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Abstract

A diffusive Lotka—Volterra competition model is considered and the combined effect of spa-
tial dispersal and spatial variations of resource on the population persistence and exclusion
is studied. A new Lyapunov functional method and a new integral inequality are developed
to prove the global stability of non-constant equilibrium solutions in heterogeneous envi-
ronment. The general result is applied to show that in a two-species system in which the
diffusion coefficients, resource functions and competition rates are all spatially heteroge-
neous, the positive equilibrium solution is globally asymptotically stable when it exists, and
it can also be applied to the system with arbitrary number of species under the assumption
of spatially heterogeneous resource distribution, for which the monotone dynamical system
theory is not applicable.

Mathematics Subject Classification 35K51 - 35B09 - 35B35 - 92D25

1 Introduction

The uneven distribution of resources due to the effect of geological and environmental charac-
teristics greatly enriches the diversity of ecosystems. In the past few decades, the phenomenon
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of spatial heterogeneity of resources has attracted the attention of many researchers from
both biology and mathematics, see [4,23,25,32], for example. The dynamical properties of
mathematical models with spatial heterogeneity are more complicated, especially the global
stability of non-constant equilibrium solutions.

In this paper we consider the global dynamics of the diffusive Lotka—Volterra competition
model of multiple species in a non-homogeneous environment:

k
Oru; = d;i (x)Au; +u,-(m,-(x) — Zaij(x)uj>, xeQ, t>0,1<i<k,
j=l (1.1)
du; =0, x€ed, t>0,1<i<k,
ui(x,0) =¢;(x) >, #0, xXeQ, 1<i<k,
where u; (x, t) is the population density of i th biological species, m; € C* Q,i=1,...,k,

represent the densities of non-uniform resources, the nonnegative function a;; € C* (Q) is
the strength of competition of species u ; against u; atlocation x, and the functiond; (x) > Ois
the diffusion coefficient of u; at location x. The spatial habitat @  R" is a bounded domain
with smooth boundary 02 € C 24 ), is the outward unit normal vector over 952, and the
homogeneous Neumann boundary condition indicates that this system is self-contained with
zero population flux across the boundary.

Ifall of d;, m; and a;; are positive constants (so the environment is spatially homogeneous),
the global stability of positive constant equilibrium of (1.1) had been proved in the weak
competition case, see [2,8] and the references therein. Lyapunov functional methods are used
to prove the global stability of positive constant equilibrium of (1.1) in the homogeneous
case. However the spatial heterogeneity of the environment may change the outcome of the
competition, and it is an important biological question to understand how the spatially non-
homogeneous environment affects the competition between species. When k = 2, d; are
constants, the two species u| and u, share the same spatially distributed resource m(x) =
m3(x) and have the same competition coefficients a;; = 1, it was shown in [7] that the
species with smaller diffusion coefficient survives while the other one with larger diffusion
coefficient becomes extinct, that is, the slower diffuser prevails. The same question with
k > 3 species remains as an open question. The global dynamics of the two-species case of
(1.1) was recently completely classified for the weak competition regime ajjax; > ajas;
in [12-14], assuming d; and a;; are constants and m; (x) are spatially heterogeneous. It was
shown that there is always a globally asymptotically stable non-negative equilibrium for
the problem, and the dynamics can be completely determined according to the competition
strength a;;, the diffusion coefficients d; and heterogeneous resource functions m;(x) by
using linear stability analysis and monotone dynamical system theory.

The role of spatial heterogeneity in diffusive two-species competition system (1.1) have
been explored in many work, see for example [3,5,10,11,18,19,22,25] and the references
therein, in which various methods and mathematical tools have been applied to analyze
the existence and stability of the equilibrium solutions. The additional effect of advection
on the diffusive two-species competition models have been considered in [26,36] and the
references therein, and the effect of nonlocal competition has been studied in [28]. Note
that the diffusive two-species Lotka—Volterra competition model (1.1) generates a monotone
dynamical system, so the powerful tools from monotone dynamical system theory can be
applied [16,31]. However, when k > 3, the monotone dynamical system theory cannot be
applied to problem (1.1). Our approach here does not rely on the monotone dynamical system
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methods, and the global stability proved in Theorem 3.6 for competition models with arbitrary
number of species is perhaps the first such result for spatially heterogeneous models.

The main results (see Theorem 3.6) in this paper are the global stability of positive non-
constant equilibrium solution or semi-trivial equilibrium solution of (1.1). For d; > 0, to
show the global stability of positive equilibrium solution denoted by u* := (u7, ..., u), the
following two assumptions are needed:

(i) (1.1) admits a positive equilibrium solution u*;
(i) forthis (u}), there exist some positive constants &; such that the matrix Q(x) = (g;; (x)+
q,i (x)) is positive definite for every x € 2, where

&uf(x)
d;(x)

gij(x) = a;j(x)

The same idea can be applied to obtain the global stability of semi-trivial equilibrium solution
of (1.1) with d; > 0. Moreover, in Theorem 3.6 we also consider the global stability of non-
homogeneous equilibrium solution in the case that some diffusion coefficients are degenerate,
namely d;, = 0 for some iy € {1, ..., k}. We also remark that the global stability results
in Theorem 3.6 still hold when the diffusion terms Au; are replaced by a divergence form
div(b;(x)Vu;), and the homogeneous Dirichlet boundary condition are changed to Robin
boundary condition (see Remark 3.7 (i)), where b;(x) € CHY(Q) with 1 < i < k are
positive functions.

A key ingredient of our work here is a new Lyapunov functional method. In [8,17],
the global stability of positive equilibrium solution of (1.1) for homogeneous environment
is proved using Lyapunov functional methods when d;, m;, a;; are all constants. A more
general equation, including Lotka—Volterra competitive models (the corresponding ODE
problem to (1.1)) and chemostat systems as particular cases, is investigated by utilizing
Lyapunov functional methods in [6]. The Lyapunov functional in [8,17] is constructed as

Fi(t) = / V(u;(x, t))dx, where V (u;) is the Lyapunov function for the ordinary differential

equation mﬂodel, and the equilibrium solution is a constant one. The integral form of the
Lyapunov functional can be viewed as an unweighted average of the ODE Lyapunov function
on the spatial domain. However this simple construction does not work for the spatially
heterogeneous situation, and the equilibrium solution in that case is a non-constant one. In

this work, we use a new Lyapunov functional in form of F>(t) = / Wy (x)V (u; (x, t))dx,

which is a weighted average of the ODE Lyapunov function on tl?e spatial domain, and
the weight function w, (x) depends on the non-homogeneous functions d;, m;, a;; and non-
constant equilibrium solution (assuming it exists). Such construction is motivated by the
method used in [24] for the the global stability of equilibrium solutions of coupled ordinary
differential equation models on networks (which is patchy environment or discrete spatial
domain). Such a Lyapunov function has also been used in [21] for a diffusive SIR epidemic
model. To demonstrate this new method, we first prove the global stability of a non-constant
equilibrium solution for a spatially heterogeneous diffusive logistic model (see Theorem 3.1).
That result is well-known but we give a new proof for the spatial heterogeneous case.

This paper is organized as follows. In Sect. 2, we give some preliminaries. In Sect. 3,
we apply Lyapunov functional method to show the main results Theorem 3.6 on the global
stability of the equilibrium solutions of (1.1). In Sect. 4, making use of upper and lower
solutions method, we present some applications of Theorem 3.6.
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2 Preliminaries

When using the Lyapunov functional method to investigate the global stability of equilibrium
of reaction—diffusion systems, the uniform estimates of solutions of parabolic equations play
an important role. We first recall the following results on the uniform estimates for the second
order parabolic equations.

