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Abstract

Turing-Hopf bifurcation is considered as an important mechanism for generating complex spatio-
temporal patterns in dynamical systems. In this work, the normal form up to the third order for the
Hopf-steady state bifurcation, which includes the Turing-Hopf bifurcation, of a general system of partial
functional differential equations (PFDEs) in a bounded spatial region of any dimension, is derived based on
the center manifold and the normal form theories of PFDEs. The explicit formula for the coefficients in the
normal form of Hopf-steady state bifurcation are presented concisely in a matrix form, which makes it more
convenient in not only symbolic derivation but also numerical implementation. This provides an approach of
showing the existence and stability of stationary and time-periodic solutions with spatial heterogeneity. The
derived formulas are also applicable to partial differential equations and functional differential equations.
© 2019 Elsevier Inc. All rights reserved.
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1. Introduction

In a dynamical model, the asymptotic behavior of the system often changes when some pa-
rameter moves across certain threshold values and such phenomenon is called a bifurcation. The
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method of the normal form is a standard and effective tool to analyze and simplify bifurcation
problems, see [12,21,60]. The main idea is to transform the differential equations to a topolog-
ically conjugate normal form near the singularity. For ordinary differential equations (ODEs),
the methods of computing the normal form have been developed in, for example, [5,12,13,20,
21], and for functional differential equations (FDEs), similar methods have also been devel-
oped in, for example, [18,19,25]. In FDEs, due to the effect of time-delays, Hopf bifurcation
occurs more frequently which destabilizes a stable equilibrium and produces temporal oscilla-
tory patterns [25]. Often a center manifold reduction reduces a higher dimensional problem to a
lower dimensional one, and the normal form can be computed on the center manifold [9,26,40,
57]. The method proposed in [18,19] has been applied to the bifurcation problems in ODEs or
FDEs, such as codimension-one Hopf bifurcation, and codimension-two Hopf-zero bifurcation
and Bogdanov-Takens bifurcation, etc., see [7,28,30,43,58,59,65,70].

Methods of center manifolds and normal forms have also been extended to partial differential
equations (PDEs). For example, the existence of center manifolds or other invariant manifolds
for semilinear parabolic equations have been proved in, for example, [2,3,14,27]. For parabolic
equations with time-delay or functional partial differential equations (FPDEs), the existence and
smoothness of center manifolds have also been established in [15-17,34,56,63,64]. In particular,
the calculation of normal form on the center manifold of FPDEs was provided in [15,16]. These
theories can be applied to reaction-diffusion systems (with or without time-delays) which appear
in many applications from physics, chemistry and biology. For example, the existence of Hopf
bifurcations and associated stability switches have been considered in many recent work [6,10,
22-24,44,53,54,66,68,69,71]. More recently with the integrated semigroup theory, the center
manifold and normal form theory for semilinear equations with non-dense domain have also
been developed in [35-38].

An important application of the normal form theory for PDEs and FPDE:s is the formation and
bifurcation of spatiotemporal patterns in reaction-diffusion systems (with delays) from various
physical, chemical and biological models. In the pioneer work of Turing [55], it was shown that
diffusion could destabilize an otherwise stable spatially homogeneous equilibrium of a reaction-
diffusion system, which leads to the spontaneous formation of spatially inhomogeneous pattern.
This phenomenon is often called the Turing instability or diffusion-driven instability, and asso-
ciated Turing bifurcation could lead to spatially inhomogeneous steady states [32,50,62]. Such
Turing type pattern formation mechanisms have been verified in several recent chemical or bio-
logical studies [31,33,42,48].

In many reaction-diffusion models, temporal oscillation caused by Hopf bifurcation and spa-
tial patterns from Turing mechanism can occur simultaneously producing Turing-Hopf patterns
which oscillate in both space and time [4,39,41,45,46]. Mathematically the complex spatiotem-
poral Turing-Hopf pattern involves the interaction of the dynamical properties of two Fourier
modes, and it can be analyzed through unfolding a codimension-two Turing-Hopf bifurcation,
see [49,51,52,61] and references therein. It is also a Hopf-steady state bifurcation with the zero
eigenvalue corresponding to a spatially inhomogeneous eigenfunction.

