, 1)), t > 0.

This implies that

limsup N(x, ) < N° on [0, x;]. (3.2)

11—
Let § = Se~@/4p)* From the S-equation, we have

St <dpSex + @S, +rf(LYS — 982 @/4% | x € (0,x)), t >0,
$:00,8) =8,(x;,t) =0, t > 0.

If o > 0, then
A 1.0ye(@/dp)x
lim sup S(x, r) = lim sup S(x, )e'@/dnx < rf(); on [0, x;].
t—00 t—00 n
If w < 0, then
N LO (—w/dp)x;
lim sup S(x, t) = lim sup S(x, t)e(‘"/dp)x < rf()e— on [0, x;].
t—>0o0 t—>o0
Hence
rf (L%)e(lel/dp)xi
limsup S(x, ) < 7 on [0, x7]. 3.3)
11— 00

From (3.3), for any ¢ > 0, there exists a #;{ > 0 such that S(x,t) <
rf(LOeleVdp)x /1y 4 ¢ on [0, x;] for any t > t1. Let [ = Je—(@/dp)x Adding the
S-equation and the /-equation gives

S+ 1D <dp(S+ Dax + oS+ Dy +rf (LY (M + e) e~ (@/dp)
— min{u,, (S + 1)
for x € (0, x;) and ¢t > #; with the boundary condition
S+ Dx(0,0) =S+ Do, 1) =0, 1 >11.
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Applying the parabolic comparison theorem, we get

limsup I (x, 1) < limsup(S + I)(x, #) = lim sup(S + I)e'®/»)*

t—0o0 t—00 —>00
(rf (LY))? e2el/dp (3.4)
< - on [0, x].
nmin{re,. 8)
For the € > 0 above, there exists a r, > 0 such that
2
r (LY e2Uol/dp)xi
I(x,1) < (s ).) + € on [0, x/]
nmin{sL,, 8}
for any ¢t > #,. From the V-equation in (2.1), we have
(rf( Lo))2 e2Uol/dp)x
thdvvxx+q8 - +e] —uV, x €(0,x), t > 17,
nmin{iu,, 8}
Vx(07 t) = V)C(xlv t) = 07 r> t2‘
Hence,
2
S (rF(LYY) 2Uwl/dp)x;
limsup V(x, 1) < © (/L) on [0, x;1. 3.5)

t—00 Nty min{u p, 8}

Combining (3.2)—(3.5) shows that the solutions of system (2.1)—(2.3) are dissipative.
This completes the proof. O

Remark 3.2 By Theorem 3.1, there exists a semiflow ®(¢) : W — W for (2.1)—(2.3)
satisfying

O()(og)(x) = (S(x,t,00), I(x,t,00), V(x,t,00), N(x,t,00)), x € [0,x], t >0

for every o9 = (So, lo, Vo, No) € W. It follows from the dissipativeness of the
solutions for (2.1)—(2.3) that ®(¢) is point dissipative. Furthermore, there exists a
global compact attractor for (2.1)—(2.3) in W from Theorem 3.4.8 in Hale (1988)
since ©(¢) is compact.

3.2 Steady states

In order to investigate the spread of lytic viruses among phytoplankton, we explore
nonnegative steady states of model (2.1)—(2.3). There are three types of steady state
solutions of model (2.1)—(2.3) as follows.

(i) Extinction steady state £; = (0, 0,0, N 0y,
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(ii) Disease-free steady state Er = (S2(x), 0, 0, N2(x)), where Sz(x) and Na(x)
satisfy

dpS" — oS +rg(N) F(L(, $))S = 1pS —n8* =0, x € (0, x),
duN" = ¢,rg(N) f(L(-, SHS =0, x € (0,x1),

d,S'(0) — wS(0) = d,S'(x)) — wS(x;) =0, (3.6)
N'(0) =0, d,N'(x;) = «(N° — N(x7)).
(iii)) Endemic steady state Ez = (S3(x), I3(x), V3(x), N3(x)), where S3(x),

I3(x), Va(x) and N3(x) satisfy

dyS" — S +rg(N)f(L(.S+01)S — upS—n(S+601)S —bBSV =0,
dpl" — wl' + bBSV — 81 =0,

dy V" +q8I — V. — BSV =0,

dyN" —cprg(N) f(L(-, S +6D)(S+61)=0

(3.7)

on (0, x;) with the boundary conditions

dpS'(0) — wS(0) = d,,S' (x1) — wS(x;) =0,
dp1'(0) — wI(0) = dp1'(x;) — 0l (x;) =0, (3.8)
V()= V'(x) =0, N©) =0, dyN'(x;) = a(N° — N(x))).

To characterize the dynamic behavior of model (2.1)—(2.3), we define the basic
ecological reproductive index for phytoplankton invasion. For 4 € L*([0, x;]), let
A1(dp, w, x;, h(x)) denote the principal eigenvalue of

dp¢” (x) — w¢'(x) + h(x)p(x) = 2 (x), x € (0, x1),

, , (3.9)

dp¢ (0) — wp(0) = dpd (x;)) — wp(x;) = 0.
By Proposition 3.1 in Wang et al. (2019), A; exists and it is unique. Moreover,
Mdp, w,x1, h1(x)) = A(dp, w, x1, ha(x)) if hi(x) = ha(x) on [0, x;]. The basic
ecological reproductive index for phytoplankton invasion is defined as

R[? = ’[,L_p’ Where l,l,;k) = )\'l(dpy w, X, Vg(NO)f(L(x, 0))) (310)
p

Note that /L; is related to the stability of the unique extinction steady state E| (see
(3.11)). The index R, measures the reproductive capacity of phytoplankton, and it
describes the average number of new phytoplankton cells produced by per cubic meter
of phytoplankton in a life cycle.

Theorem3.3 E; = (0,0,0, NO) is the unique extinction steady state of (2.1)—(2.3).
If R, < 1, then Ey is globally asymptotically stable, while E1 is unstable if R, > 1.
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Proof 1t is clear that E; = (0,0,0, N 0) exists uniquely. The local stability of E| is
determined by the eigenvalue problem
1§ = dpe"(x) — 08" () + (rg(WO) (L (x,0)) = 1p) &, x € (0, 3),

rp = dp(p”(x) - a)(ﬂ/(x) =3¢, x € (0, x7), (3.11)
M =dy"(x) + qdp — o, x € (0, xp),
A =dpg"(x) — cprg(N?) f(L(x,0)(& + 09), x € (0, x)

with the boundary conditions

dpE'(0) — wE(0) = dpE' (x)) — wE(x) =0, (3.12a)
dp¢' (0) — wp(0) = dpg' (x)) — wp(x;) =0, (3.12b)
¥'(0) = ¥'(x)) =0, (3.12¢)
7'(0) =0, dp¢'(x) = —ag(x)). (3.12d)

One can observe that A is an eigenvalue of (3.11) if and only if X is an eigenvalue of
one of the following four operators

d? d 0
pr = o+ (reNOFLE0) = ).
d? d d? d?

