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ABSTRACT. The global stability of the nonhomogeneous positive steady state
solution to a diffusive Holling-Tanner predator-prey model in a heterogeneous
environment is proved by using a newly constructed Lyapunov function and
estimates of nonconstant steady state solutions. The techniques developed here
can be adapted for other spatially heterogeneous consumer-resource models.

1. INTRODUCTION

In this paper we study the global dynamics of the following diffusive Holling-
Tanner predator-prey model in a heterogeneous environment:

ut:dl(x)Au—i—u(a(as)—u— by ), xeQ, t>0,

1+ru
(1.1) vt:dg(x)Av—Fuv(l—%), e, t>0,
Gu — Jv =, z €N, t>0,
u(z,0) = uo(z), v(z,0) = vo(x), x € Q.

Here u(x,t) and v(x,t) are the density functions of prey and predator respectively,
and 2 is a bounded domain in R™ with a smooth boundary 0f; a no-flux boundary
condition is imposed on 0f2 so that the ecosystem is closed to exterior environment.
dq(x) and do(x) are the spatially dependent diffusion coefficient functions of prey
and predator respectively; a(x) is the spatially heterogeneous resource function,
and other parameters b, r and p are assumed to be constants. The non-spatial
version of (LI)) was introduced in [12/[24] as one of prototypical mathematical
models describing predator-prey interactions.

For the non-spatial ODE model corresponding to (LIJ), it is known that for
certain parameter range the unique positive steady state is globally asymptotically
stable, while in other parameter range a unique limit cycle exists [8,9]. The spatial
model (L)) in a homogeneous environment (assuming d;, a are constants) was first
studied in [I9]. The global stability of the positive constant steady state solution
for the homogeneous case was proved in [2/[20,23] under different conditions on
parameters, and spatiotemporal pattern formation for the homogeneous system
(II) was considered in [II]. When r = 0 in (), the system becomes to the
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Leslie-Gower predator-prey model. The global and local stability for that case
including delay effect was investigated in [3L5L2T.22] when a and d; are constants,
see also [I3L15L16] for related work.

We define the nonlinearities in (1) to be

(1.2) fly,u,v) :==u (y —u— 1—(|)—Uru> , glu,v) == v (1 - %) ,

and we also denote

(1.3) a:= mﬁaxa(x), a:= n})_ina(az).

Our results on the global dynamics of (II]) are as follows:
Theorem 1.1. Let u >0 and r > 0 be constants. Suppose that a, d; € C*(Q) fo

r

some 0 < o < 1, and a(x) > 0, d;(x) > 0 on Q; and the initial functions ug € C(Q)

and vy € C(Q) satisfy ug >,% 0 and vog >,# 0 on Q. Assume that

(1.4) 0<b<afa Dinge@)
maxg a(x)

(i) There exists a unique positive solution (U, oo, Voys Voo) to the system of
equations:

f(a, 0, 050) = 0, f(@, U, V0) =0, g(lico, Vo) =0, (oo, Vs0) = 0.
(i1) Let (u(z,t),v(z,t)) be the positive solution of problem ([II)). Then

(1.5) U < liminfy o0 u(x,t) <limsup, . u(z,t) < Geo,
’ Vo é lim inft%oo ’U(.’E, t) S lim SUPt— 00 U(x, t) S Voo

(iii) If in addition,

(1.6) b< (14 2ru,, —ra)

min d; (z) min da () 1/2 Uso 5/2
max di (x) max da(x) Uso ’

then the problem (L) has a unique positive steady state solution (s, vs),
and limy_ o0 u(z,t) = Uy (x) and limy_, o0 v(x,t) = v, (2) in C?(Q).
Remark 1.2.

(1) If the reaction function g(u,v) in the equation of predator is changed to
g(u,v) == u(l —v/(k + u)) for some constant k > 0, and @ > a, one can
similarly show the conclusions in Theorem [[LT] with the condition b < a/a
replaced by b < a/(a + k) and the condition(L.0) replaced by

rbk ) {min(h(fﬂ) min dy(z) ]”2 (uoo“ff (@ﬁym,

14+ru., ) | maxd;(z) maxda(z) Uoo+k Uoo

b < (1—1—27@00 —ra+

respectively.