Consider the initial-boundary value problem

ur+ Lu= f(x,t,u), x€Q, t>0,
Blu] =0, x€0Q,t >0, 2.1)
u(x, 0) = g(x), x € Q,
where the domain Q2 C R” is bounded with a smooth boundary 92 € C 24 with0 < a < 1,
operators £ and B have the forms:

Llu] = —a,-j(x, I)D,‘ju +bj(x, t)Dju + c(x, t)u,

B
Blul = u, or Blul = £ + b(x)u,
av
with b € C!T2(3€2) and b > 0. The initial condition (NS WPZ(Q), p > 14 n/2, satisfies

Bl¢]|,o =0.
Denote O = 2 x [0, 00). We make the following assumptions:

(Ly) ajj, bj, ce C (€ x [0, 00)) and there are positive constants A and A such that
MyP < Y @ nyiyy < Ayl 1bj(x. 0l lex. 0] < A
1<i,j<n

forall (x,1) € O, vy € R".
(L) For any fixed m > 0, there exists a positive constant C (m) such that, for all k > 1,

Naijllcoarr@xpxtmp: 10illcoarr@xprmy: Nellcoar@xp krmy = €M)
L3)

(1) f(x,0,0) =00ndQ when Blu] =u, f € L*°(Qx X [01, 02]) for some o < o7,
(i1) there exists C (o1, 02) > 0 such that

If(x,t,u) - f(xvtvv)| = C(GI,UZ)W - U|, V(X,t) € QOOa u,v e [0170'2]

and f(-,u) € C*2(Q x [h, h + 3]) uniformly for u € [o1, 02] and & > 0, i.e., there
exists a constant C > 0 so that

If (e t,u) — f(y,s,u)] < C(lx — y|* + |t — s|/%)
forall (x,1), (y,s) € @ x [h,h+3],u €[o1,00] and h > 0.

Under the above assumptions, we have the following boundedness result for a globally
defined solution u(x, t) of (2.1).

Theorem 2.1 Let u(x,t) be a solution of (2.1) and o1 < u < oy for some o1, 0 € R.
Assume that f satisfies (L3) (i) for these o1, 03, and a;j, b; and c satisfy the assumption
(L1). Then, for any given m > 0, there is a constant C1(m) > O such that

etz @xpe, e pmp = C10m), VT 2 L.
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If additionally the assumptions (La) and (L3) (ii) hold, then, for any given m > 1, there is a
constant Cy(m) > 0 such that
Tea% s Cxs Ml cerzm,ooy) + Itrgfl( flu: (- f)||c(§) + ftrng fluC-, f)||C2+a(§) < Ca(m).

For the idea of proof to Theorem 2.1, the interested readers can refer to the proofs of [33,
Theorem 2.1] and [35, Theorem 2.2] for the details. We also recall the following calculus
lemma which will be used to prove the global stability of equilibrium solution.

Lemma 2.2 [34, Theorem 1.1] Let § > 0 be a constant, and let the two functions ¥, h €
o0

C([8, 00)) satisfy Y (t) > Oand/ h(t)dt < oo, respectively. Assume that ¢ € Cl([8, o0))
)

is bounded from below and satisfies

¢'(t) < =Y (@) + h(1) in [8,00).
If one of the following conditions holds:

(i) v is uniformly continuous in [§, 00),
(i) ¥ € C'([8, 00)) and ¥'(t) < K in [8, o0) for some constant K > 0,
>iii) ¢ € CE([8, 00)) with 0 < B < 1, and for t > O there exists K > 0 just depending on
T such that | ||l cs (x x4+ < K forall x >3,

then lim ¥ (t) = 0.

t—>00
In fact, the conditions (ii) and (iii) appear to be stronger than (i), however for the convenience
of application we still list them there since the uniform continuity of a function on a unbounded
domain may not be verified easily.

Another useful result concerning with convergence of function {(x) as x — 00 is the
well known Barbalat’s Lemma [1].

t
Lemma 2.3 Suppose that i : [0, o0) — R isuniformly continuous and thatllim / Y (s)ds
-0 Jo
exists. Then tlim Y (t) = 0 holds.
— 00
In order to use the Lyapunov functional method to study the global asymptotic stability

of spatially non-homogeneous equilibrium solutions, we now give a key integral inequality
which plays a crucial role in the later analysis.

Lemma2.4 Let w, wy € C2(RQ) be two positive functions, a € C'(Q) with a(x) > 0 on Q.
If ®, g and h satisfy

(i) ® e C+2(Q x [0, 00)), ®(x,0) = 0and ®,(x,u) > 0forx € Qandu > 0,
(i) g € CO1(AQ x [0, 00)), and for any x € 3, the function g(x, u)

(x,u
foru € [0, 00),
(iii) h € C([0, 00)) and h' (1) < 0,

is nonincreasing

. 0D (x, w) 0P (x, wy)
iv) —— =gx,w), ——— = g(x, wy) on 0€2,
av av
then
D(x, wy) ) D(x,w) .
L@()C, w*)h (m) (le[a(x)VCD(x, UJ)] — mle[a(x)V@(x, w*)]>dx
= / a([®(x, w) P’ <¢(x’ w*)) v fax <0 (22)
~Ja ' D (x, w) P (x, w) - ’
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Proof 1t follows from Green’s Theorem that

(b(-xa w*) . (I)(X,UJ) .
/S; @(.X, w*)h <m) <d1V[aV¢(x, w)] - mdlv[avq)(x, w*)])dx

= / h <M> divia® (x, w) VO (x, w) —ad(x, w)VP(x, wy)]dx
Q D (x, w)

(<I>(x,w*)>( oD (x, w) oD (x, w*)>
:/ hl———— ) [aP(x, wy) ———— —adP(x, w)——— |dS
a0 D (x, w) v D)

- / aVh (M> [®(x, we ) VO (x, w) — P(x, w)VD(x, wy)]dx
Q D(x, w)

:/ h(M) an(x’w)q)(x’w*)(g(x, w) gl w*)>dS
a0 D(x, w) D, w)  D(x, wy)

2, P, wy) D(x, wy) |2
+/Qa[<l>(x,w)] h ((D(x, > ) ‘V TR dx

E/Q[q)(x! w)]zh/<q>()€,w*)>‘vq)(x, Wy)
Q

2
dx <0.

D (x, w) D(x, w)
The proof is finished. O
A simple example of g, & and @ is

Od(x,7)=1, g(x,7) =c(x) —b(x)T, h(r) =1—1°

_ ow
for some constant B > 1 and nonnegative function b € C(£2). Then (iv) becomes M =
v

ad
g(x, w), % = g(x, wy) on 9€2, and the estimate (2.2) reduces to
v

/w*(wﬁ—WE)<. W )
————— | divla(x)Vw] — —div[a(x)Vw,] |dx
Q wf Wy (2.3)

-1 2
<-B a(x)w2<&> ‘V& dx <0.
Q w w

3 Main results
3.1 Scalar equation

In this subsection, we study the following scalar parabolic equation

ur =dx)Au+uf(x,u), x e 2, t>0,
opu =0, x€d, >0, 3.1
u(x,0) = g(x) =#0, x € L,

where d € C¥(Q) and f € C*%(Q x [0, 00)) satisfy

{d(x) >00nQ, f(x,7)is strictly decreasing for ¢ > 0, (3.2)

there exists K > 0 such that f(x, ) < 0for (x, 1) € Q x [K, 00).
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When d(x) = 1, the global stability of the positive equilibrium solution u*(x) (if exists)
of (3.1) has been shown in [4, Proposition 3.2] by using the Lyapunov functional

V(u)=/ (1|W|2—F(x,u)> dx,
o \2

u
where F(x,u) = / T f(x, T)dr. Here we consider a more general case that d(x) > 0 on
0

Q, and we use a different Lyapunov functional to prove the global stability of u* with respect
to (3.1).