2 — ol s a4, d
Pax “Ydx C e TR G

with the boundary conditions (3.12a)—(3.12d) (see Theorem 4.1 in Nie et al. 2017).
2

Note that all eigenvalues of the operators d,, prei Wy with the Neumann boundary
X

d2
condition (3.12¢) and d,,d—2 with the Robin boundary condition (3.12d) are less
X

d? d .
o a)a — & with (3.12b) are
d? d
P Cax T
(rg(NO)f(L(‘, 0)) — MP) with (3.12a) are less than 0 if R, < 1, and it has at least
one eigenvalue greater than 0 if R, > 1. The above analysis shows that E7 is locally
asymptotically stable when R, < 1, and E is unstable when R, > 1.

To obtain the global stability of £y when R, < 1, we only need to prove that it is
globally attractive. For any € > 0, from (3.2) and (3.5), there exists a ¢ > 0 such that
N(,1) < N%+eand V(- 1) < g8 (rf(LO))2 e2Uel/dp)xi /1y, min{u p, 6})+e€fort >
t]". Let & be the first component of the positive eigenfunction of (3.11) corresponding
tou = ,u’;, satisfying S(x, #{) < c&(x) for some ¢ > 0. Let S = Se~(@/dp)x anqg
é = e~ @/dp)x Tt follows from the S-equation in model (2.1) that

than 0. By (3.9), all eigenvalues of the operator d

less than 0. Applying (3.9) again, all eigenvalues of the operator d

$i <dpSex + @S +rg(N® + ) f(L(x,00)8 — 1,8, x € 0, x)), t > 1,
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S:0,0) = 8 (x1, 1) =0, 1 > 1.
By the comparison theorem of parabolic systems, we have
S(x, 1) < ce”Wr—MUpoxrsN+O fLEOMEDE vy x € [0, x/], forany ¢ > t}.

This shows that lim sup S(x, #) = lim sup S’(x, 1)e@/dp)x = () on [0, x;] since R, <1
—00 —00
and € is sufficiently small. Hence we can find a #; > ¢ satisfying S(x,7) < € on

[0, x;] forany ¢t > 1. Let I = Te=@/dp)x Tt follows that

g8 (rf (L%))? e2el/dp)

. + €
Ny min{up, 8}

e~ @Y _ 5T x € (0,x), t > 15,

L0,0) = L(x, 1) =0, 1 > 13

I <dpl + ol + bpe (

Then

lim sup 7 (x, ) = limsup I (x, 1)e'®/%)* = 0 on [0, x/] (3.13)
—00

—00

since € is sufficiently small. Similarly, we can also obtain

lim sup V(x, ¢) = 0 on [0, x;]. (3.14)

1—>0o0

Following Theorem 1.8 in Mischaikow et al. (1995) or Theorem 4.1 in Thieme (1992),
the N-equation in (2.1) becomes

N; = dyNyx, x € (0,x7), Ny(0,7) =0, dyNy(xz,1) = a(N® — N(x;,1))

for sufficiently large 7. Thus

Jim N(x.1) = N%on [0, x/], (3.15)
—00
and then E| is globally attractive. O

Remark 3.4 1. The basic ecological reproductive index for phytoplankton invasion
R, measures the viability of phytoplankton. R, < 1 means that phytoplankton
go extinct and nutrients are evenly distributed in the water column. p, = y,; is
a critical loss rate that determines whether phytoplankton can invade an aquatic
ecosystem.

2. From the structure of (3.10), the basic ecological reproductive index R, depends
on important ecological parameters such as spatial factors d,, @, the water column
depth x;, nutrient concentration at the bottom of the water column N° and light
intensity at the water surface L°. According to Theorems 3.2 and 3.4 in Hsu and Lou
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(2010), we conclude that dR,/dw < 0 and dR,/dx; < 0. By the monotonicity of
A1 with respect to rg(N°) f(L(x,0)), dR,/dN°® > 0 and dR,/dL° > 0. Thus,
high N and L° are conducive to phytoplankton invasion, while high  and x;
prevent phytoplankton invasion. The dependence of R, on d), is complicated. Both
high and low d, may be detrimental to the survival of phytoplankton (see Huisman
et al. 2002).

When R, > 1, the extinction state E is unstable and phytoplankton can persist.
To establish the existence of E, which has a positive phytoplankton mass, we first
derive a priori estimate for nonnegative solutions of (3.6).

Lemma 3.5 Suppose (S2(x), Na(x)) is a nonnegative solution of (3.6) with Sy, Ny %
0.Then0 < Na(x) < N° 0 < $2(x) < ((rg(N®) f (L) +pup)e 119031y 1y on [0, x1]
and 0 < ), < ,u,";,.

Proof Let U(x) = e~ @/4p)*§,(x). Then U satisfies

—d,U" — U’ + (M,, + nUe@/dP)X) U =rg(Ny) f(L(x,$)U >0, x € (0, x),
U'(0)=0U'(x;) = 0.

From the strong maximum principle and Hopf boundary lemma, we have S>(x) =
U(x)e@/4p)* > ( on [0, x;]. It follows from (3.6) that

x|
a(N? — Na(x)) = /(; cprg(Na(x)) f(L(x, $2(x)))S2(x)dx

X
=¢p / (MPSZ(X) + nSg(x)) dx > 0,
0
and then N> (x;) < N. By the N-equation in (3.6), we obtain

—d, Ny + (cprf(L(x, S$2)) S, /01 g’(sNz)ds> Ny =0, x € (0,x)),
N}(0) =0, dyNj(x) = a(N° = Na(xp)) > 0.
This implies that N2 (x) > 0 on [0, x;] from the maximum principle. Note that
dyNy = cprg(N2) f(L(x, $2))82 > 0, x € (0, x;).
Combining its boundary conditions give Né (x) > 0on (0, x7). Thus,0 < N < N 0

on [0, x/].
From the S-equation in (3.6) and > > 0, we get

tp = hi(dp, @, x1,rg(N2) f (L(x, $2)) — nS2)
< hi(dp, @, x1, rg(N°) f (L(x, 0))) = .
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By applying the similar arguments of Lemma 2.2 in Pang et al. (2019), we can conclude
that $2(x) < ((rg(N®) f(LO) + pp)e V4 /iy on [0, x]. O

We now prove the existence of disease-free steady state E» by showing E» bifur-
cating from the line of extinction state {(11p, E1) : up > O} at ), = MZ.

Theorem 3.6 (i) If R, > 1 (equivalently, j1, € (O, ,u;)), then (2.1)—(2.3) has at least
one disease-free steady state E».

(ii) There exists an ¢ > 0 such that for each given s € (0, €) the bifurcating solu-
tion (up(s), S2(s, -), Na(s, -)) is locally asymptotically stable with respect to the
susceptible phytoplankton-nutrient model

St = dpSex — @Sy +1g(N) f(L(x, )S — upS —nS%, x € (0,x), t >0,
Ny =dyNyx —cprg(N) f(L(x,8)S, x € (0,x7), t >0,

dpSx(0,1) —wS(0,1) =dpSc(x, 1) —wS(x;,1) =0, t >0,

Ne(0,1) =0, dyNy(x1,1) = a(N° — N(x;,1)), t > 0.