(2) The global stability of the positive steady state solution of (L) in the
heterogeneous environment in Theorem [[1] also holds for » = 0 which is
the Leslie-Gower predator-prey model, and in that case, the condition (L))
is simplified to

oyt (v bt

max a(z) — bmin a(z)
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If d1, d2 and a are all constants, then the problem ([LI)) admits a unique positive
constant steady state which can be solved as

(1.7)
—(b+1-— b+1-— 244
Uoo = Upo =Uoo =Voo =Voo = (b+ ar)+\/( * ar)” + aT, when r > 0,
2r
um:uoo:ﬂoo:yoo:ﬂoozli_‘_b, when » = 0.

Then the global stability of the constant steady state (uoo,Uso) in Theorem [I]
holds under the assumption b < 1, which is the earlier result of [2]. In this case
(TE) is not needed as part (ii) already implies the global stability. Part (iii) of
Theorem [[.T] shows the global stability in the heterogeneous environment, and the
condition (L6 depends on the level of heterogeneity of a(z) and d;(x). Indeed
(CE) can be satisfied when «a is nearly constant or when b is sufficiently small (see
Remark 2.7). We also remark that the global stability of the positive constant
steady state of (1)) is proved in [22123] with weaker condition on b but constant
a and dy = ds.

The proof of global stability combines the upper-lower solution method used in [2
23] and a newly developed Lyapunov functional method. For spatially homogeneous
case, the upper-lower solution method alone can prove the global stability of the
constant steady state of ((ILI]), but in the spatially heterogeneous case, it only proves
that the solutions are attracted into a rectangle defined as in (LHl). The Lyapunov
function we use inside the attraction zone takes the form

u(z, t) _ v(z, t) _
// )5 =) 4y +// )5 = vel®) §ody
Uy () dl S vy () d2 S

where (u.(z),v.(z)) is a positive steady state solution of (I:I:I:I) The form of the
Lyapunov function when d; and a are constants is well-known, and here we use
a spatially heterogenous form with weigh functions u.(z)/d;(z) and v.(x)/d2(x)
which is first used in [I4] for proving the global stability of positive steady state
of diffusive Lotka-Volterra competition system in the heterogeneous environment.
It turns out that the weight functions encode the spatial heterogeneity of the en-
vironment so a non-constant steady state is achieved asymptotically. The new
Lyapunov function developed here may be a useful tool to explore more general
diffusive predator-prey models in the nonhomogeneous environment [41[6].

2. PROOF OF MAIN RESULTS

1. Existence of positive solutions. In the subsection, we show the existence
and uniqueness of the solution to (II]), and the existence of positive solution to the
corresponding steady state problem:

dy(z )Auzu(a(x)—u— 1$;u), x €,
(2.1) da(z)Av = pv (1 - 2), x € 9,
25:%—0 x € 0N.

We recall that the system ([T)) is called to be uniformly persistent (see, e.g., [l
Page 390]) if all positive solutions satisfy lim inf; o u(,t) >0 and lim inf; o v(z,t)

> 0 for all € , and it is permanent (see, e.g., [IL[I0]) if they also satisfy
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3784 WENIJIE NI ET AL.

limsup,_, ., u(x,t) < M and limsup, ,. v(z,t) < M for some M > 0. The fol-
lowing result shows the basic dynamics of (TJ).