The aim of the present paper is to provide the computation of the normal form up to the
third order at a known steady state solution for a reaction-diffusion system with time-delay. This
normal form can be used to unfold the complex spatiotemporal dynamics near a Turing-Hopf
bifurcation point. We follow the framework of Faria [15,17] to reduce the general PFDEs with
perturbation parameters to three-dimensional systems of ODEs up to third order, restricted on
the local center manifold near a Hopf-steady state type of singularity, and the unfolding param-
eters can be expressed by those original perturbation parameters. Usually the third order normal
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form is sufficient for analyzing the bifurcation phenomena in most applications. The reduced
three-dimensional ODE system can be further transformed to a two-dimensional amplitude sys-
tem and the bifurcation analysis can be carried out following [21] to provide precise dynamical
behavior of the system using the two-dimensional unfolding parameters. Furthermore we give
an explicit formula of the coefficients in the truncated normal form up to third order for the
Hopf-steady state bifurcation of delayed reaction-diffusion equations with Neumann boundary
condition, which includes the important application to the Turing-Hopf bifurcation.

Our approach in this paper has several new features compared to previous work. First, our
basic setup of PFDE systems follows the assumptions (H 1)-(H4) in [15] with slight changes to
fit our situation, but we remove the more restrictive assumption (H5) which was used in [15].
Hence our computation of the normal form can be applied to more general situations. Second, the
normal form formulas here are directly expressed by the Fréchet derivatives up to the third orders
and characteristic functions of the original PFDEs, not the reduced ODEs. Hence one can apply
our results directly to the original PFDEs without the reduction steps. Also our formulas of the
normal form are presented in a concise matrix notation which also eases the applications. Third,
we neglect the higher order (> 2) dependence of the perturbation parameters on the system, as
in practical applications, the influence of the small perturbation parameter on the dynamics of
the system is mainly linear. This again simplifies the normal form but still fulfills the need in
most applications. Finally we remark that the normal form formulas developed in this paper for
PFDE:s are also applicable to the general reaction-diffusion equations without delay and the delay
differential equations without diffusion with obvious adaptions, and the unfolding parameters are
not necessarily the time-delay or diffusion coefficients.

Because the coefficients of the computed normal form can be explicitly expressed using the
information from the original system, our algorithm enables us to draw conclusions on the impact
of original system parameters on the dynamical behavior near the Turing-Hopf singularity. To
illustrate our normal form computation procedure, we apply our methods to the Turing-Hopf
bifurcation in a diffusive Schnakenberg type chemical reaction system with gene expression time
delay, proposed in [47]. Turing and Hopf bifurcations for this system have been considered in
[11,67], and Turing-Hopf bifurcation for the system in a different set of parameters was recently
considered in [29].

The rest of the paper is organized as follows. In Section 2, the framework of the system
of PFDEs at a Hopf-steady state singularity and the phase space decomposition are given, and
the reduction of the original equations to a three-dimensional ODE system is introduced. The
formulas of the normal form up to third order are presented in Section 3 while the proof is
postponed to Section 6. In Section 4, the precise formulas of the normal form with the Neumann
boundary condition and the spatial domain 2 = (0, /) are given. The application of abstract
formulas to the example of diffusive Schnakenberg system with gene expression time delay is
shown in Section 5, and some concluding remarks are given in Section 7.

2. Reduction based on phase space decomposition

In this section, we discuss the reduction and normal form for PFDEs subject to homogeneous
Neumann or Dirichlet boundary condition at a Hopf-steady state singularity with original pertur-
bation parameters following the theoretical framework in [15,17]. We will show that the system
of PFDEs can be reduced to a system of three ordinary differential equations defined on its center
manifold.
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Assume that €2 is a bounded open subset of R" with smooth boundary, and X is a Hilbert
space of complex-valued functions defined on 2 with inner product (-, -). Denote by Np the set
of nonnegative integers or positive integers, depending on the boundary condition:

N U {0}, for homogeneous Neumann boundary condition,
N, for homogeneous Dirichlet boundary condition.