(3.16)

Proof (i) The first part of the proof is divided into two steps. The first one is to obtain
the existence of local bifurcation of E5. Applying the Crandall-Rabinowitz bifurcation
theorem (see Theorem 1.7 in Crandall and Rabinowitz 1971), we show that there is
a positive solution branch H;‘ = {(up(s), $2(s, ), Na(s,-)) : 0 < s < g} for some
e > 0 from ITy = {(up, 0, NOy mp > 0}atu, = ,u;. The second is to explore the
global bifurcation structure of E,. That is to show that the disease-free steady state
E exists forall 1), € (0, u7) by using Theorem 3.3 and Remark 3.4 in Shi and Wang
(2009).
Let § = Se~@/dp)* and N = N° — N. Then (3.6) is transformed into

dpS" + oS +rg(N° — N) f(L(x, Se@/4*))§

- upS’ - nsze(w/dp)x =0, x € (0,x),

—dyN" — c,rg(N® — N) f(L(x, Se'®/4r*))Se(@/dn)¥ = 0, x € (0, x)),
§'0)=8(x;) =0, N'0)=d,N'(x;) + aN(x;) = 0

(3.17)

and the extinction state (S, N) = (0, NO) is transformed to (S’, 1(7) = (0,0). Set
W :=W; x W,, where

Wi = {h € W>P(0,x) : h'(0) = h' (x;) = 0},

Wy :={h e W2P(0, x;) : ' (0) = dyh' (x1) + ah(x)) = 0}.

Step 1 (Local bifurcation). Define 7 : R™ x W — L?(0,x;) x LP(0,x), p > 1
as follows

dpS" + w8+ rg(N® — N) f(L(x, Se/®)§ — 11, § — 77526@”]”)

T(Mp, S,N) = ( _an// _ cprg(NO _ N)f(L(x, Sve(w/dp))c))ge(w/dp)x
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It can be directly observed that 7(i,,0,0) = 0 for up, > 0. Let Q :=
T( 3 N)(,uj;, 0, 0). A direct calculation shows that

0l&.¢1 = (‘W 08+ (N F(Lr, 0)) — 115 s)

—dnt" = cprg(N°) f(L(x, 0))ge /I
forany (£,¢) e W.
We claim that Q is a Fredholm operator with index zero. Following the proof of

Theorem 3.5 in Yan et al. (2022), we have dimker Q = 1 and ker Q = span{(&, )}
with & > 0,¢ > Oon [0, x;]. Here £ € W satisfies

dpE" + k' + (rg(NO)f(L(x, 0)) — u’;) E=0,xec(.x). (318)
and ¢ € W, can be uniquely solved by
—dn¢" — cprg(N°) f(L(x, 0)Ee@/4)* = 0, x € (0, x)).
If («1, k2) € range Q, then we can find (é‘, ;:) € W satisfying

dpt" + k' + (reVO F (LG, 0) =iy ) € =1, x € (0.0,
—du8" = cprg(N) f (L(x, 00" = iz, x € (0. x1).

(3.19)

X _
By (3.18) and the first equation in (3.19), we have / K1 (x)e(w/dl’)xs(x)dx =0, and
0

é‘ € W, can be uniquely solved under this condition. It follows from the Fredholm
alternative theorem that { €W, can then be uniquely solved by the second equation
in (3.19). Hence,

range Q = {(K],Kz) € LP(0, x;) x LP(0, x) : /XI K1(x)e @I E (x)dx = 0}
0

and codim range Q = 1. This implies that Q is a Fredholm operator with index zero.
_ - _ X
One can observe that T(up,(iﬁ))(“;’ 0,0)(¢,2) = (—£,0,0) and /0 e(@/dp)x

£2(x)dx # 0. Then T(;L,,,(S,N)) (u;, 0,0) ¢ range Q. According to the Crandall-
Rabinowitz bifurcation theorem (Theorem 1.7 in Crandall and Rabinowitz (1971)),
there is a smooth curve I1, = {(up(s), S(s,),N(s,")) : —e <s < ¢} for some
& > 0 satisfying (3.17) near (,u*;,, 0, 0) with the form

S(s,) =sE() +0(s), N(s,) =sE() +o(s).
Here we also define

5 = {(1p(s), SGs,), N(s,)) : 0 <s <e},
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1:[2— = {(up(s), S(s,),N(s,-)): —e<s<D0)}.
Let S2(s, x) = S'(s, x)e(‘”/d!’)x, Ny(s,x) = NO — 1\7(s, x) on [0, x;], and define

H; = {(up(s), S2(s, ), Na(s, ")) : 0 <s < ¢},
I, = {(up(s), S2(s, ), Na(s, ) : —e <s <0}

Then the bifurcating branch H; consists of positive solutions of (3.6) as & > 0 and
NO > 0.

Let
: oz hiL(x,0)g(N°) / (fdy): — wpdx | VFLE,0)
s &, = - w/dp d — w/dp)x L VTN 77
TS O = Lo fy f9F 2 nse (7 + NO)2
Then
Xl o
LT 1%.0,0) [E. ] / re i (x &, )& dx
1 0) = — < (<SN)<SN)>< P > >_ 0 <0,

<£ U (H’;,O, O) [, E]) - /xl @)X E2g
0

where L is a linear functional on L? (0, x;) x LP(0, x;) defined by

(L, (k1, k2)) =/ lKl(X)e(“’/d”)x§dx.
0

This shows that the bifurcation of H+ or 1:[+ at (0, N°) is backward as = < 0.

Step 2 (Global bifurcation). In view of Theorem 4.3 in Shi and Wang (2009) there
exists a connected component [ of T containing 1, where & = {(u s S,N) €
RY x W : T(up, S,N) =0, (S, N) # (0,0)}. Let I'T be the connected component
of f‘\lz[* which contains 1:1+ It follows from Theorem 4.4 in Shi and Wang (2009) that
[ satisfies one of the following three alternatives: (1) it is not compact in R™ x W, (2)
it contains another point (it ,, 0, 0) with i, # u’ P (3) it contains a point (1 p, S,N )
with 0 # (S, N) € Z, where Z is a closed complement of ker Q = span{(&, ¢)}.

Assume that (2) occurs. Then (i), 0, 0) is a bifurcation point for T = 0 with
Hp # u; and 0O is an eigenvalue of T(S,A?) (1p,0,0) and 1, < u;. There are only
finitely many such fi,, so without loss of generality we may assume that I'" does
not contain any other (1p,0,0) with i, < u, < M};- Since p, = ,u; is the only
value such that T( 5.8 (1p, 0, 0) has a positive eigenfunction corresponding to a zero
eigenvalue, then all solutions of 7 (1 p, S,N) = 0 on I'* near (£p,0,0) must be
sign-changing. Since r+o 1:12+, then there exists (i p, S, ]\7) e I't which satisfies
S > 0and N > 0. From the connectedness of ['", there exists (1, S, N) € ['* with
Ly € L2, 1) and xo € [0, x;] such that either S(xo) = 0 or N (xo) = 0, but §(x) > 0
and N(x) > 0 forall x € [0, x;]. If S(xo) = 0, then we also have S’(xo) = 0, then we
obtain S = N = 0 on [0, x;] from the uniqueness of solution to ODE so (2) occurs
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at (i, and [, = ji,. But the solution (i, S, N) is not sign-changing, which is a
contradiction. Hence we must have S (x) > Oon [0, x;] and N (xp) = 0. But this leads
to another contradiction using § > 0 and maximum principle. Hence (2) cannot occur.
Assume that (3) happens. Since 0 # (S, N) € Z, then either S or N is sign-changing
as £ > and ¢ > 0. We can follow the similar proof as in the one for alternative (2) to
show (3) cannot occurs.