Theorem 3.1 Assume that ug € C(Q) and ug(x) >, # 0. Ifd € C*(Q) and f € C¥*(Q x

[0, 00)) satisfy (3.2), then the problem (3.1) has a unique positive solution u(x,t) fort €

(0, 00). Moreover, if (3.1) admits a positive equilibrium solution u*, then tlirn ulx,t) =
—00

w*(x) in C*(Q).
Proof Denote
M = max {K mag(uo(x)} ,
xeQ

where K is given by (3.2). Then (M, 0) is a pair of ordered upper and lower solutions of
problem (3.1). This implies that the problem (3.1) has a unique positive solution u(x, t)
satisfying 0 < u(x,t) < M for (x, 1) € Q x (0, co). It then follows from Theorem 2.1 that
there exists a constant C > 0 such that

. — . — <
rtn;-f( [lus (-, t)”c(gz) + rtnzalx flue (-, t)||C2+LV(Q) <C, (3.3)

since here the functions a;;(x) = 0 for i # j, a;;(x) = d(x), and b; = ¢ = 0 satisfy (Ly)
and (L), and the function g(x, u) := uf (x, u) satisfies (L3) witho; = 0and oo = M.
Define a function E : [0, o) — R by

uLD () s — u*(x)
E@t) = - —————dsdx.
© /Q/u*(x) d(x) s *

Then E(t) > 0 for t > 0. From (2.3), we obtain

dE® =/ dex:/ WD) A+ uf (r )] d
Q Q

dt du du

= / wu—u) (dAu +uf(x,u)— i*dAu* — i*u*f(x, u*)) dx
Q u u

du
u*(u —u*) u y w*(u —u*) *
:/g‘)T(dAM—uf*dAM )dx+/s;T[f(x»u)_f(xvu )]dx
* )2 ® ok
s/ (—u2 v +““‘”)[f(x,u>—f(x,u*)]) dx
Q u d

< —/Q U [~ f ] dx = () < 0.

Taking advantages of (3.3), we have [|[Y//||c((1,00)) < Ci for some C; > 0. Then it follows
from Lemma 2.2 that

lim ¥ (1) = —/ W —un [ u) = Fx,u™)]dx =0. (3.4)
Q

t—00 d

@ Springer



132 Page80f28 W.Nietal.

The estimate (3.3) also implies that the set {u(-, ) : ¢+ > 1} is relatively compact in C*().
Therefore, we may assume that

e, ) — oo (Xl c2ig) = 0 as i = 00

for some functign Uoo € C2(). Combining this Wiﬂl (3.4), we can conclude that uq (x) =
u*(x) for x € Q. Thus tlim u(x, ) = u*(x) in C2(Q). The proof is finished. ]
—00
Assume f(x,u) = m(x) — ¢ (x)u with m and ¢ satisfying

m(x)
d(x) d

Then f(x, u) = m(x) — ¢ (x)u satisfies (3.2). Let 64 »,¢ be the unique positive solution of

m, ¢ € CYRQ), / x>0, m(x)#£0and ¢p(x) >0, xeQ. (3.5)
Q

[d(x)AQ +6[m(x) —p(x)0]1 =0, x € Q, (3.6)

2,0 =0, x € 092.
Indeed the existence of 6, .4 follows from [4, Proposition 3.2] and [10, Proposition 2.2],
and the uniqueness of 6,4 ;,, 4 1s a consequence of [4, Proposition 3.3].

Clearly, for the above defined f (x, u), we could directly apply Theorem 3.1 to obtain the
following conclusion.

Corollary 3.2 Assume that ug € C(Q) and d € C*(Q) with ug(x) >,# 0, d(x) > 0 on
Q. Let f(x, 1) = m(x) — ¢(x)T with m and ¢ satisfying (3.5). Then the problem (3.1) has
a unique positive solution u(x,t) and a unique positive equilibrium solution 0y . 4, and
Jim u(x, 1) = 04.m.p(x) in C*(Q).

Remark 3.3 For the quasilinear parabolic problem with nonlinear diffusion and nonlinear
boundary condition:
uy =dx)divla(x)Vo(x,u)] + f(x,u), x € 2, t>0,
M =g(x,u), x€0Q,t >0, 3.7
u(x,g)zw(x) >0, x €Q,

where g and @ satisfy (i) and (ii) in Lemma 2.4, a € C'**(Q), d € C*(Q) with a(x) > 0
and d(x) > 0 on 2, one may construct a similar Lyapunov functional

£ _/ /"<X~f) O(x ) DCx,8) = OO |
Jeluw  d@) D(x,5)

to prove the uniqueness and global stability of the positive equilibrium solution u, with
respect to (3.7). For more results about the problem (3.7), readers can refer to [27,30] and
the references therein.

3.2 Competition models

We consider a Lotka—Volterra competition model with k species

k
a .
31/? =d;(x)Au; +ui(m,-(x)—2a,-j(x)uj>, xe, t>0,1<i<k,

j=1 (3.8)
dyu; =0, XedQ, t>0,1<i<k,
ui(x,0) =¢;(x) >, #0, xXeQ, 1<i<k,
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where d;, a;; and m; satisfy
di,aij,mi € C*(Q), a;; >0,a; >0, di >0in Q (3.9)

forsome 0 < o < 1.

In the following, we always assume that for each 1 < i < k, either inf .5 d; (x) > 0 or

d; = 0. Without loss of generality, we assume for some integer 1 < ig < k,

inf di(x) >0, ieA;:={l,...,ip},
xeQ

d: =0, ieAryi={1,....k}\ A;.

Here igp = k just means inf g d;(x) > O forall 1 <i < k. For the case iy < k, itis clear
that the species u; fori € A, is immobile in the habitat .
We say that u* := (u7, ..., uy) with

uj € C*(Q), ui € C*(Q) fori e Ay, j €Ay

is a positive equilibrium solution of (3.8) if u} (x) > 0 for x € Q, 1 <i <k satisfy

k

d; (x)Aut +u7<m,-(x) - Za,-juj> =0, xeQ, i€A,
j=1
k (3.10)
mi(x)—zaijufF:O, X e, ie A,
j=1
duf =0, x €0, i€ A

Moreover we will also consider the global stability of some semi-trivial equilibrium solutions
) == (v}, ..., v)) of (3.8) with v} satisfying

vf € C*T(Q), v} e CU(Q) forie Ay, je A

and .
> 0, xeN, ieB CA,
. =0, xeQ,ieB CAy,
U= >0, xe€Q,ieB;3C A,
=0, XEQ, i€BsC Ay
and

di(x)Av;"—}-vf(mi(x)— Z a,'jvj> =0, xeQ, ieBy,
Jj€B1UB3
mi(x) = Y ajv; =0, xeQ, ieBs, 3.11)
jeBUB3
dvj =0, x €99, i € By,

where the index set B; satisfy U?lei ={l,...,k}and B; N B; = @ fori # j. Clearly,
BiUBy = A1 ={1,...,ip}and B3 U By = Aj.
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If the resource functions m; and other coefficient functions d; and a;; are all positive
constants, the global stability conclusions of the following ordinary differential equation

k
wj (1) = u; (1) (m,- —Eauuim), 1<i<k, 3.12)
u,(O) > 0,
are well known (see [8, Page 138]). For convenience of the reader, we recall it as follows.

Theorem 3.4 [8, Page 138] Assume that m; > 0, a;; > 0 for 1 <i <k, and a;; > 0 for
1 <i,j <k If (3.12) has a positive equilibrium w* € R and there exists a diagonal matrix
C with positive constant entries such that C A + ATCis positive definite where A = (a;j )k xk,
then w* is globally asymptotically stable with respect to (3.12).

Moreover, a similar Lyapunov function as in [8] could be utilized to show the following
global stability results regarding the semi-trivial equilibrium of (3.12).