Proposition 2.1. Let b > 0, p > 0 and r > 0 be constants. Suppose that a,
d; € C%(Q) for some 0 < a < 1, and a(x) > 0, d;(z) > 0 on Q. The initial
functions ug € C(Q) and vy € C(Q) satisfy ug >,% 0 and vo >,% 0 on Q.
(1) The problem ([LI) has a unique globally-defined solution (u(z,t),v(x,t))
satisfying u(z,t) > 0, v(x,t) > 0 for (z,t) € Q x (0,00).
(2) For any given small €1 > 0, there exist a constant Th > 0 determined by €;
and a constant €3 € (0, €1] depending on initial functions such that

(2.2) e <u(x,t),v(z,t)<a+e, YreQ t>T,
which implies that the problem (1) is permanent. Moreover the problem
(1) has a positive steady state solution (u.(z),v«(x)) lying in [e2,a+ €1] X

[€2,a + €1].
(3) There exits a constant C' = C(e3) > 0 such that

(2.3) g%llu(ut)llczm@y g%IIv(ut)llcm@ <C

Proof. (1) We will use the upper and lower solutions method to prove the existence
and uniqueness of positive solution of problem (III). Clearly, the problem (1) is
a mixed quasi-monotone system in the domain {u > 0, v > 0}. Denote

M = max {a, max ug(z), maxvo(x)}.
z€Q e

Let v(x,t) =0, u(x,t) = v(x,t) = M, and let u(z, t) be the unique positive solution
of

ut:dl(:c)Au—i—u(a(x)—u— M ), reQ, t>0,

14+7ru
gu =, zedN, t>0,
u(z,0) = up(z), x € Q.

Then (a(x,t),o(x,t)) and (u(z,t),v(z,t)) are a pair of coupled ordered upper and
lower solutions of the problem ([I)). Hence (L)) has a unique global solution
(u(z,t),v(x,t)) satistying

(24) 0<u(z,t) <u(z,t) <M, 0<v(z,t)<M, VrxeQ, t>0.

Moreover, by the strong maximum principle we also have v(x,t) > 0 for x € Q and

t>0.
(2) From the first equation of (ILTl), u(x,t) satisfies

up < di(z)Au+u(max,cqa(r) —u), z€Q, t>0,

%:O, zed, t>0,
u(z,0) = uo(z) > 0, x € Q.

It is deduced by the comparison principle of parabolic equations that

lim sup max u(x,t) < maxa(z) = a.
t—oo O zeQ

Thus, for any given & > 0, there is a T' > 0 such that u(z,t) < a+eforz € Q, t > T.
From the second equation of (L], v(z,t) satisfies

vy < dgAv+ (1 —v/(@+e)), =>Q, t>T.
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Thanks to the boundary condition % = 0, we could use the comparison principle

of parabolic equations to conclude that limsup,_,  maxgv(z,t) < a +e. The
arbitrariness of ¢ implies

lim sup max v(z, t) < a.
t— o0 Q

Hence, for a small fixed €; > 0 satisfying
(2.5) b<(a—e)/(@—c).
there exists a T7 > 0 such that the following estimates hold
u(z,t),v(z,t) <a+e z€Q, t>T.

Since u(z,T1),v(x,T1) > 0 on Q, we can choose a small constant e; > 0 belonging
to (0, €1] such that u(z, T),v(z,T) > €3 on 2. Denote

Uy i=a+ €1, U =€, V1i=a+€, V= €.
Then from es < € and (23], we obtain that

lj?_“ <a(z)— (a+e) <0,
(2.6) a(x) —u, — 11”71&1 >a(x) —e —bla+e) >0,

1—21/21 :1—771/111 =0,

a(x) —uqg —

which indicates that (u1,u,01,v;) is a pair of coupled ordered upper and lower
solutions of the problem (1) with initial density (u(z,T1),v(z,T1)). Hence (22)
holds. A simple calculation shows that (@1,u,,71,v;) is also the coupled ordered
upper and lower solutions of the problem ([2I). Thus the problem (I has a
positive solution (u.,v.) in the region [u,,u1] X [uy,u1]. For (3), recalling that
u(z,t),v(z,t) > e for z € Q, t > T1, we could show ([Z.3)) by the similar arguments
as [28] Theorem 2.1]. The proof is completed. O

2.2. Estimates for positive solutions and steady state solutions. From
Proposition 2] under the assumption (4] every positive solution of (LI} has
a positive lower bound which may depend on its initial value. In this subsection,
a uniform lower bound for positive solutions of (L)) is obtained. Moreover, by
an iterating process using the idea of [I8], we obtain more accurate estimates for
positive solutions and steady solutions of problem (ITJ).