Hence the alternative (1) must occur and the connected component 't is not
compact in RT x W. Moreover the proof in the last paragraph implies that if
(tp, S, N) € T then § > Oand N > 0. Let

I ={(up, S, N): S =Se@d)* N =N°— N, and (1), S, N) e TT}.

Then for any (up, S, N) € I't, we know that S = Se@/dp)X = ( on [0, x;], then
N > 0 on [0, x;] since N'(0) = 0 and N” > 0 in (0, x;). From Lemma 3.5, every
positive solution of (3.6) is bounded for 0 < ), < ;Lj,‘, and there is no positive solution
of (3.6) for u, > ,u;. Therefore 't can be extended to u p = 0 and the projection of
I'* onto p p-axis contains (0, W)-

(ii) Let L(up(s), S(s), N(s)) be the linearized operator of (3.16) at (up(s),
S(s), N(s)). From Corollary 1.13 and Theorem 1.16 in Crandall and Rabinowitz
(1973), there exist continuously differentiable functions

v 1w+ 8) = R, (€10 10, w4 &) > WP, x1) x WP (0, x)),
y2:00,8) = R, (82,22) 1 [0,€) — WHP(0,x) x W>P(0, x;)

such that

L(ptp, 0, NOIEp). 01(1p)] = y1(up)[Er (). 1 (1ep)],
L(pwp(s), S2(s, ), Na(s, )IE2(5), £2()] = ya(s)[52(5), £a2(s)]

and

—s ()1 (1)

im =1.
s—0F 12(s)

Here y1 (11%) = 72(0) = 0 and (51(1%). &1 (w5)) = (£(0), ©2(0)) = (€, 7). Note that
y1(ip) is a simple eigenvalue of
dpt" — € + (rg(VO) F(L(x, 0) = 1) € = 1i(p)E. x € (0,30),
dp'(0) — wE(0) = dpt'(x;) — wE(x)) = 0.
It follows that y1(11p) = 1}, — 1 and then 7’1/(“;) = —1. Recalling u;,(O) <0,
we have y»(s) < 0 for s € (0, ¢). By the perturbation theory of linear operators (see

[22]), y2(s) is also the principal eigenvalue of L(u,(s), S2(s, -), Na(s, -)) when s is
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sufficiently small. This means that (S>(s, -), Na(s, -)) is locally asymptotically stable
for (3.16). O

In Theorem 3.6, we obtain the existence of E> for all 0 < u, < ,u;, and the
uniqueness and stability of E, is unknown. Numerical simulations suggest that the
disease-free steady state E3 is unique if R, > 1.

Next we show that when R, > 1 and some additional conditions are satisfied,
solutions of model (2.1)—(2.3) are uniformly persistent and there exists at least one
endemic steady state E3. To obtain the conclusions, we define the basic reproduction
number for lytic virus transmission. Letting I = Ie~(®/4»)* and linearizing (2.1) at a
disease-free steady state E, = (52, 0,0, N»), we obtain

I = dplx + ol +bBe @SV — 81, x € (0,x)), 1 > 0,
Vi = dyVix +q8e /5[ — )V — BSV, x € (0,x)), t >0,
L0, 1) = I (x, 1) = Vi (0, 1) = Vi (x7, 1) = 0, 1 > 0.

For hy, hy € C([0, x;], Ry), we consider the following linear parabolic system

Iy = dply + ol +bBe™ /W p v — 81, x € (0,x), t >0,
Vi =dyViy + g8 /WX — )V — BhaV, x € (0,x7), t >0,  (3.20)
L0, 1) = I (x1,1) = V(0,1) = Vie(x;,1) =0, t > 0.

Let©"2(r) : C([0, x;], R?) — C([0, x;], R?) denote the solution semigroup generated
by the following system

I, = dpl_xx +wl, — 81, x € (0, x7), t >0,
Vi =dyVix + g8 9] — (uy + Bha)V, x € (0,x1), 1 > 0,
L0, 1) = L (x1, 1) = Vo (0, 1) = Vi(xy, 1) = 0, £ > 0.

Define

F () = (8 bﬂe*wo/dp”hl) .

We assume that the distribution of initial infected phytoplankton and free lytic viruses
is p(x) = (p1(x), p2(x)). As time evolves, the distribution at time 7 is eh ) p(x).
Therefore, it can be deduced that the distribution of total new infected phytoplankton
is

K" (p)(x) = /o" FM(x)@™ (1) p(x)dt.
0
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Here K172 is called the next generation operator, and its spectral radius is » (K"1-%2).
It follows that the basic reproduction number associated with (1, k) is given as

Ro(h1, ha) = r(K"-2), (3.21)

Especially, if i = hy = S, then the basic reproduction number associated with E5
for virus transmission is denoted as

Ro := Ro(S2, S) = r(K5>5). (3.22)

Since the uniqueness of E»> is not known, Ry defined in (3.22) depends on E;, and
the definition given in (3.21) allows a more general basic reproduction number which
will be used in the following.

Let [ = eMpand V = . Then (A, ¢, ) satisfies an eigenvalue problem

A9 = dpprx + 0px + bBe” I h 1y — 8¢, x € (0, x)),
A = dyrex + q8e WY — i — Bhotr, x € (0, X)), (3.23)
¢'(0) = ¢'(x1) = ¥/ (0) = ¥'(x7) = 0.

Note that (3.23) is a cooperative system. By the Krein-Rutman theorem, (3.23) has a
unique principal eigenvalue Ag(ky, hy) with a strongly positive eigenfunction (9, V).
Applying the similar arguments of Theorem 3.1 (i) in Wang and Zhao (2012), one can
obtain the following conclusion.

Lemma 3.7 Aog(hy, h) and Ry(hy, hy) — 1 have the same sign.

To apply the uniform persistence theory in Magal and Zhao (2005); Smith and Zhao
(2001); Zhao (2017), we consider the susceptible phytoplankton-nutrient model (3.16)
(the sub-system of (2.1)—(2.3) with I =V = 0).

Let

U :={(S,N) e C([0, x;], R?) : S(x) > 0, N(x) > 0on [0, x;]},
U* = {(S,N) eU : S(-) £ 0}.

Denote the solution semiflow X (¢) : U/ — U of (3.16) as
X()(uo)(x) = (S(x, t,up), N(x,t,u0), x € [0,x], t >0,
where (S(-, t, ug), N(-, t, ug)) is the solution of (3.16) with the initial value ug =

(S0, No) € U. Following Lemmas 3.7 and 3.8 in Yan et al. (2022), one can obtain the
following conclusion.