Corollary 3.5 Assume thatm; > 0, a;; > Ofor1 <i <k, anda;; > 0for1 <i,j <k. Let
i1 €[1, k) be an integer. If

(i) the problem (3.12) has a semi-trivial equilibrium v* = (v}, ..., v}) € R with v >0
forl <i<iyandvf =0foriy+1=<i <k,

i
(i) m; — Y aijvi <0foriv+1<i <k
j=1
(iii) there exists a diagonal matrix C := diag(cy, . . ., ck) with positive constant entries such
that CA + AT C is positive definite,

oo
then v* is globally asymptotically stable with respect to (3.12), and / ul~2(t)dt < oo for
0
hh+1<i<k
Proof Ttis clear that the problem (3.12) admits a unique nonnegative solution (1 (¢), .. ., uxg(t))
satisfying 0 < u; (t) < mj/a;; fort € (0, 00). Define a function F : [0, c0) — R by

i k
F@) =) ailui@ = vf nui )1+ ) ciui(0).

i=1 i=ij+1

Denote U (1) := (u1(t) —vj, ..., ux(t) — v,’:). Making use of (3.12) and (i)—(iii), we deduce

kok k i
Teey * * *
Fl(y==> ciaijui — v —v)+ > wi [mi—) ajv?
i=1 j=1 i=ij+1 Jj=1
ko k
<= ciaijwi —v))uj —v})
i=1 j=1

k k
1
== 3 20 D (eiai + aije) i — v (uj = v))

i=1 j=I

k
I
=—JUCA+ATOUT < —¢ X;(”i —v9)? <0
P
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for some small € > 0. Then the boundedness of u;(z) allows us to apply Lemma 2.2 to

k
conclude that Zizl[u,-(t) — v;“]z — 0 ast — oo. Consequently, lim;_, o u; (t) = vi*.
Moreover, F(00) := tlim F (¢) exists since F (¢) is non-increasing and has a lower bound
—00
for t > 0. This combined with the following inequality

k k
F'(1) < —e Z (i —v))* = —e¢ Z ui (1)

i=i1+1 i=i1+1
o0
implies that/ u?(t)dr < (F(0) — F(o0))/e < oo forij+1<i <k. O
0

The Lyapunov function in [8] is only for ordinary differential equation model without
diffusion, but the integral of this function over spatial domain can be used as a Lyapunov
function for reaction—diffusion models to prove the global stability of the constant equilibrium
solutions with respect to (3.8) when d;, m; and g;; are all constants. On the other hand, if
one of the functions m; and g;; is not constant, then the equilibrium solutions of (3.8) may
not be constants which brings difficulties to study the global stability of these non-constant
equilibrium solutions if we use the same Lyapunov functions as that in [8].

Now we are ready to present our main result on the global stability.

Theorem 3.6 Let (3.9) be satisfied, and let the sets A;, B; be defined as above, and addi-
tionally initial function ¢; > 0 fori € As. Then the problem (3.8) admits a unique positive
solution (u;) satisfying u; € C(Q x [0, 00)) N CH'“’I#(Q x (0,00)) for i € Ay and
u; € C(Q x [0,00)) fori € Aj, and for fixed constant T > 0 there exists a constant
M = M(T) > 0 such that

SUP ||Ml'(', .)||C1+°‘~(1+°‘)/2(§><[5,.9+T]) S M, l S A],
s>1

max flu; (. Oll ey max 13 ¢ Dllegay < M. Jj € Ao,

(3.13)

Moreover, we have the following global stability conclusions.
(1) (Global stability of positive equilibrium solution) Assume that

(1) (3.8) has a positive equilibrium solution u*,

(ii) for this u*, there exist some positive constants & with i € A and some positive
functions & € C(Q) withi € Ay such that the matrix Q(x) = (qij(x) +qji(x)) is
positive definite for every x € Q, where

giuy(x) ,
gy =1 o WA
&i(x)a;j(x), i € Aj.

Then
lim u; (x, 1) = uf(x) in CY(Q) fori € Ay,
—00
lim u;(x, 1) = uf(x) in L*(Q) fori € As,
—00

which immediately implies that w* is the unique positive equilibrium solution of (3.8).
(2) (Global stability of semi-trivial equilibrium solution) Assume that
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(i) (3.8) has a semi-trivial equilibrium solution v* = (v}, ..., v{), and
mi(x) = Y aijvi(x)=mi(x) = Y ajvi(x) <0, i€ByUBy (3.14)
1<j<k JEBIUB3

(ii) for this v*, there exist some positive constants & withi € By U By = A and
some positive functions & € C(Q2) withi € B3 U By = @ such that the matrix
0(x) = (gij(x) + gqji(x)) is positive definite for every x € S, where

gij(x) = Si;z‘g}f;)’ i B
&i(x)aij(x), i € B3U By.

Then
lim u;(x, 1) = vi(x) in C'(Q) fori € By U By = Ay,
—00
Jim u;(x, 1) = vf(x) in L*(Q) fori € B3 U By = As,
— 00

where v} =0 fori € By U By.

Proof By the similar arguments as Theorem 3.1, we could apply upper and lower solutions
method to show the existence and uniqueness of solution to the problem (3.8), and also

u; < max {max mi (x) , Max ¢; (x)}
xe@ @i (%) xeQ

k
Note that the growth rate per capita term m; (x) — Z ajj uj in (3.8) is uniformly bounded
J

=1
in Q x [0, 00). Making use of Theorem 2.1 for each i € A1, we obtain that for fixed 7 > 0,
p > 1, there is a constant M1 = M;(p, T') > 0 such that

il 2 g iy < Mo Vs 1 i€ AL

Then it follows from Sobolev embedding Theorem for large enough p that there is M =
M (T) > 0 such that (3.13) holds fori € A;. Fori € Aj;, the estimates in (3.13) are obvious
just from the equation of d;u; in (3.8).

(1) Define a function F : [0, c0) — R by

wilen y*(x) s — *(x) i (x.1) —u; (x)
F@) = S,// ! X dsdx + // & (x ) dsdx.
lg s di(x) l; *(x)
From (3.8) and (3.10), we obtain
(i — u} (0)]uf (x) u? (x)
7—2&/ Wat u;dx +Z/§z(x) Ou;idx

€A i€Ar

k
ul(u; — u; )
= Z %‘t/ dlut diAu; + u; (mi - ;a;ju_i) dx

€A 2

k
+ Z / gl(”l - i <mi _ Zaijuj>dx
j=1

i€Ar
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k
ul(u; —ul)
= ZS,/S; dlu, d; Au; +ui<mi —;aijuj) dx

i€Ay

k
ui(up —ul) | u; u;
- [ M e+ (= Yo ) |
j=1

i€A; 2 i i

k k
+Z/§z(ul u;) (mi—zaijuj—mi+zaiju7>dx
j=1 j=1

i€Ar

wf(u; —u’) u; wf(u; —u?) k
_ Z %‘;/ % (Au,- _ ui’l“Au’*> _ %Zaii(wi —uj) dx

i€A; i ! j=1

- Z/El(u’ u; )Zaz](uj u; )dx.

i€Ay

Making use of (2.3) and the definition of g;;, we deduce

dF _ iaiju;
< /(Za » %—{”’(m—u?)(u,—uj))dx

1

l

i€A] tEA] 1<j<k
/ Z élalj(ul u; )(uj —Uu; )dx
€A, 1<j<k
giaiju:‘k * * * 1 g
== /| ZA g =D — )+ ZA Eiaij(u; —uf)uj —ub) | dx
ieA1,1<j<k ieAr, 1<j<k
/ 37 qiju — u)(uy — wdx
v 1<i,j<k
=—-3 Z [(Ql] +q71)(”1 u;k)(uj - uj)]dx
2 1<i,j<k

Note that the matrix Q(x) = (g;;(x) + g;;(x)) is positive definite and every function g;; is
continuous for x € €2, there is a constant € > 0 such that

— < | Y i —u)de =y ) <0.
2 <i<k
By (3.13), ¥ (¢) is uniformly continuous in ¢ € [1, 00). It then follows from Lemma 2.2 that
lim [ (1) = uf Q|2 =0, 1<i <k (3.15)
Clearly, it remains to show that for i € Ay, u; (-, t) converges to u* in Cl(Q) ast - oo.

Making use of (3.13), we see that {u; (-, )};>1 is relatively compact in c! (2), and for any
convergent subsequence of {u; (-, #)};>1, denoted by {u; (-, tk)},f‘;1 with #p — o0, there exists
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aiif € C'(Q) such that
tkli_{noo i (1) — it Oller gy =0, i € Ay,

Recalling (3.15), the uniqueness of the limit implies u} = i?. Therefore, tlim ui(x,t) =
—00

uf(x)in CY(Q) fori € Ay.
(2) Define a function F : [0, c0) — R by

u; (x.1) v*(x) s —vi(x) a ui(x, 1)
F(r)_Zg,// i < dsdx+ZEi/Qde

icB 70 icB

uj(x,t)
Z// ft(x) ( )d dx+2/ét(x)u (x, t)dx

*
ieB3 &) i€By

=101+ Oy + O3 + O4.