Denote

(2.7) Uy =701 :=a+e, u =v; =€, Q:=[uy,u] X v,

where €; and € are given by Proposition 21 It is clear that

fy(y,u,0) >0, fu(y,u,v) <0, gu(y,u,v) >0, y,u,v >0,
(28) |f(y7U17U1)—f(y,U2aU2)| SK(|U1—U2|+‘U1—U2|), yZOv (U"U) EQ7
lg(u1,v1) — g(ug, v2)| < K(|up —ug| + [v1 — va), (u,v) € Q,

for some K > 0. With u;, @1, v; and 9, given by (27)), we define the following
iterative sequences:

{ ’a'H»l - ’az + %f(duﬂiuyi)u Qi+1 - Qz + %f(g7u2751)7 1= 1727 R}
ﬁi-‘rl - 1_12 + %g(azﬂ_’z), yi+1 =1; + %9(%791)7 1= 1a25 T

The iterative sequence defined above satisfy the following monotonicity and con-
vergence properties.
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Lemma 2.2. Suppose that [L4) holds.
(i) The sequences of constants {u;}5°, {u;}321, {0:}2, and {u;}5°, satisfy

{ O<uy <+ <wy <uyq <o <ty < Ueee < Ay,
v, .

0<p <-ov < << B S B <0

1 1+1

(ii) Denote oo = iMoo Ui, Uny = UMy oo Uy, Voo = My 0o U; and v =

lim; ,oov;. Then

(29)  f(8, U0, V) = 0, f( U, Vo) =0, G(lico; Vo) = 0, g(UsosVs) = 0.

o0

Proof. (i) We prove the monotonicity of u;, 4;, v; and v; with respect to ¢ induc-
tively. First, we show that

(2.10) Uy Uy S Uz S U, vy Sy < v <0

From (Z6)),

(2 11) Uq S alv Uy S 1_}15
. f(a7ﬂlayl) S Oa f(Q;glaﬁl) Z 07 g(ﬁlvﬂl) S Oa g(glayl) Z 0.

Then the definitions of u,, @, vy and V2 give u; < Uy, Uz < Uy, v; < vy and
Uy < ¥1. From a > g and (Z8), we derive

_ _ 1 . 1 B

Uy — Uy = Uy + Ef(a,m,yl) —uy — Ef(g,ul,vl)

1 1
Z ﬂl — Uy + ?f(ga 1_1‘1’1_}1) - ?f(gaglﬁﬂl) Z 0.

Similarly, we obtain ¥ > v,. Therefore, (Z.I0) holds. Suppose that for i € N, we
have

U SUpg <o Sy SU- - SUp < Uy, Vv SV << v, S0 S U2 S 01

From (Z8), it follows

1
ﬂi+1 - Qi+1 - az + Ef(aﬂﬁ’uyz) —Uu; — Ef(gaﬂia/vi)u

1 1

1 1
U1 — U; = U + Ef(dvﬁivyi) = Uj—1 — ?f(dvﬂiflvyifl)

Y%

1 1
< U — U1+ Kf(a;aiaﬂz;ﬂ - Ef(dﬂi—l,yifl) <0.

Similarly, we can show that u, ; > w;,v,,; > v;,%11 > v;; and ¥4y < 0;.
Therefore the conclusion in (i) holds.

(ii) The formulas in (i) imply that the sequences {@;}2°, {u,;}52, {#;}$2, and
{u,;}2, converge to some constants, respectively. Then (2.9) follows from the defi-
nitions of @;, v;, u; and v;. The proof is completed. [l

The above lemma states that the system of equations (2.9) admits a positive
solution. We next show that the positive solution of (2Z.9) is unique, which in fact
is the conclusion of Theorem [IT] (i).