Lemma3.8 If R, > 1, then (3.16) has a global attractor Ao in U* satisfying
E(1)(Ag) = Ag and (S2, N») € Ag C Int(C ([0, x;1, R?).
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From Theorem 3.3, we have llim (S, 1), N(-, 1)) = (0, N% when R, < 1. The
—00

numerical simulations in the next section suggest that the attractor Ag when R, > 1
only contains the steady state (S2, N2).
Let

W ={(S,I,V,N)ye W:S8()#£0,I(:) % 0and V(-) # 0}
and OW* .= W\ W*. (3.24)

Here W is defined in (3.1). For any (S, N) € U, we introduce a projection H by
H(S,N) = S. Let

Ao = H(Ap), Sx(x) = inf S(x), S*(x) = sup S(x) for any x € [0, x;].
SeN Sehg

(3.25)

The uniform persistence shown in Lemma 3.8 implies that 0 < S,(x) < S*(x) for
x € [0, x;] Substituting h; = S, hp = S* in (3.20) and (3.23) respectively, we
can define the principal eigenvalue Ag(Sy, S*) and the basic reproduction number
Ro(S4, S*) associated with (S, S*). It follows from Lemma 3.7 that A¢(S, S*) and
Ro(Sx, S*) — 1 have the same sign.

Let Yo := {(S,0,0,N) € W : (S, N) € Ap}. It will prove that £ and Y are
uniform weak repellers with respect to W*.

Lemma3.9 If R, > 1, then Ey is a uniform weak repeller for (2.1)~(2.3) with respect
to W¥, that is, there is a vi > 0 satisfying lim sup dist(©(t)og, E1) > v; for any

11— 00
oo = (So, Io, Vo, No) € W*.

Proof If R, > 1, there is an € > O satisfying R}, = 1),/ (1p +€) > 1. Note that both
f and g are continuous. Thus, for the above € > 0, there is a v; > 0 such that

rg(N)F(L(x,S+0D) —n(S+00)S —bBSV > rg(N°) f(L(x,0)) — €
(3.26)

when ||(S,1,V,N) —(0,0,0, N0)|| < vy on [0, x;]. By (3.9), ,u; —up—€>0is
the principal eigenvalue of

M =dpE" — wE + (rg(N) f(L(x,0)) — pup — €)%, x € (0, x1),
dp&'(0) — & (0) = dp&'(x)) — wE(x1) =0

with the positive eigenvalue function &€ (x).
Assume that the conclusion is not true. Then we can find a op € W* satisfying

lim sup | ©(t)oo — (0, 0,0, N < vy. (3.27)

t—00
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This suggests that
”(S(v z, 0‘0)1 I(v z, UO), V(v z, 00)1 N(1 z, 00)) - (01 07 Ov NO)” <v, t = Tl

for some sufficiently large 7. It follows from the strong maximum principle and the
Hopf boundary lemma that S(-, 71, 09) > OAsince oo € W*. Hence, there exists a
¢1 > 0 such that S(-, 1, 00) > c1E€(-). Let S = Se~(@/dp)¥ and £€ = g€e~(@/dp)x
From (3.26) and the S-equation in (2.1), we have

S = dpSec + 8 + (rg(N)) f(L(x,00) — pip — €)S, x € (0,x1), t > Ty,

$:(0.0) =8, (x1.1) =0, t = T,

S(x, T1, 00) = c1°(x), x € [0, x].

It is easy to see that cle(“;%“”*e)(’*mée (x) is a solution of

S =dpSex + wSx + (rg(N®) f(L(x,0) — pp — €)S, x € (0,x), 1 > T1,
§:00,0) = 8¢ (x1, 1) =0, 1 > T,
S(x, 7)) = 1€ (x), x € [0, x].

From the comparison theorem of parabolic system, we obtain

§C,t,00) = cjeprrr=O=Tze ()

for any t+ > T7. Then lim S(-, ¢, 00) = lim 3‘(-, t, 00)e@/)* = o0 since R; > 1.
t—00 —>00

It contradicts (3.27). Therefore, E; is a uniform weak repeller with respect to WW*. O

Lemma3.10 Let Sy and S* be defined as in (3.25). If R, > 1 and Ro(Sy, S*) > 1,

then Y is a uniform weak repeller for (2.1)—(2.3) with respect to WW*, that is, there is a

vy > O satisfying lim sup dist(© (¢)og, Yo) > vo for any oo = (So, Iy, Vo, No) € W*.
11— 00

Proof If Ry(Sx, S*) > 1,then Ao(Sx, S*) > 0. This indicates that there existsa vy > 0
such that 1o(S, — vz, S* + v2) > 0 is the principal eigenvalue of

hp = dpprx + 0@r + bBe” NS, — v Y — 8¢, x € (0,x), 1 >0,
M = o +q8e N0 — iy — BST vy, x € (0.x), 1> 0,
@x(0,1) = ox (x1, 1) = Yx(0,1) = Yx (x;, 1) =0, £ >0

with the positive eigenvalue function (¢p¥2, ).

If the conclusion does not hold, then for the above v;, there exists a o9 € W*
satisfying lim sup,_, o, dist(® (t)op, Yo) < v. This means that

lim sup dist(S(-, t, 09), Ag) < v2, limsup||I(-, t,00)| < v2,
11— 00 — 00

limsup |V (-, 1, 00)|| < v2 (3.28)

1—>00
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and then there is a 7> > 0 such that
dist(S(-, ¢, 00), Ag) < vy forallt > T>.
Since Ag is compact, we can find an ' € A satisfying
I1SC, 2, 00) — S'()|| < vy forall t > T.
Hence,
Si() =2 < 8'() —v2 < S 1,00) < §'() +v2 < §*() + v forallr = T
From the /- and V-equations in (2.1), we let I = Ie=@/dp)X and have

I = dploc + ol + bBe™ ¥ (S, — )V =81, x € (0,x)), t > T,
Vi > dyVix +q8e /5 — 1,V — B(S* + 12)V, x € (0,x)), t > T,

100, 1) = I (x;, 1) = Vi (0,8) = Vi(x;, 1) =0, t > T».

By the strong maximum principle and the Hopf boundary lemma, I(x, T», 00) > Oand
V(x, Ts, 09) > Oforog € W*.Thereisacy > Osatisfying (I (x, T», 09), V (x, T2, 00))
> c2(@V2, ¥¥2) on x € [0, x;]. It can be seen that cpe0(S+—v2.8"+v2)(=T2) (Gu2 jrv2)
is a solution of

I =dplx + ol +bBe™ (S, — )V =81, x € (0,x1), 1 > T,

Vi = dyVix + q8e @/ — V= B(S* +ua)V, x € (0,x1), 1 > T,

L0, 1) = Li(xy, 1) = Vi (0,0) = Vo (x1, 1) = 0, 1 > T

Applying the comparison theorem of parabolic system again, we have

(I(x,t,00), V(x,1,00) > cer0Sv2SHu)=T) gu2

Y¥?) forall x € [0, x;], t > T».
This implies that I(x,1,00), V(x, t, 0p) are unbounded since Ag(Sx — v2, S* 4+ 1p) >
0. This contradicts with (3.28). The proof is completed. O

Now we are ready to prove the existence of E3 and uniform persistence of model
(2.1)~(2.3) when R, > 1 and Ro(S, $*) > 1.

Theorem 3.11 Let S, and S* be defined as in (3.25). If R;, > 1 and Ro(S«, S*) > 1,
then model (2.1)—(2.3) is uniformly persistent for W*, 9W™), that is, there exists a
v > 0 satisfying

liminf S(-, ¢, 09) > v, liminf I(-, ¢, 0¢) > v, liminf V(-,1,00) > v (3.29)
t—00 t—0o0 t—>0o0

for any oo = (So, Iy, Vo, No) € W*. Moreover, model (2.1)—(2.3) possesses at least
one endemic steady state E3.