Similar calculation as in (1) shows

d(®] + 03) &a;;vF

%57/ Y ) v+ YT G = v — o) | dx
@ \ie1<j<k ¢ ieBs,1<j<k

=—/ > qij (i — v} (uj —v})dx,
B UB; 1< )<k

where we have used v;’f = 0for j € By U B4. From (3.8) and (3.11), we deduce

d(©y +0 orut;
WOLEO _ 5 [ Mg, +z/gla,udx

i€B Q2 i€By
k
= Z%’l/ Au; —|— u; Zaijuj dx
ieB) j=1
—i—Z/S,u, m; — Zalju] dx
i€By

k k k

N T CEDWED MRS W B
j=1 j=1 j=1

+ 3 [ e i zz z ds.

i€By

Note that v; = O for j € B, U By. In view of (3.14) and the definition of ¢;;, we deduce

d(©7 + B4)
— == Z —lu,Za,j(uj v;'f)dxf f&,u,Za,j(uj vj )dx

ieBy ieBy
- Z/ Ei' Zaij(uifv;k)(ujfv;f)dxf > / 3 Za,j(u, v j — vidx
icB) Qd L=l icBy
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/ Z qij(uj —vi)u; — v;f)dx.

ieByUBy,1<j<k

Therefore,
1
f D giji — vy —vHdy = —> / D (Gij +aip) i — v uj —vdx.
Q J 2Ja, &~ J
1<i,j<k 1<i,j<k
By the similar arguments as (1), we obtain the desired conclusion. ]

Remark 3.7 (i) If the boundary condition of (3.8) is Robin boundary condition taking the
form d,u; = b(x)u; + c(x) with nonnegative functions b, ¢ € C%(Q), one sees that by (2.3)
that the conclusions in Theorem 3.6 still hold.

(ii) If A» = 0, then the convergence conclusions in Theorem 3.6 could be enhanced, say
in C2(). See also Proposition 3.8 below for a strengthened version.

(iii) In Theorem 3.6(1), we could rewrite the matrix Q as

o0=CcA+ATcC, (3.16)

where the matrices A and C are defined as A = (a;;(x)) and

*

. (u] Ui,
C = diag Ilgla---,Z§i0’§i0+la-~-’§k .
io

Then the condition in Theorem 3.6 (1) (ii) becomes that CA + ACT is positive definite,
which coincides with the condition in Theorem 3.4.

Finally we show that when all diffusion coefficients are positive, the convergence to the
semi-trivial solution can be shown under a condition on an i; X i} matrix Q instead of on
the full k£ x k matrix Q.

Proposition 3.8 Assume that d; > 0, a;j and m; satisfy (3.9). Let v} = (v;) with v; > 0 for
1<i<iyandv; =0 foriy +1 <i <k be asemi-trivial equilibrium solution of (3.8) for
some 1 < iy < k. Suppose

o0
/ i, D12 gyde <00, i +1<i<k (317
0

and there exist some positive constants & for 1 < i < iy such that the i1 x i} matrix
01(x) = (qij(x) +qji(x)) with gjj (x) = Si%alj (x) is positive definite for every x € Q.
Then lim; oo u; (x,1) = vi*(x) in C2(§)f0rl <i<k.

Proof From (3.17) and the uniformly boundedness of [|u; (-, £)|| -2+e @ fort > 1, we could
apply Babarlat’s Lemma to show that Ilim [ui (-, Dll2) = 0fori; +1 < i < k. Then the
—00

relative compactness of {u;(-,¢) :t > 1}in C 2(Q) implies
tl_i)rgo“ui("t)nc2(§) =0, 1 +1<i<k

Define

u; (x,1) v*(x) s — vi*(x)
F(1) —Zé,//v T Xy s

F(x)
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Denote g;;(x) = E’d’(g)a,j(x) forl <i <ijandi; +1 < j < k. Then by the similar

computation as Theorem 3.6 (1) with A, = ¢, we obtain

75_/22%1(”1 U)(”j_v)dx

i=1 j=1

Since Q1(x) = (gij(x) + ¢qji (x)) with 1 <, j <y is positive definite, then there is § > 0
such that

i i

/ZZ%/(’M V; )(uj —v; Hdx < 5/ Z(M, —v; ) dx,

i=1 j=I

and hence for € = §/(2k),

dF
= Za(ul—w Y s ) [ ds
2 i=1 j=i1+1
q>
< —/ Z(S(ul —v; )2 _ Z Z (e(ui — v;“)2+ 4—Z(uj —v;)2> dx
Q i=1 j=i1+1
Loq
5—/ Z(S—ke)(u,—v )? —Z > i(u —vh)? | dx
Q2 i=1 j=i1+1
q
/Z (u; — ] )de+/ Z ( ”)( uj — v = =y (1) + h(1).
Jj=i1+1
Making use of (3.17) and Lemma 2.2, we obtain lim;,_, ., ¥ () = 0, and therefore
lim/ o0 ||u; — v;k||Lz(Q) = 0 for 1 < i < ij. Then the similar arguments as the proof
of Theorem 3.1 yield lim;_, oo u; (x, ) = v} (x) in C2(§) forl <i <ij. ]

4 Applications

In this section, we consider the following two special cases of d; and g;;:

Case I di(x) > 0,a;;(x) > 0when k =2,

Case 2 d; > 0 and a;; > 0 with a;; = 1 are all constants, and m;; > 0. 4.1)
To show the global stability of equilibrium solutions (u}) with respect to (3.8), we need to find
some positive constants (or functions) &; such that the matrix-valued function Q(x) defined
in Theorem 3.6 is positive definite. As Q depends on u?, the estimates of the equilibrium
solution u are crucial to achieve this goal. With the help of upper and lower solutions method,

we could obtain a rough estimate of the equilibrium solutions. And then, by verifying the
conditions in Theorem 3.6 we can show the global stability of equilibrium solutions of (3.8).

4.1 Two species

Theorem 4.1 Suppose that the functions d;, m;, a;; satisfy (3.9) with k = 2.
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(1) Supposethatinf 5 d;(x) > 0.1f (3.8) has a positive equilibrium solutionu* = (u7, u3)
and there are two constants &1 > 0 and &y > 0 such that

Q = CA+ AT C is positive definite (4.2)
with A = (a;;) and C := diag(&\u}/dy, &ub/do), then lim; o0 u; (x, 1) = uj (x) in

Ci(Q).

(2) Suppose that inf di(x) > 0,dr(x) =0and

xeQ
0 < an(x)ay (x) < an(®anx), xeQ. (4.3)

Then

() the positive equilibrium solution (uy (x), u3(x)) of (3.8), if exists, is globally asymp-
totically stable, and lim uy(x,t) = u}(x) in C'(Q) and lim us(x,t) = uj(x) in

11— 00 11— 00

L*(Q).

(i) If

(x) -
Z’;l();) < Oy (0, x € (4.4)

then 1im uy(x, 1) = 04y my.a, (x) in C1(Q) and lim u(x,t) = 0in L*(RQ), where
11— 00 —00
Ody.my,ay, IS defined as in (3.6).
(iii) If
an (x) - mz(x)’ ca @.5)
app(x) = my(x)

ma(x) |

in L*(2
22()6) ().

then lim uy(x,t) = 0in CH(Q) and lim uz(x,t) =
t—00 =00

Proof (1) It follows from Theorem 3.6 (1) and Remark 3.7 that the statement in (1) is valid.
() Let & = 1 and &(x) = 92578 Then it follows from (3.16) with ig = 1 that

Eut Eut uy uy
2= tan —Lay + &an 27ta;; 24 a
Q=CA+A"C= El bt g @, a
ainy + &az1 28a2 2d1 ap 25250 ay,

a21d1
_Zﬂ ap a2
dy \ a12 L2 a4y,

azy

u a12

Sinceaj; > 0,a > Oanddet Q = 2%(a11a22a12/a21—a122) = o (ar1an —apazy) >
0 by (4.3), we easily see that Q is positive definite. Hence, by Theorem 3.6 (1), the conclusion
of (i) holds.