Let {ur : k € Np} be the set of eigenvalues of —A on Q subject to homogeneous Neumann or
Dirichlet boundary condition, that is

9
AP+ mfi =0, x €, a—”zo or u=0, x €.
n

Then we have

O=po<py <--- < g <---— 00, for Neumann boundary condition, or

O<pr <pp<---<pup <---— 00, for Dirichlet boundary condition,
and the corresponding eigenfunctions {B; : k € Ng} form an orthonormal basis of X. Fixing
m € N and r > 0, define C = C([—r, 0]; X"*) (r > 0) to be the Banach space of continuous maps

from [—r, 0] to X" with the sup norm. We consider an abstract PFDE with parameters in the
phase space C defined as

u(t) = D()Au(t) + L(@)u; + G(u;, ), 2.1)
where u; € C is defined by u;(6) = u(t + 6) for —r <06 <0, D(«) = diag(d| (), d> (), ...,

dp (o)) with d; (0) > 0 for 1 <i < m; the domain of A is defined by dom(A) =Y C X™ where
Y is defined as

0
Y= {u € WZ’Z(SZ) : 8_14 =0,x¢e BQ} for Neumann boundary condition, or
n
Y= {u € W2’2(Q) u=0, xe 89} for Dirichlet boundary condition;

the parameter vector o = (a1, orp) is in a neighborhood V C R2 of (0,0), L: V — L(C,R™)
(the set of linear mappings) is C! smooth, G : C x V — R™ is C* smooth for k > 3, G(0,0)=0,
and the Jacobian matrix Dy,G(0,0) =0 with ¢ € C.

Let Lo = L(0) and Do = D(0). Then the linearized equation about the zero equilibrium of
(2.1) can be written as

u(t) = DoAu(t) + Lou;. 2.2)
We impose the following hypotheses (similar to [15]):

(H1) DyA generates a Cg semigroup {T (t)};>0 on X with |T ()| < Me® for all t > 0, where
M >1,w e R, and T (¢) is a compact operator for each ¢ > 0;
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(H2) Lo can be extended to a bounded linear operator from BC to X", where BC = {¢ :
[—r,0] = X™ | ¥ is continuous on [—r, 0), hm ¥ (0) exists} with the sup norm.

(H3) the subspaces By = {{v(-), Bx)Br : v € C} C C (k € Np) satisfy Lo(By) C span{e;fr: 1<
i <m}, where {e¢; : 1 <i < m} is the canonical basis of R, and

(v’ﬂk>=(<vla ﬂk)’ (v27:3k>’ LERE] (vaBkDTa kENB, fOI'UZ(U],UQ,...,vm)TEC.

Let A be the infinitesimal generator associated with the semiflow of the linearized equation
(2.2). It is known that A is given by

(Ad)(0) = $(8), dom(A) ={p €C:d C, ¢$(0) € dom(A), $(0) = DoA¢(0) + Lo},

and the spectrum o (A) of A coincides with its point spectrum op(A). Moreover A € C is in
op(A) if and only if there exists y € dom(A) \ {0} such that A satisfies

Ay =0, with AR) =l — DoA — Lo(e* ). 2.3)

By using the decomposition of X by {Bi}ren, and By, the equation A(A)y = 0, for some
y e dom(A) \ {0}, is equivalent to a sequence of characteristic equations

detAr (M) =0, with Ag(A) = AT + g Do — Lo(e* I), k € Np. (2.4)

Here L : C — C™ where C £ C([—r,0]; C™). Then for any k € N, on By, the linear equation
(2.2) is equivalent to a FDE on C™:

2(t) = —ux Doz (t) + Loz, (2.5)
with characteristic equation (2.4), where z;(-) = (u;(-), Bx) € C. For any k € Np, we also denote

by nr € BV ([—r, 0], C™) to be the m x m matrix-valued function of bounded variation defined
on [—r, 0] such that

—ux Do (0) + Loy = /dnk((?)lﬁ((?), veC. (2.6)

The adjoint bilinear form on C* x C, where C* £ ([0, r]; C™*), is defined by

W o) =¥ (0)p(0) — / f V(& — O @pE)de, ¥ eCr, peC. (27

—r 0

We make the following basic assumption on a Hopf-steady state bifurcation point:

(H4) There exists a neighborhood V C R2 of zero such that for « := («;, o) € V, the charac-
teristic equation (2.4) with k = k1 € Np has a simple real eigenvalue y (o) with y (0) =0,
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d
a—y(O) # 0, and (2.4) with k = k» € Np has a pair of simple complex conjugate eigen-
o2

0
values v(a) + iw () with v(0) =0, @ (0) = wg > 0, a—v(O) # 0, all other eigenvalues of
]
(2.3) have non-zero real parts for ¢ € V.
Definition 2.1. We say that a (k1, ko) —mode Hopf-steady state bifurcation occurs for (2.1) near
the trivial equilibrium at o = (0, 0) if assumptions (H1)-(H4) are satisfied, or briefly, a Hopf-

steady state bifurcation occurs. Moreover, if k; # 0, we say that a (k{, ko) —mode Turing-Hopf
bifurcation occurs, or briefly, a Turing-Hopf bifurcation occurs.

Remark 2.2. A k1-mode Turing bifurcation or a k>-mode Hopf bifurcation can be defined in the
same manner as that in Definition 2.1. In short, a k;-mode Turing (k;-mode Hopf) bifurcation is
referred to the characteristic equation (2.4) with k = k1 # 0 (k = k») having a zero root (a pair
of purely imaginary roots), while the other roots have non-zero real parts, and the corresponding
transversal conditions are satisfied.

Let A1 ={0}, Ay ={Z£iwp}, and A = A1 U Aj. By [25], the phase space C is decomposed
by A;:

C=P &0,

where Q; ={p € C: (Y, p); =0, forall y € P}, and P, associated with A;, is the general-
ized eigenspace of the formal adjoint differential equation of Eq. (2.5) with k =k;, i =1,2. We
choose the basis

By =1, W1 =, = (G d), Wrm | 2.8)

)

in Pp, Pl*, P, Pz* respectively, such that (W;, ®;), =1, i =1, 2, ({ is the identity matrix),
and

&, =®;B; and — W, =BV, i=1,2, with B; =0, B,=diag(iwg, —iwy).
We know from [25] that

$1(0) =1(0), $2(8) = $2(0)?, 6 € [, 0],

, (2.9)
Y1(s) =¥1(0), Yals) =¥2(0)e, s €[0,r],

and

A (0)¢1(0) =0, Ay, (wp)$2(0) =0,
Y1(0) Ak, (0) =0, ¥2(0) Ay, (iwg) =0, (2.10)
Wiy $idi; =1, i=1,2.
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Now we use the above definition to decompose C by A:

C=P®Q, P=Imr, Q=Kernr,

where dimP =3 and 7 : C — P is the projection defined by

Y= Z @; (Wi, (@), B D B - 2.11)

i=1,2

We project the infinite-dimensional flow on C to the one on a finite-dimensional manifold P.
Following the ideas in [15], we consider the enlarged phase space BC introduced in (H2). This
space can be identified as C x X, with elements in the form ¢ = ¢ + Xoc, where ¢ € C, ¢ € X",
and X is the m x m matrix-valued function defined by X((6) = 0for8 € [—r, 0) and X¢(0) = 1.

In BC, we consider an extension of the infinitesimal generator, still denoted by A,

A:Clc BC— BC, Ap=d + Xo[Lop + DoAd(0) — ¢(0)], (2.12)

defined on Cé LipeC: ¢eC, ¢(0)edom(A)}, and (-, -)k; can be also defined by the same
expression (2.7),i = 1,2, on C* x BC, where

BC = {1/; :[—r, 0] = C™|y is continuous on [—r, 0), elir(r)l Y (0) exists} .

Thus it is easy to see that 7, as defined in (2.11), is extended to a continuous projection (which
we still denote by 7) 7 : BC — P. In particular, for ¢ € X" we have

T(Xoc) = Y W (0){c, Bi,)Br; - (2.13)

i=1,2
The projection  leads to the topological decomposition
BC =P & Kerr, (2.14)

with the property Q G Kerr.
In the space BC, (2.1) becomes an abstract ODE

dv
— =Av+ XoF (v, ), (2.15)
dr
where
F(v,a)=(Ly — Lo)v+ (D(a) — D(0))Av(0) + G (v, ), (2.16)

forv eC, o € V. We decompose v € C& according to (2.14) by

V() = ¢121(1) By + (D222(1) + 222(1)) B, + ¥ (1),

where z; (1) = (i, (v(t)(-), B, Di; (i =1,2), and y(t) e C NKerr =Cl N Q= QL.
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Since w commutes with A in Cé, we see that in BC, the abstract ODE (2.15) is equivalent to
ODEs:

21 = Y10 (F 1218k, + ($222 + $222) Br, + 3. @), Bry).
2 =iwoza + V2(0)(F(p121 Bk, + (222 + $272) B, + ¥, @), Bra)s

b = —iw0Z + VaO(F G121 f, + 22+ hr2)io + v, i), Z1D)

d _
P Ay + U —m)XoF (9121 Bk, + (9222 + ¢222) Br, + ¥, @),

for z = (z1,22,22) € P C C3, y € Q'  Kerrwr, where A; is the restriction of A as an operator
from Q! to the Banach space Kerr: Ay : Q! € Kerr — Kerm, Aj¢p = A¢ for ¢ € Q'.

3. Formulas of the second and third terms in the normal form

In this section, we present the formulas of the second order and third order terms of the normal
form of (2.1), and the proofs will be postponed to Section 6.

First we neglect the dependence on the higher order (> 2) terms of small parameters o, a2
in the normal forms of (2.1). By doing the Taylor expansion formally for the operator L(«) and
diagonal matrix D(«) at @ =0, we have

L(a)v=L0O0)v + 1L1(0t)v +..., forveC,

2

) 3.1)
D(a) =D(0) + §D1(a) +---,

where L : V — L(C,X™),and Dy : V — R™ x R™ are linear. As in [26], we write G in (2.16)
in the form of

1 1 4
G(v,O):iQ(v,v)+yC(v,v,v)+0(|v| ), veC, (3.2)

where Q, C are symmetric multilinear forms. For simplicity, we also write Q(X,Y) as Qxy,
OxYor QyX,and C(X,Y,Z) as Cxyz.

The formulas of the third order normal form of (2.1) are given in the following theorem, and
the detailed proof of the theorem is provided in Section 6.

Theorem 3.1. Assume that (H1)-(H4) are satisfied. Ignoring the effect of the perturbation pa-
rameters in high-order items (> 3), then the normal form of (2.1) restricted on the center
manifold up to the third order is

) 1 1
:=Bz+ Egé (2,0, ) + gg; (2,0,0) + h.o.t., (3.3)

or equivalently
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21 =a1(a)z1 + allz% +a32272 + +a111z? +a123z12222 + h.o.t.,
22 =iwoza + ba(e)za + b1oz122 + b11223 22 + ba3z3Za + heout., (3.4

72 = —iwoZz + ba ()72 + b122172 + b112Z%22 + b223225% +hot.,

Here aj, bjj, ajjk, biji are given by

1
an =591(0) Qg9 (Bi» Bra)» @23 =1(0)Q,5, (Btr Bra s b12 = ¥2(0) Qg1 (Bry Bra» B

3.5)
@111 = V1O o B, Br) + V1O Qo )
+ 31 V1O~ Qs V2(0) + Oy, 12O Qo B i B ) B o)
a123 =Y1(0)Cy, 4,4, (B B - By} 56

1 _
+ %wl (O{[— Q1 ¥2(0) + Oy, 5,¥2(0)1Q, 5, (Bi) Brr» Brcy)

1 _
By Bio) + 51= s ¥2(0) Qg 5, + gy ¥2(0) Q192 Br B Bro) (B B )}
+ ¢1 (O)(<Q¢1h011ﬁk1 ’ ﬂkl) + <Q¢2h101/3k27 ﬁkl) + <Qq§2h”0ﬂkzv /3/{1 >),

1 1
bi12 =2 ¥2(0)Coy0100 (B, o Bro) + 3100 V2 OU2Q010 V1 O) (B B Pra) (BL, Bro)

+ Q4,3,V20) (Br, Bra - Bra)* 10414
+ 1= Qs ¥2(0) + Q5. V201 Q4,6 (BE, - Brr) By o))
+ 1//'2(0)(<Q¢]h”0,3k| s ﬂkz) + <Q¢2h200/3k2’ ﬂkz))v

1 1
b3 =292(0)Cho4.5, (Biy» Bra) + o V2(00{Q4,5,%1(0) Qo (B Bra Bio) (BL, - By

2 - _
+ 3 04,5, 120 Qs By o) +1=20920,¥2(0) +4 Q35,1201 0, 5, (B Bro) )

+ WZ(O)(<Q¢2h011ﬂka ,Bkz) + <Qq§2h02013k27 ﬂkz))-
3.7

respectively, and hiji (i + j +k=2, i, j, k € No) are determined by (6.32) and (6.34).