@ Springer



77 Page240f35 J.Zhang et al.

Proof Applying the Hopf boundary lemma and strong maximum principle again, one
can obtain

S('s tvaO) > 0’ I('s t,O'O) > Oa V('7 t70'0) > O? N('a 1700) >0 (3'30)

for any t+ > 0 and o9 € W*, where W* is defined in (3.24). Thus, W* is positively
invariant under ©(¢). Set My := {og € IW™ : O(t)og € dW* for any ¢+ > 0} and let
(0g) be the omega limit set of the forward orbit O™ (o) := {®(t)op : t > 0}.

We claim that w (o) C E1 U Y for any op € Mj. Note that ®(t)oy € My for any
fixed og € Mj. This implies that S(-,#,00) = 0or I(-,t,00) = 0or V(-,t,00) =
0 for o9 € M. The I and V equations in (2.1) are a cooperative system. Hence,
I(-,t,00) = 0 if and only if V(-,#,00) = 0. This means that we only need to
investigate the following three cases:

@) if So = 0, Vo = 0, then S(-,¢,00) = 0 for any ¢+ > 0 from the uniqueness of
solutions. The 7-equation in model (2.1) reduces to

I =dplyy —wly — 681, x € (0,x), t >0,
dpl;(0,1) —wl(0,t) =dpl(x;, 1) —wl(x;,1) =0, t > 0.

Similar to the derivation process in (3.13)—(3.15), we have

limsup I (-, t,00) =0, limsup V(-, ¢, 09) = 0 and limsup N (-, t, o9) = Np.
11— 00

1—00 t—00

Thus, w(og) = E|.
@ii) if So = 0, Vp # 0, then S(-, #, o9) = 0. Similar to case (i), we have w(op) = E.
(i) if So # 0, Vo = 0, then limsup I (-, ¢, o9) = 0 and limsup V (-, ¢, o9) = O from

1—0o0 —00
(3.13) and (3.14). By the theory of asymptotic autonomous systems (see Theorem

1.8 in Mischaikow et al. 1995 or Theorem 4.1 in Thieme 1992), (2.1) reduces to
(3.16). From Lemma 3.8, (S(-, t, uo), N(-, t, up)) will eventually enter Ag. Hence
w(og) C Yo.

By Lemmas 3.9 and 3.10, E| and Y are uniform weak repellers for YW*. To obtain
our conclusion, we let @ : W — [0, co) satisfying

w(op) :=min{ min Sp(x), min Ip(x), min Vy(x
(00) {xe[O,xl] 0(x) x€[0,x7] o) x€[0,x] o )}

for any o9 = (So, lo, Vo, No) € W.

By (3.30), we get @10, 00) € W* and @ (O (1)) > 0 for anyt > Oifw(og) > 0
or op € W* with @ (0¢9) = 0. For the semiflow ®(¢) : W — W, @ is a generalized
distance function. In view of the above analysis, we conclude that w(og) C E1 U Y
for any op € M}, and there is no cycle in My from E; U Yy to E; U Y. Furthermore,
E| and Yy are isolated in WW. Let W*(E) and W*(Y) denote the stable sets of E;
and Y respectively. It is easy to see that WS (E|) N W* = @ and W*(Yo) N W* = @.
From Remark 3.2, ®(¢) has a global attractor in V. By Theorem 3 in Smith and
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o7

0 25 3% 4 05 1 15 2 25 3
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Fig. 2 Dependence of Ry on some model parameters. Here L% = 100, NO = 20 and the remaining
parameter values are derived from Table 1

Zhao (2001), there exists a v > 0 such that ¢mi(n )w(q)) > v for any oy € W*.
cw(op

It follows that (3.29) holds and the uniform persistence is valid. Applying Theorem
3.7 and Remark 3.10 in Magal and Zhao (2005), ®(¢) : W* — W™ admits a global
attractor. By Theorem 4.7 in Magal and Zhao (2005), model (2.1)—(2.3) has at least
one endemic steady state E3 € W*. Similar to the proof in Lemma 3.5, we have
S3(x) > 0, N3(x) > 0 on [0, x7]. Let I3 = Ize~@/4p)* From the second and third
equalities in (3.7), we obtain

—dpl} — wl} + 813 = bBS3Vze™ /WY >0, x € (0,x)), I3(0) = I3(x)) =0
and
—dyV{'(x) + (o + BS3)V3 = q813 = 0, x € (0,x1), V4(0) = V4(x;) = 0.

Thus, I3(x) > 0 and V3(x) > 0 on [0, x;] following the strong maximum principle.
The proof is complete. O

From numerical simulations, we speculate that the global attractor Ag = {(S2, N2)}
in Lemma 3.8 and the basic reproduction number Ry(Sx, S*) = Ro(S2, S2) = Rp can
be uniquely determined. Theorem 3.11 shows that lytic viruses will be transmitted in
the phytoplankton populationif R, > 1 and Ry > 1. Hence Ry = 1 is a threshold for
Iytic viruses from persistence to extinction. Figure 2 reveals the evolution of Ry with
respect to model parameters. From numerical simulations in Sect. 3.3, the detailed
lytic virus transmission is more complicated. The endemic state may be a positive
steady state E3, or a positive spatially inhomogeneous periodic solution.
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(a,) Biomass density of susceptible phytoplankton (5, Biomass density of vius-inected phytoplankton (c) Density o free viruses (d,) Concentration of dissolved nutrents.
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Fig.4 The solutions of model (2.1)—(2.3) converge to E; for up = 0.1, uy = 24

69 Bomsss dersty of susceste prycpienion

(b,) Biomass density of vius-infected phytoplankton

o -

: :
2 20 z
) 120 n

Fig.5 The solutions of model (2.1)—(2.3) converge to E3 for up = 0.1, uy = 1.6

(¢ Density o fe (4 Concentaton o dissoled nutients

-
o
¢
u -
a0
0
. ta
N H
2 |
5
3 . | e
e
A
0 1
3 "
|I o :
R ——)
it

o0 Bomass dersty of susceste prycpienion b9 Bomassdensty i sl (c) Density o re (4,) Concentration ofdissolved nutrents.

o
&l 20 9
o - o c
7
i .6 foe
] 85
" 15
. . P
3
B <
'
o
o w0 100 1500
Timat

Fig.6 The solutions of model (2.1)—(2.3) converge to a positive spatially inhomogeneous periodic solution
for wp = 0.1, uy = 0.6

E 2 w0 w0 0 100
Timat

8 8 & 8 8
spat

B
2
1
o

3.3 Simulations

In view of the above model analysis, we do some numerical simulations to further
describe dynamics of the model (2.1)—(2.3). From Figs. 3, 4, 5 and 6, one can observe
that the solutions of model (2.1)—(2.3) converge to different asymptotic states for
different 1, uy. Here ecologically reasonable parameter values are from Table 1
and the initial conditions are Sp(x) = 40 + 5sinx, Ip(x) = 10 + Scosx, Vo(x) =
40 + 20cos x, No(x) = 20 + 10sin x on [0, 10].