(i) Clearly, (u7, 0) is a semi-trivial equilibrium solution of (3.8), where u} = 04, m,.a;,
is the unique positive solution of (3.6). We also use the notations B; and g;; as in Theorem
3.6. Then By = {1}, B, = ¥, B3 = ) and By = {2}, and

Eui(x) .
i) = | a0 1=k
& (x)az;(x), i=2.
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Let& = 1 and & (x) = “2840) ey

az1 (x)di (x)
&uy &uy
0- 2gtan Sgtanthan) _ouj (an an
—\ &y 4 a2
gan +&an  268axn dp \ 412 g, 422

is positive definite by (4.3). In view of (4.4), we could apply Theorem 3.6 (2) to obtain the
conclusion (ii).
ma(x)

(iii) Clearly, (v (x), v3(x)) = (0, )
ay (x
and g;; be defined as in Theorem 3.6. Then By = ¥, B, = {1}, B3 = {2} and B4 = ¢, and

) is a semi-trivial equilibrium solution. Let B;

& .
o , =1,
gij(x) = dl(x)alj(x) l

& (x)azj(x), i=2,

aa(x)
di(x)az (x)

0- 28ban HantHan) 2 <a11 an )
%0124-52021 25a2 ary gran

B di azy
is positive definite by (4.3). This combined with (4.5) allows us to show the conclusion (iii)
by Theorem 3.6 (2). ]

Let& =1land &(x) = Then

Remark 4.2 (1) A simple calculation indicates that (4.2) is equivalent to a;; > 0 and
apan(x) 45 @& =
< — = , xe
ajp(x)an(x)  [Ex) + &(x)]?
where & (x) = &uj (x)/d; (x).

(2) Clearly, when d» = 0, the problem (3.8) admits a positive equilibrium solution
(u7(x), u3(x)) if and only if (4] (x), uj(x)) satisfies

’

—di(xX)Au; = uy [ml(x) - &mz(x) - (au - %) u1:| , x €Q,
ann ann (46)

dyu; =0, x € 082,

. m2—axu} — . .
and u5 = —————— > 0 on 2. From [4, Proposition 3.2], [10, Proposition 2.2] and
az

[4, Proposition 3.3], one possible condition leading to the existence of (u] (x), u3(x)) is
that

dx >0, mo(x) —an(x)8(x) >0, xeQ,

/ ax(x)my(x) — ap(x)ma(x)
Q dy(x)ax(x)

where 0 := 04, m\—a12/ar,a1—araz Jax 18 defined as in (3.6).
Example 4.3 For the problem (3.8), let k = 2, d;(x) = rdy(x) > 0 for some constant » > 0.

If the positive constant vectors (it1, i2) and (u;, u,) are the upper and lower solution of
(3.10) [or the corresponding elliptic boundary value problem of (3.8)], and

ap(x)a1(x)  uju,
xeq ai(xX)axn(x) iy’
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then (3.10) has a unique positive equilibrium solution (u7, u3) bounded by (u;, u,) and
(@, i), and im u; (x, 1) = u} (x) in C*(Q).
— 00

4.2 k species

We assume that (4.1) holds throughout this subsection.

4.2.1 Positive equilibrium solution

For the simplicity of notations, we define, for 1 <i <k,

m; = minm;(x), ml+ = max m;(x),
xeQ T xe i T 4.7
m_=(m1""’mk) . m+:(m17...7mk)’ ()

A = (ajj)kxk, B=A—1I,

where I is the k x k identity matrix. Clearly, the diagonal entries of B are 0 because of (4.1)
and (4.7).

To study the global stability of positive equilibrium solution of the problem (3.8), we
make the following assumptions:

(F1) The determinant det [A(21; — A)] # 0, and the algebraic equations

A0] . [m +QL—-A)"m"—m")
[0 A] Co = |:m+ - QL —A)'(m* —m") (4-8)
has a unique positive solution Cy := (1, ..., Ck, €, ..., C;) € R2k,
(F2) There exists a 2k x 2k diagonal matrix Q| with positive constant entries such that
the matrix

T
I B I B . .. .
01 [B Ik] + [B Ik] Q1 is positive definite.

(F3) There exists a k x k diagonal matrix Q, with positive constant entries, such that
0>(Ix — B —¢1) + (Iy — B — ¢1)T Q3 is positive definite, where

. Cl—C¢C| C2—¢Cy Ek_Qk
¢ = dlag( —— == ..., , 4.9)
¢ & Cr

and ¢; and ¢; are given by (Fy).
For the assumptions (F2) and (F3), we have the following conclusion
(F3) implies (F2), (4.10)
which in fact is a direct consequence of Proposition 4.5. We recall that the system (3.8)
is uniformly persistent (see, e.g., [9, Page 390]) if all solutions satisfy li}E ggf uj(x,t) >0

forall 1 < i < kand x € €, and it is permanent (see, e.g., [5,20]) if it also satisfies

limsupu;(x,t) < M for some M > 0. Now we prove the following result which concerns
11— 00

with the permanence property of (3.8), and also the global stability of the positive equilibrium
solution of (3.8).
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Theorem 4.4 Let (3.9), (4.1) and (F1) be satisfied.
(i) Assume (F2) holds. Then the problem (3.8) has a positive equilibrium solution
(ui(x), ..., u;(x)) which satisfies

0<¢ <uf(x)<¢, VxeQ, 1 <i<k, 4.11)
where C, = (C1,...,Ck,Cp,...,C) € R2 g given by (F1). Moreover, the solution

(uy, ..., ug) of (3.8) satisfies

0 <¢ <liminfu;(x,t) <limsupu;(x,t) <¢;, Vx¢€ Q, 1<i<k, 4.12)
=00 t—00

which immediately implies that the problem (3.8) is permanent.
(i1) If (F3) holds, then tlim ui(x, 1) = uj(x)in C2(§)f0r 1<i<k
—00

Proof (i) From the assumption (Fy1), we know that ¢; > 0 and ¢; > 0. Next we show ¢; > ¢;
and (4.12) by considering an auxiliary problem

ﬁ;:ﬁi<mi+—ﬁi— Z a,'jgj), t>0,i=1,...,k,
I<j=<k, j#i
ﬂz,‘:ﬂi(mi__ﬂi_ Z a,'jﬁj), t>0,i=1,...,k,
1=<j=k, j#i
i;(0) = max ¢ (x), u;(0) = ming; (x), i=1,... k.
xXEQ xeQ

Denote U(t) = (u1(t), ..., ui (1), u (@), ..., gk(t))T. Then the above ordinary differential
equations could be rewritten as

+
U'(t) = <[$_] _ [g‘ i]) Ur). (4.13)

Here, without loss of generality, we can assume ¢; (x) > 0 on Q since the solution u; (x, 1)
of (3.8) is positive for any + > O which can be easily obtained by applying upper and
lower solutions method [29, Theorem 8.1] and Hopf’s Lemma for parabolic equations. Then
(w1(t), ..., ux(t)) and (u;(?),...,u,(t)) are a pair of coupled ordered upper and lower
solutions of (3.8) and so

0 <u;(t) <ui(x,t) <i;(t), Vxe, t>0. (4.14)
Note that (4.14) holds. In order to prove ¢; > ¢; and (4.12), it suffices to show that
lim @ (1) =&, lim u;(1) =¢;,
—>00 1—00

which could be proved by using Theorem 3.4 and the assumption (Fz) if C, =

(C1, ..., Cky €5 - -, Cp) 1s a positive equilibrium of (4.13), namely, C, satisfies
Ik B] 7 [m"
|:B IJ C, = [m_} , (4.15)
where Iy, B, m~ and m™ are given by (4.7). Denote
| W=B' —(L—B)'+ L
Tlew-B T v e - B!
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It follows from det [({x + B)(Ix — B)] = det[AQ2Iy — A)] # O that det By = det(l; —
B)~!det(I; + B) # 0. Then multiplying the equation (4.15) by B; on the left, we have
[A 0] o — |:m* + Uy — B) 'mt — m*)]
0A - — (k=B 'mT—mH) |
Thanks to det By # 0 and (F1), we know that (4.15) holds and ¢;, ¢; > 0.