Proof of Theorem [L1] (i). From the definition of f and g, every possible positive
solution (u,u,v,v) of (Z9) satisfies v = 4, v = u and

(2.12) (@—uw)(1+ru)=bu, (a—u)(l+ru)=bu,

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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which is equivalent to
(2.13) h(u) =0 for ue (0,a) and @ = (a—w)(1+ru)/b,
where
h(7) :=[ba — (a — 7)1 + r7)][b +r(a — 7)(1 4+ r7)] — b3
=b%a 4+ (bar — b)(a — 7)(1 +7r7) —r(a — 7)*(1 +r7)* — b37.
Case 1. r > 0.
Making use of ba < a (see (L4)) and a < a, we get
h(0) = (ba —a)(b+ar) <0,
h(a) = b*a — b*a = b*(a — ba) > 0.

Note lim| | A(T) = —00. We see that the equation h(7) = 0 in 7 € [0, a] either
admits a unique zero or has at least two zeros. In the later case, h satisfies

(2.14) h'(r) >0 forall 7 <0,

which will be excluded in the following discussion.
Direct calculation yields

B (1) =(bar — b)(ar —1 —2r7) = 2r(a — 7)(1 + 77)(ar — 1 — 2r7) — b3
=[(bar —b) — 2r(a — 7)(1 +r7)|(ar — 1 — 2r7) — b°.
If ar > 1, then from ba < a,
R'(0) = (bar — b —2ra)(ar — 1) = b* < (=b—ar)(ar — 1) < 0.
On the other hand, if ar < 1, then (ar — 1)/(2r) < 0 and

1
h(” >=—§<o
2r

Thus, (ZTI4) is impossible for any r > 0. Consequently, h(7) = 0 has only one zero
in 7 €10,q].

Case 2. r=0.
Clearly, h(7) = [ba — (a — 7)]b — b7 = blba — a + (1 — b?)7], and from (213,
a—ba _ __a—ba
The proof is completed. |

Remark 2.3. For any given k > 0, if b < a/(a + k) and a > g, then the equations
(2.16) (@—u)(14+ra)=bu+bk, (a—u)(l+ru)=>bu+ bk

with @ > u still admit a unique positive solution. In fact, the existence of solutions
of (2I6]) can be obtained by the similar arguments as Lemma For the case of
r = 0, the proof of uniqueness is quite straightforward by just using (2I6). For
r > 0, by defining

h(r) == [ba + bk — (a — 7)(1 4+ r7)][b — bkr + r(a — 7)(1 + r7)] — b1 — bk,
one can easily verify that h(0) < 0 and h(r,) > 0 with 7, a positive constant
satisfying (@ — 7.)(1 4+ r7.) = b7 + bk, and also h/(¢) < 0 for some ¢ < 0, which

allows us to similarly obtain the existence and uniqueness of solutions of  in [0, 7.
We claim that u < 7, otherwise (@ — u)(1 + ru) — bk = b < bu which contradicts

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.
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with @ > u. Hence, @ and u satisfy h(u) = 0, u < 7, and @ = [(a—u)(1+7u) —bk]/b.
This leads to the uniqueness of solution of (2.16]).

We call that (uy(z),us(z),v,(x),0s(x)) is a pair of quasi-solution of problem

@) if (ug(x), us(z),v,(x), vs(x)) satisfies u,(z) < us(x), vy(z) < vs5(x) and

dl(x)AﬂS = (x,ﬂs(x),ys(x)), S Q;

—dy(@)Du, = (o, (), (2)), 7 €D
_dQ("E)A/DS = g(usaus)7 x € Q,
_d2(l‘)Ay = g(_s7_s)? T € Q,
L — G — B = S ), z € 0.

Proposition 2.4. Suppose (L4) holds.
(i) Let (us (), ts(2), v (), 0s(2)) with u(x), us(z) € [uy, 0], and v,(z), vs(z) €
[vy, 1] be a positive quasi-solution of problem (21)). Then

(2.17) Uno U (7) < Us(T) < Too, Voo < V(7)) < V() < Voo

where Uy, Voo, oo, Voo are defined by Lemma 2.2

(ii) Let (u(z,t),v(z,t)) be the positive solution of problem (L), and let (u.(x),
v.(2)) be a positive steady state solution of ([[I). Then the following estimates
hold

(2.18)