In Fig. 3, the extinct steady state £ is the attractor with R, = 0.49. Phytoplankton
are extinct and thus the lytic virus does not spread in the water column. Nutrients tend
to the input concentration N° and are spatially uniformly distributed. Figure 4 shows
that the (possibly unique) disease-free steady state E; is the attractor when R, =
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4.91 and Ry = 0.13. Phytoplankton invade aquatic ecosystems and exhibit vertical
aggregation. Lytic virus still cannot be transmitted among phytoplankton because lytic
virus mortality is high.

The model (2.1)—(2.3) is uniformly persistent and an endemic steady state E3
appears to be the asymptotic state when R, = 4.91 and Ry = 1.59 (see Fig.5).
As u, decreases further (R, = 4.91, Ry = 3.24), a positive spatially inhomogeneous
periodic solution becomes the asymptotic state, which arises from bifurcate from E3
via a Hopf bifurcation (see Fig. 6). Both Figs. 5 and 6 show the lytic virus is prevalent
in the phytoplankton, either in a form of spatially heterogenous steady state (Fig.5) or
a spatially heterogenous temporal-oscillatory fashion (Fig. 6). It is noticeable that sus-
ceptible phytoplankton, virus-infected phytoplankton and lytic viruses aggregate near
the water surface (for only short time in the oscillatory case). Comparing Fig.4 (az)-
(by) and Fig. 5 (a3)—(b3), one can also observe that lytic viruses reduce phytoplankton
biomass.

4 Phytoplankton blooms and lytic virus transmission

Phytoplankton blooms are an important manifestation of the pollution of the aquatic
environments, and even lead to the collapse of entire aquatic ecosystems. It has been
shown that the wide spreading of lytic viruses transmission among phytoplankton can
control phytoplankton blooms from observations and experiments (Fuhrman 1999;
Kuhlisch et al. 2021). In the following discussion, we will verify these observations
and experimental results with the proposed model (2.1)—(2.3). It is noted that the
role of ecological factors in the interaction of phytoplankton blooms and lytic virus
transmission is not very clear. It is also necessary and significant to explore the effects
of ecological factors in this process.

We focus on the environmental parameters related to viral transmission and eco-
logical factors in model (2.1)—(2.3). Those parameters include viral infection-related
rates f3, g, spatial ecological factors d,, dy, d,, w, and resource-related ecological
factors LY and N. In the figures below, we show the evolution of asymptotic states
(steady state solutions Eq, E7, E3 and the spatially inhomogeneous periodic solu-
tion) for different parameter values. When the solutions of (2.1)—(2.3) converge
to one of Eq, E3, E3 or the spatially inhomogeneous periodic solution, numerical
bifurcation diagrams show the evolution trend of densities of susceptible phyto-
plankton ((1/x;) [5" S(x)dx), virus-infected phytoplankton ((1/x;) fy" 1(x)dx), and
free lytic viruses ((1/x;) f(f "'V (x)dx). For the time-periodic solutions, the minimum
and maximum values are shown. Time series diagrams reveal the evolution of den-
sities of susceptible phytoplankton (((1/x;) fox "' S(x, t)dx), infected phytoplankton
((1/xp) fox’ I(x, t)dx) and lytic viruses ((1/x;) fg’ V (x, t)dx) over time. The parame-
ter values of the numerical analysis used here are derived from Table 1. The simulations
are implemented in MATLAB via the finite difference method.

We first examine the effect of lytic virus transmission parameters g, ¢g. Changes in
these parameters are closely related to ecological factors such as temperature, salinity
(Demory et al. 2021). The transmission coefficient 8 is an important indicator for
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(a) Bifurcation diagram for (b) B=0.02
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Fig.7 a Effect of the transmission coefficient 8 on the density of susceptible phytoplankton, virus-infected
phytoplankton and lytic viruses. b Time series of density of phytoplankton and viruses

assessing host resistance to infection. Figure 7 displays the variation of phytoplankton
and lytic virus densities in model (2.1)—(2.3) with the transmission coefficient 8. For
B = 0, one can observe that lytic viruses do not spread among phytoplankton and that
susceptible phytoplankton biomass is at a high level. When g increases, susceptible
phytoplankton biomass gradually declines, while lytic virus loads ascend sharply and
a significant proportion of phytoplankton are infected by viruses. In Fig. 7a, b, spatially
inhomogeneous periodic solutions bifurcate from positive steady states through a Hopf
bifurcation at § = 0.0032. This shows that increasing the transmission coefficient will
lead to persistent phytoplankton blooms, but a large transmission coefficient will cause
a large amplitude pulse bloom which occurs periodically about every thirty days. In
the latter case, an increase of susceptible phytoplankton precedes the peak of virus
transmission, then the phytoplankton population is at a low level for a long time until
the next wave.

The lytic virus burst size varies with host genotype or environmental conditions.
It is an important factor for describing the transmission of lytic viruses among phy-
toplankton (Edwards and Steward 2018). Figure 8 shows an evolution of asymptotic
states in model (2.1)—(2.3) for varying burst size ¢ similar to the one for transmission
coefficient. The dynamics of the model progress from a disease-free steady state, to
an endemic steady state, and then to a spatially inhomogeneous periodic solution.
This indicates that the small burst size does not cause phytoplankton infection and
that only a certain degree of burst size can lead to the spread of lytic viruses among
phytoplankton and a decrease in total phytoplankton biomass.

Emiliana huxleyi are eukaryotic microscopic phytoplankton that are widely dis-
tributed in oceans or brackish waters. They are one of the important producers in
marine ecosystems, especially playing an important role in the carbon cycle of oceans.
Emiliana huxleyi have frequent, large-scale blooms each year. It is known that Emil-
iana huxleyi can be massively infected by a lytic virus with a large double-stranded
DNA structure. The lytic virus is called Emiliana huxleyi virus and causes massive
mortality of Emiliana huxleyi. In Fuhrman (1999); Kuhlisch et al. (2021), the authors
stated that Emiliana huxleyi blooms are often terminated by Emiliana huxleyi virus
from experiments and observations.
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Fig. 9 Effect of the vertical turbulent diffusivity D = d, = dy = dy on the density of susceptible
phytoplankton, virus-infected phytoplankton and lytic viruses

The periodic pattern shown in Fig. 7b is consistent with the observations and experi-
mental results of Emiliana huxleyi-lytic virus interactions in Fuhrman (1999); Kuhlisch
et al. (2021). At the beginning of a bloom cycle, both phytoplankton and lytic virus
densities are ata very low value. After that, the susceptible phytoplankton biomass rises
rapidly and reaches a maximum, while the virus density remains almost constant. Phy-
toplankton blooms occur at this time. As the time progresses further, there is a sudden
and dramatic increase in lytic virus density. This indicates a large-scale spread of lytic
viruses among phytoplankton. During this process, the total phytoplankton biomass
declines sharply. When the virus reaches its maximum, phytoplankton biomass tends
to almost zero, thus the bloom ends. In the last stage of this bloom cycle, the viral den-
sity decreases, and is again at a low value together with phytoplankton. Figure 8b also
exhibits a similar periodic bloom cycle pattern. The above findings effectively validate
the large-scale transmission of lytic viruses to terminate phytoplankton blooms.