In the following, we show that (3.8) admits a positive equilibrium solution (u}(x), ...,
uz(x)) satisfying (4.11). Since (¢1,...,Ck, ¢y, ..., ;) With ¢; < ¢; is the unique posi-
tive equilibrium of (4.13), then (c1, ..., ¢x) and (¢, ..., ¢;) are a pair of coupled ordered
upper and lower solutions of (3.10) under the condition (4.1). It follows from [29, Theo-
rem 10.2, Page 440] that the problem (3.10) has a positive solution u* which is a positive
equilibrium solution of (3.8), and also (4.11) holds.

(i1) Note that (F3) implies (F2) by (4.10). From (i), the problem (3.8) has a positive
equilibrium solution u* satisfying (4.11). In view of Theorem 3.6 (1) and Remark 3.7, we
just need to show that there are positive constants &; such that

cA+ATC (4.16)

is positive definite, where C = diag (%51, cey gék). Letx; = (x1, ..., x¢) € R¥. Thanks
to (4.11), we deduce

XI(CA+ATC)X1 222 g:lat]-xt-x] = ZZ glall 22 ‘i:latﬂxt-x]

ll]l i#j

—ZZZ Elalj|xlxj Z ¢ (Cl — l Slall

i=1 j= l
= —x[Elx—B—c)+ Ux —B—c¢)) E]sz

where ¢ is defined as in (4.9), and
xo = (Ix1], ..., [x]), E =diag (%51, s %&) .

Choose suitable & > 0 such that E = Q», where Q> is given by (F3). Then CA + ATC is
positive definite by (F3), and the desired conclusion follows directly from Theorem 3.6. O

Proposition 4.5 [f one of the following holds,

(iii) there exist two k x k diagonal matrices Q3, Q4 with positive constant entries such that
both Q3 and 4Q4 — (Q4B + BT 03) 037" (BT Q4 + Q3 B) are positive definite,

(iii) there exists a k X k diagonal matrix Qs with positive constant entries, such that Qs (I —
B)+ (I, — B)T Qs is positive definite,

then (F2) is satisfied.

The proof of Proposition 4.5 is placed in “Appendix”. Clearly, (4.10) can be shown directly
by Proposition 4.5.

Note that the condition (F3) is weaker than (F3). With the condition (F3), the system (3.8)
is permanent and has a positive equilibrium, but it is not clear whether the positive equilibrium
is unique and globally asymptotically stable. The condition (F3) ensures the uniqueness and
global stability of the positive equilibrium. We give an application of Theorem 4.4 to more
specific resource functions.
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Corollary 4.6 Assume m;(x) = 1 + ¢ f; (x) with f; € C*(Q) satisfies | f;(x)| < 1 on Q. If

(i) there is a k x k diagonal matrix Q with positive constant entries, such that Q(Iy — B) +
(Ir — B)T Q is positive definite,
(i) The vector A=\vT has positive entries, wherev = (1,1,...,1) € R™.

Then there exists a positive constant gq such that for any 0 < & < &g, the problem (3.8) has
a unique positive equilibrium solution which is globally asymptotically stable.

Proof From (i) and Proposition 4.5, we see that (F2) holds. Next we show that (Fy) holds
for small € > 0. By (i), we know

QI + B) + (It + B)T Q is positive definite, 4.17)

which leads to det(ly — B) # 0 and det(A) = det(Ixy + B) # 0. In fact, in the proof of
Corollary 5.2 (see “Appendix”) we will verify (4.17). Since Iy — B and A are non-degenerate,
there is a unique C, = (C1,...,Ck,Cy5 ..., C) € R?* such that (4.8) holds. It remains to
show that

¢i >0, ¢ >0, 1<i<k.
Denote € = (c1,...,Ck), € = (¢}, ..., ) and Cy = (¢, ¢). From (4.8), we deduce
[A 0] or _ [+ e B 'm* —m")
0A * m+_(lk_B)—l(m+_m—)
|:é(m+ +m7) — fm* —m") + (- B)"'(mt — m_)i|

fmt +m7) + fm* —m7) - (4 — B)'m* —m")

1 [m*4+m~ + AU - B)'m* —m™)
"2 |:m+ +m™ — A(l — B)~ (m* — m‘)} ’
and so
¢=3A7'm" +m") + 3 — B)~'mt —m),
c=3A"'m +m*) - I — B 'mT —m"), (4.18)
c—c=—B) 'mt—m).

Since m;(x) = 1+ efi(x) with —1 < fi(x) < 1 on Q, we have m* = (I + &)v’,
m~ = (1 —¢)v!, wherev = (1, 1,...,1). Then by (4.18),

c=AW ety — BV,

c=A"W — el — B)7IVT, (4.19)
c—c=2e( — BV,

Clearly, the condition (ii) implies that ¢; > 0 and ¢; > 0 for small €. Thus, (Fq) is satisfied.
Furthermore, we see from Theorem 4.4 (i) that

¢ <¢, V1<ic<k, (4.20)

as (F2) holds, and (3.8) has a positive equilibrium solution (u}(x), ..., u,’(‘(x)) satisfying
(4.11). Moreover, (4.20) implies that the vector (I — B)~1vT also has positive entries.

In the following, we apply Theorem 4.4 to show the global stability of (u] (x), ..., uj(x)).
Clearly, we just need to verify (F3). Using (4.19) and (4.20), we see that ¢; — ¢; > 0 and ¢;
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for 1 <i < k are linear increasing with respect to ¢ > 0. Meanwhile, it can be verified that
Ci —

S

for 1 <i < k are linear increasing with respect to € > 0. Recalling that the matrix
Ci

Oy —B)+ Uy —B)TQis positive definite, by (5.1) we get the positive definiteness of the

matrix Q(Iy — B —¢1) + (Iy — B —¢1)T Q for 0 < ¢ < &g provided g9 > 0 small, where

¢ is defined in (4.9). Therefore (F3) holds. ]

The global stability of the positive coexistence stated in Corollary 4.6 is achieved under
a weak competition condition on the competition matrix A and the resource function being
a small perturbation from homogeneous one. We end this subsection by giving another two
examples of competition with 2 and 4 species.

Example 4.7 Let k = 2 and

- +
A= 1 app . B= 0 ap Cm = ml_ . mt = mly- '
ay 1 a O my ms

Then the conclusions in Theorem 4.4 hold if

my mfr 1
ap < —J < -—<—, 4.21)
my my az|

+ - i _ N - . )
apaz < <l—m1 —my +dialm _m2)> (1_ azi(my —my) +mj —mz).

+ - + -
my —appm, my —aim,

(4.22)

We verify (Fp) and (F3) under the conditions (4.21) and (4.22). A simple calculation gives
1 — 1
T I -
1 —apapn |—an 1 1 —apay [an 1

Then from (4.18), we see

1
G + - o+ —\T
c= (m|” —aipmy ,my —anmy)",
1 —axap
1
- + - T
c= (m; —appmy ,my —axmy)’,
1 —axa
1
= + - + - + - + —T
C—c=———(m] —m; +apm, —my),an(m; —my)+my; —my)" .
I —azan

By (4.21), any element in the vectors ¢, ¢ is positive, and each element in ¢ — ¢ is nonnegative,
which implies that (Fy) holds. Using the above formulas, we deduce
m?‘ —m; + alz(m; —m,)

- my —ajam; —an
1 1211,

Iy, —B—c¢ =

)

cm(mi" —my)+ m;' —m,

—as1 1 -
mzr —axm,
where ¢ is defined in (4.9). Clearly, (F3) holds if and only if (4.22) is satisfied.

If both m and m are positive constants, then the two conditions (4.21) and (4.22) become

mi 1 : o . o L .
ajp < — < — which coincides with the weak competition condition in the two species
my  az
diffusive competitive problem in an homogeneous environment [2,8]. On the other hand, for

the nonhomogeneous environment case, the result here is not as optimal as the ones in [12],
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but our proof is completely different: we use Lyapunov functional method, and we do not
use the monotone dynamical system method.