Uy < liminf; oo u(z,t) < limsup, .o u(x,t) < oo, Usy < Us(X) < Uoo,
Voo <

<
oo <liminf; o v(x,t) < limsup,_, . v(z,t) <

Proof. (i) By Lemma [2.2] in order to prove (217, it is sufficient to show that
(2.19)u; S wy(z) < as(r) <, v; <wy(w) <vs(w) <0, Vi=1,2,--

The proof is by induction on i. Since @ = v; = a + € and u; = v; = €3, the
inequalities in (ZI9) hold for ¢« = 1. Assuming the inequalities in (ZI9) hold for
1 < jo where jo > 2 is an integer, we will prove it for i = jy + 1. Making use of
[23), we deduce that

— di(2)AUjo1 + Kijo 41 — Kus — f(2,Us,v,)
:Kﬂjo-l-l_KuS_f(x u87 ) Kuj0+f(a ujov ]0) Kus—f(x,ﬁs,gs)
>Kuj, — Kus + f(xvujovys) — f(z,us,v5) > 0.

Denote w(x) = @j,+1 — Us(x). Then w satisfies —di(x)Aw + Kw > 0 in Q with
Oyw = 0 on 0N. Tt is derived by the maximum principle of elliptic equations that
w > 0. Ans s0 %j,41 > s(z) on . Similarly, we can prove that u; ,; < u,(z),
Yjo+1 < vg(w) and vs(x) < 0j, 1. Thus the inequalities in (2.19) hold.

(i1) If the initial densities ug, vg lie in the region [e3, @a+¢€1], by (217) and Theorem
3.2 in [I7], the solution (u(z,t),v(x,t)) satisfies the estimates in (Z.I8)). Recalling
[22), we obtain that any positive solution (u(z,t),v(x,t)) of ([ satisfies the

estimates in (2I8).
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For any positive steady state solution (u.(x), v« (x)) of (L)), (us(x), us(z), vi(x),
v.(2)) is a pair of positive quasi-solution of problem (2.1]). Combining this fact with
22) and [2TI7), we obtain the estimates for (u.(z),v«(z)) in ZIF). The proof is
completed. O

We remark that the conclusions of Proposition[Z4lhold for some general functions

f and g satisfying (28) and @2II)).

Proof of Theorem [[1] (ii). Tt is clear that Theorem [I] (ii) follows directly from
Proposition 241 |

2.3. Global stability of positive steady state solution. To prove the global
stability of positive steady state solution of (IT]), we need the following two lemmas.

Lemma 2.5 (|26, Theorem 1.1] or [14] Lemma 2.2]). Let 6 > 0 be a constant,
and let the two functions ¥, h € C([5,00)) satisfy ¥(t) > 0 and [{° h(t)dt < oo,
respectively. Assume that ¢ € C1([§,00)) is bounded from below and satisfies

¢'(t) < —¥(t) +h(t) in [5,00).

If one of the following conditions holds:

(i) ¥ is uniformly continuous in [J,c0),
(ii) v € C1([6,00)) and ¢'(t) < K in [8,00) for some constant K > 0,
(iii) ¢ € CP([6,00)) with 0 < B < 1, and for 7 > 0 there exists K > 0 just
depending on T such that [|V||cs ((p,047) < K for all x >0,

then limy_, o, () = 0.

Lemma 2.6 ([I4, Lemma 2.3]). Let w, w, € C?(Q) be two positive functions. If
g—gzo and%:O on 02), then

(2.20) / welw = w.] (Aw - ﬂAm)dx < —/ wﬂV%
Q w Wi Q w

With the help of the above results, we now show the global stability of positive
steady state solution of (1) using Lyapunov functional method.

2
dx <0.