The evolution of phytoplankton and lytic virus densities with different spatial eco-
logical factors (turbulent diffusivity and directional movement velocity) can be seen
in Figs. 9 and 10. Phytoplankton, viruses, and nutrients all move randomly in the water
column with turbulence, so it is assumed that they have the same diffusion coefficient
D = d, = d, = d,.If there are no viruses in the aquatic environment, the phytoplank-
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Fig. 11 Effects of the water surface light intensity LY and sediment input nutrient concentration N 0 on the
density of susceptible phytoplankton, virus-infected phytoplankton and lytic viruses

ton biomass rises rapidly and reaches a high value with increasing turbulence intensity.
It is because adequate nutrient transport in the water column facilitates better phyto-
plankton growth (see Fig. 9a). When the lytic virus spreads among phytoplankton, the
biomass of phytoplankton, including susceptible and infected phytoplankton, remains
almost unchanged for D € (0.02, 5) except the periodic oscillatory patterns occurring
for the intermediate diffusion rate (see Fig. 9b). In this process, there are two stability
switches from steady states to periodic oscillations, and then back to steady states.
This illustrates that the presence of lytic viruses not only leads to complex dynamics,
but also effectively reduces the phytoplankton biomass. Comparing Fig. 10a, b, simi-
lar conclusions are obtained for the directional movement velocity w. This once again
confirms that lytic virus transmission can effectively control phytoplankton blooms.
Light and nutrients are two important ecological factors, and their abundance
directly affects the invasion of phytoplankton and the spread of lytic viruses. We
choose the water surface light intensity L and sediment nutrient input concentration
NO as typical resource-related ecological factors to explore the survival and extinc-
tion of phytoplankton and lytic viruses. Figure 11 shows that low L° or N° causes
phytoplankton extinction since light and nutrients are two essential resources for phy-
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Fig. 12 Parameter regions of LY versus NV for the survival and extinction of phytoplankton and lytic
viruses. Phytoplankton are extinct in Ay (R, < 1), phytoplankton survive while lytic viruses become
extinct in Ay (Rp > 1, Ry < 1), lytic viruses spread among phytoplankton in a steady state form in A3
(Rp > 1, Ry > 1) or as a spatially inhomogeneous periodic solution form in A4 (Rp > 1, Ry > 1)

toplankton growth. With the gradual increase of L? or N, phytoplankton first invade
aquatic ecosystems, after which lytic viruses begin to spread among phytoplankton.
When L or N is at a high value, the system undergoes a Hopf bifurcation and exhibits
periodic oscillations. This is a classical paradox of enrichment.

The combined effects of L? and N are presented in Fig. 12. Using the basic ecolog-
ical reproductive index R and basic reproduction number Ry to distinguish dynamic
behavior, we take L? and N° as the coordinate parameters to divide the first quad-
rant of the L% — N plane into four regions A; for i = 1,2, 3, 4. Phytoplankton go
extinct in Ay (R, < 1); Phytoplankton successfully invade aquatic habitats, while
lytic viruses cannot survive in Ay (R, > 1l and Ry < 1). If R, > 1 and Ry > 1,
lytic viruses spread among phytoplankton as a steady state form in A3 or as a spatially
inhomogeneous periodic solution form in A4. These findings suggest that it is very
difficult for lytic viruses to spread in a low-light or oligotrophic aquatic ecosystem.

5 Conclusion and discussion

Viruses are pervasive components of aquatic ecosystems, and have important influ-
ences on aquatic biodiversity and biogeochemical cycles (Suttle 2005; Suttle et al.
1990). As one of the common viruses, lytic viruses use phytoplankton cells as their
primary hosts and are ubiquitous in aquatic ecosystems (Demory et al. 2021; Edwards
and Steward 2018; Fuhrman et al. 2011; Kuhlisch et al. 2021). They replicate and
reproduce inside phytoplankton cells, and eventually release virions by lysing the
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cells. The spread of lytic viruses causes a dramatic decrease in phytoplankton biomass
and even terminates phytoplankton blooms. Few mathematical models have been for-
mulated to explore the interactions between phytoplankton and lytic viruses and to
expound the mechanisms of lytic virus transmission.

The dynamic model (2.1)—(2.3) is proposed to describe the spread of lytic virus
among phytoplankton in a water column. Compared with the existing models in
Béchette et al. (2013); Beretta and Kuang (1998); Demory et al. (2021); Edwards
and Steward (2018); Fuhrman et al. (2011), there are two novel points in model (2.1)—
(2.3). One is to consider a poorly mixed aquatic environment and take account of
random movements of phytoplankton and viruses. The other is to add phytoplankton
sinking movement and include light as a factor contributing to the growth of phyto-
plankton. Our results show that these newly added factors have a significant effect on
the dynamics of phytoplankton growth and the spread of lytic viruses.

Two quantitative ecological indices: the basic ecological reproductive index R, for
phytoplankton invasion and the basic reproduction number Ry for virus transmission,
are rigorously derived from the model. According to Theorems 3.3, 3.6, 3.11 and
corresponding remarks, phytoplankton go extinct if R, < 1, phytoplankton success-
fully invade and lytic viruses are extinct if R, > 1 and Ry < 1, lytic viruses spread
among phytoplankton as a steady state form or a spatially inhomogeneous periodic
solution form if R, > 1 and Ry > 1. By using theoretical and numerical analysis of
the model (2.1)-(2.3), we consider the interaction between phytoplankton blooms and
Iytic virus transmission and the role of ecological factors. From the numerical bifur-
cation diagrams (Figs.7, 8, 9, 10, 11), one can observe that the spread of lytic viruses
controls phytoplankton biomass. Time series diagrams (Figs. 7, 8b) reveal large-scale
outbreaks of lytic virus infection effectively terminate phytoplankton blooms. The
findings validate the observations and experimental results of Emiliana huxleyi-lytic
virus interactions in Fuhrman (1999); Kuhlisch et al. (2021). The studies also indicate
that it is very difficult for lytic viruses to spread in a low-light or oligotrophic aquatic
environment (see Figs. 11, 12).

In this paper, we attempt to model the spread of lytic virus among phytoplankton,
and the mechanism of lytic virus transmission and its relationship with phytoplank-
ton blooms are explored. There are still many mathematical and biological problems
worthy of further study. Mathematically, more dynamic properties of model (2.1)—
(2.3) need to be rigorously investigated. For example, the uniqueness and stability of
disease-free steady state E, and endemic steady state E3, and the existence of spa-
tially inhomogeneous periodic solutions. Biologically, the phytoplankton intracellular
nutrient-to-carbon ratio in model (2.1)—(2.3) is assumed to be constant, but in reality,
it is significantly variable (Loladze et al. 2000; Wang et al. 2007). It is desirable to
include this factor in phytoplankton-virus interactions. Bacteria are a very important
aquatic microorganism. They decompose organic carbon produced by phytoplankton
and are infected by aquatic viruses (Fuhrman 1999; Suttle 2005; Wang et al. 2007,
Yan et al. 2022). It is very natural to add bacteria into the model (2.1)—(2.3) and further
explore the carbon cycle in aquatic ecosystems. In addition, the effects of zooplankton,
fish (Chen et al. 2017) and toxins (Shan and Huang 2019; Nie et al. 2017) could also
be considered.
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