Example 4.8 Suppose that m;(x) for 1 < i < k satisfy the condition in Corollary 4.6. If
k=4 and

1 0.2 0.1 0.1
A= 0.2 1 0.2 0.15

0.1 0.2 1 0.1 |’

0.1 0.15 0.1 1

then for 0 < ¢ < 0.1, the results in Corollary 4.6 hold true.

4.2.2 Semi-trivial equilibrium solution

We investigate the global stability of the semi-trivial equilibrium solution v* := (v{, ..., v}

with
vi>0forl<i<iy, and v/ =0 fori; +1<i <k,
where i1 € [1, k) is an integer.
For the simplicity of notations, similarly to (4.7), we denote
m = (m;,...,mi:)T, mt = (mT,...,m:)T,
(4.23)

A= (@ij)iyxiy » B=A-1

1

where [;, is the i; x i} identity matrix. The diagonal entries of B are 0.
To study the global stability of the semi-trivial equilibrium solution v* of the problem
(3.8), we make the following assumptions:

(G1) The determinant det[Z Qr;, - AV)] # 0, and the algebraic equations
A0], .p [@+, — B~ '@ — )
[0 A} €)= [ﬁﬁ — Uiy = By @t - i) @29

has a unique positive solution cfl i=(Cly .., Ciyy Cpovvns gil), and

i1 i1
mi = aije; <0, my =Y ajé <0, Vii+1<i<k, (4.25)
j=1 j=1

where I;,, A, B, f~ and m* are given by (4.23).

(G2) There exists an i1 x i1 diagonal matrix Q¢ with positive constant entries such that
Q¢(liy =B —c)+;;, — B — )T Q¢ is positive definite, where

. f(ci—¢ —c¢ Ciy — ¢
c2=d1ag< == =2 = &
121

C1 2

and ¢;, ¢; are given by (Gy).

Theorem 4.9 Suppose that (3.9), (4.1) and the assumptions (Gy), (F2) hold.
(i) The problem (3.8) has a semi-trivial solution v* = (v}, ..., v{) which satisfies

¢ Svi(x) <G, YxeQ, 1<i=<i, (4.26)
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and v;k = 0foriy + 1 <i <k, and the solution of (3.8) satisfies

¢; <liminfu;(x,t) <limsupu;(x,t) < ¢, Vx eQ, 1<i<i,

=00 t—>oo 4.27)
tlim u;i(x,t) = 0 uniformly on €2, Viig+1<i<k.
—00

(ii) Moreover, if (G2) is satisfied, then

lim u;(x, 1) =uf(x) in CH(Q), 1<i<iy,
100 _ (4.28)
lim u;(x,1) =0 in C'(Q), i1+1<i<k.

—00

Proof (i) From (Gp), we know that ¢; > O and ¢; > 0 for 1 < i < ij. Next we show that
¢; > ¢; and
lim u; = ¢, lim u; =, 4.29)
—00 —00
where (i1, ..., Uk, Uy, ..., gk)T is the solution of (4.13), and the positive constants ¢;, ¢;
for 1 <i <iyare givenby (Gy),and ¢; =¢; =0fori; +1 <i < k. As (Gy) holds, by the
similar arguments as Theorem 4.4 (i) we know that (c1, ..., Ck, ¢y, ..., C;) IS a semi-trivial
equilibrium of (4.13). Then we could apply Corollary 3.5 to prove (4.29) since (4.25) and
(F2) hold. Moreover, (4.29), combined with (4.14), gives (4.27).

Clearly, (cy,...,¢;;) and (¢cq,...,¢; ) are a pair of coupled ordered upper and lower
solutions of (3.10) with A} = {1, ...,i1} and Ay = (. By [29, Theorem 10.2, Page 440] we
know that the problem (3.10) has a positive solution (v (x), ..., v?‘l (x)) and (4.26) holds.
Moreover, v¥ = (v}, ..., vf) with v} = 0fori; + 1 <i < k is a semi-trivial equilibrium
solution of (3.8).

(i1) Note that fooo l,_tiz(t)dt < oo fori; + 1 <i <k by Corollary 3.5. We see that

o0 o0
| i g < ieP [T @od < oo iv1sisk
0 0

Moreover, we can show thatthe i| x i 1T matrix Q(x) = (g;j (x)+gj; (x)) defined in Proposition
3.8 is positive definite for every x € 2 by using (G2) and the similar calculation as Theorem
v

d(,-X) for 1 <i, j <ij. Thus, (4.28) holds from Proposition 3.8. O

4.4, where g;j (x) = &ajj

5 Appendix

Before giving the proof of Proposition 4.5, we recall some preliminary results about matri-
ces. For any k x k matrices M, N, P and R, the following results hold (see, e.g., [15,
Page 104 and 149-150]):

M N

det[P R

] = det(M) det(R — PM~'N) = det(R) det(M — NR™' P),

[ NT g] is positive definite <=> both M and R — N” M~' N are positive definite,
If M is positive definite, then xMxT > exxT forall x € RF and some ¢ > 0. 5.1

Moreover, we have the following elementary conclusion.
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Lemma 5.1 Let M and N be two k x k symmetric matrices. Then M + N and M — N are

positive definite if and only if H = [M N

N M] is positive definite.

Proof (i) Suppose that M + N and M — N are positive definite. We will show that H is
positive definite. Set x1, X, € R, X = (x1,x2) and X # 0, then we have

XHXT = lexlT +x2Mx2T + 2x1Nx2T
=x;(M + N)x! +x(M + N)x +2x;Nx) —x; Nx] — xoNx]
=x;(M + N)xT +x(M + N)x} +x;Nx2 —x1)7 + (x; — x2)NxJ
=x1(M + N)X| +x(M + N)x] — (x, —x))N(x2 —x1)"

M+ N M+ N M+ N M+ N
> xlT Xo 5 x2T—2x1 5 x2T+x1 > XlT

M+N M+ N
5 X7 +2x > X7 — (x2 —x1)N(x2 — x1)7

+ N M+ N
(x2 —x)T 4 (x2 +x1)
2 2
—(x —x)N(x —x)”
M— N

= X1

+x2

(x2 4+ x)7

= (X2 — X1)

M+ N
+ (x2+x2)T>0.

(x2 —x)7 + (x2 +x1)

= (x2 —xp)

(i1) Assume that the matrix H is positive definite. Suppose on the contrary that M + N
or M — N is not positive definite. Without loss of generality, we assume that M — N is not
positive definite. Then there exists 0 # & € R¥ such that X(M — N)XT < 0.LetX = (—%, X).
From (5.2) we have

M — N M+ N

XHX" = X +%) G+ +x-% &x-—x7
M—N
= 4% %' <o,
2
which contradicts to the fact that H is positive definite. Thus M + N and M — N are positive
definite. The proof is finished. O

Corollary 5.2 [f there is a k x k diagonal matrix Q1 with positive constant entries such that

T
01y — B+ (I, — BT 0 is positive definite, then Qz[ I B ] + [lk B ] Q> is positive
B I B I
. Y 0 ]
definite, where Qy = [ 0 0/
Proof Denote X := (x1,...,x,), X:= (|x1],...,|xs|) and X # 0. Then

xO1(I + B)xT +x(I + B)TleT = 2xQ1xT + leBxT + XBTQ1XT
> 2xQ1x! —%QBx" —%BT Q%"

=%0,(I — B)X" +%( - BT 0% > 0.

This, combined with Lemma 5.1, gives the desired conclusion. O

@ Springer



Global stability of nonhomogeneous equilibrium solution for... Page 27 0f28 132

03 0
0 Q4

matrix with positive constant entries. The direct calculation yields

Proof of Proposition 4.5 When (i) holds, let Q = [ ] Then Q is a 2k x 2k diagonal

g o[k B] [hB] o_[ 205 0:B+B"0
T FI|B L B I T | 04B+BTQ3 204 '

By (5.1), we obtain that the matrix E is positive definite.
When (ii) holds, the desired conclusion follows immediately from Corollary 5.2. O
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