Remark 3.2. For the normal form up to the third order, we only need to calculate the eigenvectors
which are given by (2.9) and (2.10), the linear parts L («) and D1 () in (3.1), and the multilinear
forms Q and C which are given in (3.2).

For the reduced system (3.4), which is a system of ODEs, the bifurcation structure can be
distinguished into the two main types: Hopf-transcritical type and Hopf-pitchfork type, which
we will discuss separately below.
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3.1. Hopf-transcritical type

Now, the reduced system (3.4) has the same form as Eqs. (22) of [28]. According to Proposi-
tion 3.2 in [28], we give the following definition.

Definition 3.3. Assume that (H1)-(H4) are satisfied, a1 # 0, a23 # 0, Re(b12) # 0, and a1 —
Re(b12) # 0. Then we say that a Hopf-steady state bifurcation with Hopf-transcritical type occurs
for (2.1) (or referred to as a Hopf-transcritical bifurcation) at the trivial equilibrium when o = 0.

Applying coordinate transformations (23) and (25) in [28], (3.4) can be reduced to the planar
system (see [28])

F=r(e1(a) +az + cr’ +dz?),

(3.8)
t=er(a)z+br’ — 2 +er’z+ 25,
where
Re(b12) )
e1(a) =Re(bz(a)), e2(a) =aj(a), a=— an b = —sign(aj1a23),
1
_Re(bp3) | Re(bin) a3 _aini
laiiazs]’ an? -’ laiiazs]’ an?

Now (3.8) has the same form as (36) in [28]. By [21] and [28], there are four different topological
structures for (3.8) with the Hopf-transcritical bifurcation depending on the signs of a and b:

Case I : b=1,a>0; Casell: b=1,a<0;
Caselll: b=—-1,a>0; CaselV: b=-1,a<0.

The results in [28] can be directly applied to analyze the equations (3.8), and the dynamical
properties for the original system (2.1) can be revealed with the help of the analysis in [1, Section
4].

3.2. Hopf-pitchfork type

When the conditions in the following definition are satisfied, the reduced system (3.4) has
the same structure as Eqs.(12) of [59]. Then, based on [59], we define it as a Hopf-pitchfork
bifurcation.

Definition 3.4. Assume that (H1)-(H4) are satisfied, aj; = a3 = b12 =0, aj11 #0, a3z #0,
Re(b112) # 0, Re(b223) # 0, and ag11Re(brr3) — ajpzRe(br12) # 0. Then we say that a Hopf-
steady state bifurcation with Hopf-pitchfork type occurs for (2.1) (or referred to as a Hopf-
pitchfork bifurcation) at the trivial equilibrium when a = 0.

By using the same coordinate transformation in (23) of [28] and

Vv IRebas| r — r, Va1l z — z, sign(Re(bx3))t — t, (3.9
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Table 1

The twelve unfoldings of (3.10), see [21].

Case la 16 I 11 IVa Vb \% Via VIb Vlla VIIb VIII
do +1 +1 +1 +1 +1 +1 —1 -1 -1 -1 -1 -1
bg + + + - - - + + + - - -
co + + - + - - + - - + + -
dy — boco + — + + + - — + — + — -

we obtain a planar system (see [21] and [59]):

F=r(e1(@) +r? + boz?).