Proof of Theorem [ (iii). Let (u(x,t),v(x,t)) be the solution of (II)). Define a
function G : [0,00) — R by

w(z,t) () s — us(x) v(@t) () s — vi ()
G(t) == / / 2 Y dsde + / / LT 2 dsdx
() Q Ju,(x) dl(x) s K Q Ju,(x) dg(.’L’) s
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with 77 > 0 to be determined later. Then G(t) > 0 for ¢t > 0. Making use of ([2.20),
we deduce

dG(t) :/ u*(u_u*)utdx—i—n/ U*(U_U*)vtdx
Q

dt diu Q dav

B Uy (U — Uy ) " A V(U — vs) v w.v .
= [ (M s sl 0™ da o)) a

:/ M (dlAu—i— flz,u,v) — idlAu* - if(x,m,m)) dx
Q diu Uy Uy

+ n/ velv = v.) (dgm +g(u,v) = —dy v, - ﬂg(“*’””) o
Q d2U Vs Ux

:/Q {u*wu— u.) (Au B gAu*) RACEES (f(mw) . f(x,u*,v*)ﬂ "

* dl u U

+”/Q {@ (Av_ %A”*)‘Lv*(vd; v,) (g(%:v)_g(uzv*)ﬂ de

S/Qu*(ud: uy) (f(x,u,v) B f(x’“*’”*))dx

u Use
oo [ B () sten)
K Q0 d v Vs '

By the definition of f and g in ([Z7), we derive

dG(t) </ U (U — Uy ) bv P bu, d
—u — Us x
dt  ~ Ja dq 1+ru 1+ ru.

v (U — vy) v U
+/Q77TM <_E + u—*> dz
_ s [(L7u) (T+7us) —brog ) (u—uy.)? — bu*(l—l—ru*)(u—u*)(v—v*)dx
Q dy (1+ru)(14+ruy)

/ v (u — ) (V = vs) — npusve (v — )
+
Q doUtly

2
dx

E
_/Q drdauny (1 4 ru)(1 + ruy)

dz,
with

E = — dyu?[(147u) (147w, ) —bro,) (u—mus)? —bdaun? (1+7u,) (u—uy ) (v—2,)
+di (1 ru) (1 + ru) vl (u — ue) (v = ) = (v = v,)?]
=A(u—u)? + Blu—u) (v —v,) + C(v — v.)?,

where

A= — dour[(1 4 ru) (1 + 7us) — broy], C = —dyinpuv. (1 +ru) (1 + ruy),
B := — bdouu? (1 + ru,) + dynuo? (1 4 ru) (1 + ru.).
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Next we choose a suitable nn > 0 such that 2v/AC > |B|, which then yields

dG(t) <_/ S(u—u)? + (v —v,)?
dt = Jq didauus (14 ru)(1 + ruy)

(2.21) r=:1(t) <0

for some 0 < § < 1. Denote d; = max, g d;(z), d; = min_ g d;(x) and

| doyda(uy, — €) (i — € lico b
= dydyv 0%, [l + (e — )]

for some small € > 0. From (21I8), there exists T' > 1 such that u(z,t) > u., — €
and v(x,t) > v, —efor all t > T. A simple calculation gives

2V AC — |B| > 2V AC — [bdouu? (1 + ru,) 4+ dynpo? (1 + ru) (1 + ru,)]

=2/dydonpundv, (1 + ru) (1 + ru,) [(1 4 ru) (1 + ru,) — bro,]
— [bdouu? (1 + ruy) 4+ dinuo? (1 4+ ru) (1 + ruy)]

=14+ ru)(1 + ru.)/dydauudv, [2\/77M _ bnprvs

(T+7ru) (1 + ruy)
[doyvu, 1 [ div3
B (b dive 14170 R douu?

bnprv, [douu, 1 d1v
=:FE |2 - —|b '
1 l \/77# (1 +ru)(1+ru) < dive 1+ru o dyuu

Taking advantages of (ZI8]), v, = U, Too = Uco and the definition of n, we derive

that for t > T,
AC bmmoo
2 —IBlz By \/77# 1+ 7(ue 1(1 4 rug,

do(liss — €)Tino d 03,
b d1Qoo 1+ 7’( + U d2 — 6

N P b7 Uoo L by d1da (Tioo —€) U3
VT T () T —0) | dyds(un, —eudw

_g |2 3 bnuriiee _2 b dido (T —€) U4,
TV T (e~ () N\ T (use—€) | dydy (g — el

Then 2vAC — B > 0 follows from (L)) (with e — 0) and (a —u)(1 +ru) = bu (See
@I12)). Thus ZZI) holds for t > T.

Next we show the global stability of the positive steady state solution (u.,vs).
By (23) and the definition of ¢ (¢), we see that |[¢'(t)| < C; in t € [T, 00) for some
C1 > 0. Then it follows from Lemma, that

)2 )2
/(5(u Ux)® + 0(v — vy) do = 0.
Q

dldguu*

lim o(t) =

t—o0
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Recalling that u(t,z) > ez > 0 for ¢ > T} by (2.2]), we have
. _ . _ . 2/
(2.22) tllglo u(z,t) = uy(x), tli)rgo v(x,t) = v(z) in L(Q).

The estimate (2.3) also implies that the set {u(-,¢) : # > 1} is relatively compact in
C?(2). Therefore, we may assume that

u(@, te) — w(2) o2y, V(@ tk) = 0(@) |2y — 0 as tp — o0

for some functions 4,9 € C2?(Q2). Combining ; this with ([2:22]), we could conclude
that @(z) = u.(x) and 0(z) = vi(z) for x € Q. Thus lim;e u(z,t) = u.(z) and
limy 00 v(z,t) = vi(x) in C%(Q). The proof is finished. |

Remark 2.7. The condition (L)) for the global stability of positive steady state is an

implicit one as the quasi-steady state (Too, Uy, Uoos Vs, ) cannot be solved explicitly

except when r = 0 (see (7). We observe that (L6) holds in the following cases:
(1) b > 0is sufficiently small. In fact, from [2I2)) we see G ~ a—(liﬁb —a

and u, ~a-— ufrﬁb — a as b — 0 since U0, U, € [0,a]. Hence,

5/2
1+ 2ru, —ra) (== - (1+7a)(a/a)®* asb—0,
( o —Ta) | =

which immediately implies that (I6) is satisfied for small b > 0.
(2) as = a — a is sufficiently small. For any M > 1, there exists @ > 0 such
that when 0 < a4 < @, we have G /u., < M. Then ([6) holds if b satisfies

min dq () min dg () } 12 A-5/2

(2.23) b<(1+2ruy, —ra) [max di () max dz ()

Remark 2.8. A condition for the global stability of positive steady state solution
of (1) weaker than (6] is possible. In the proof of Theorem [l (iii), we use
|B| > bdauu?(1+ru.) +dinuv?(1+ru)(1+ru,). By applying |B| = | — bdauu?(1+
ruy) + dinpo? (1 + ru)(1 + ruy)|, one may derive a weaker restriction on b. In fact,
a similar calculation as above yields,

2 brprv, | [douu, 1 o dyv3
(T4 ru)(1+ ruy) dive 14710 douu?
>0,

bur v, dyv3 bdyuu?
=F 2 — —
o \/,u (T4 ruw)(1+ ruy) N\/dﬂmi’

 udio2(1+ ru
for large t > 0, if

WAC—|B|=E;

ﬁ”ﬁ‘

D1+ Dy minda(z) (1 + 2ru,, — ra)ul,
(Dy — Dy)? maxd;y(z) (1 +ru)ud,

(2.24) b<8

with

3
00

3

w3, min da () _ a2, max da(x)

- W2, (1 + riiog) maxdy (z)” > w2 (14 ru,,) mind (z)
where we have used the fact that (¢ — u)(1 + ru) = bu (see (2I2)) and for any
p >0,

D1Z

inf max |k — bD/M‘ _ _bDoju—bDy/p \/[;/_M4D2 — D
k>0 D€[D1,D5] k \/Q(bDl//L-‘rng/‘LL) \/2(D1 +D2)
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Clearly, D; — Dy = 0 if d; and m are constants, and hence (2.24) holds if 1+ 2ru_, —
ra > 0 which is weaker than (L8). Thus ([2:24) is a good alternative for (LG when
a — a, maxd; — mind; and r are small.
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