_ ) ) (3.10)
z=z(e2(a) + cor” + doz”),

where

e1(a) =Re(by(a))sign(Re(b23)), e2(a) = aj(a)sign(Re(b23)),

Re(b112) . any . .
= ———sign(Re(b223)), co = ————sign(Re(b3)), do = sign(aii1Re(b223)).
lain1] [Re(b223)|

For (3.10), there are possibly four equilibrium points as follows:

El = (05 0)7 for all €1, &2,

E2=(V _8170)5 f0r81 <0,

EX=(0,% /-2, for 22 -0, 3.11)
do do

EX=( | bogr — doe1 + [ cogl — for boer —d0817 coe1—&2 _

do — boco do — boco do — boco ~ do — boco
Based on [21, §7.5], by the different signs of b, co, do, do — boco in Table 1, Eqgs. (3.10) has
twelve distinct types of unfoldings, corresponding to twelve essentially distinct types of phase
portraits and bifurcation diagrams. The results in [21] can be directly applied to analyze the
equations (3.10) and the dynamical properties for the original system (2.1) can be revealed with
the help of the analysis in [1, Section 4]. For the convenience of application to the example in
Section 5, we give the bifurcation diagram in parameters (1, £2) and phase portraits of Case I1I
of Hopf-pitchfork type (see Table 1) in Fig. 1.

In the next section, we will give the explicit expressions of 4;jx in (3.5), (3.6) and (3.7) under
the Neumann boundary condition and 2 = (0, [7) for [ > 0.

4. Explicit formulas for Neumann boundary condition
In this section, we give more exact formulas of coefficients 4;jx in (3.5), (3.6) and (3.7) of the
normal form (3.4) restricted on the center manifold in the case of spatial dimension n = 1 and

Q = (0,lm) for some [ > 0, and we consider (2.1) with Neumann boundary condition.
It is well known that the eigenvalue problem

B +up=0, xe(lr), B0)=pUr)=0,
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Fig. 1. The bifurcation set (a) and the phase portraits (b) for Case III of Hopf-pitchfork type.
has eigenvalues j, = n?/1? for n € Ny with corresponding normalized eigenfuctions

Bo(x) =1, Bu(x)=~/2cos ;x, neN,

where (8, (x), B, (x)) = % é” B (x) B (x)dx = §,,,,. In what follows, we denote
hy = (hg. Br). q €Nj. lgl=2, keN.

According to the different situations of k1, k> in (H4), we will give the explicit formulas of
a, a», aiil, a2z, biz, bi12, bz in (3.4) for the following five cases.

Case (1) k; =k, =0.
In this case,
(Biy Bra) = (Biys Bra) = (Bri Bros Bro) = (Bo, Bo) = 1,
(Biy Bra) = (B Bro) = (B Bro Br) = (Bos Bo) = 1,
(Bis Br) = (Biys Bro) = (B Brys Br) = (BE, Bros Bra) = (Bo, Bo) = 1,

(QonyBri» Brj) = Qphy, ¢l ¢o. b}, i,j=1,2, geNg, lgl=2.

By (6.32) and (6.34), hi = hY fori =1,2 and g € Nj with |g| =2, which is needed in (3.5),
(3.6) and (3.7), are as follows:

0@ = 31061(0)¥1(0) + 72 ($2(0)¥2(0) — $2(0)¥2(0)1Q¢,9, + E200,

) 6) = [09100¥1(0) + 74 (@2(0)¥2(0) — $2(O)¥2(0)]1Qy,5, + Eort,

iy 0) = — 5= [361(0)¥1(0) + $2(0)¥2(0) + 362(0)¥2(00)]Qpr6, + Eonoe®™?,  (4.1)
h100) = 7 [=$1O)Y1(0) +iwed$2(0)¥2(0) — 562(0)¥2(0)]1 Qg g, + Er10¢'™”,

h802(9)= h820(9), h(l)Ol(e)zh(l)lO(e)’
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where 0 € [—r, 0] and the constant vectors E,; for g € NS with |g| = 2, satisfy the following
conditions

[, dno(@)1Exo = $[—1+ (U — [, 6d10(0)1(0)¥1(0)] Qg
/2, dno@Eon = [=1+ (I = [°,6dno (@)1 0)¥1(0]1Q,,5,.
Epo= 1Riwol — [° X%dno(6)17" 0y,
liwol — [° e dng(@)Erio = [I — ¢2(0)y2(0) + [°, 0dno(©)d2(6)¥2(0)] Q-

4.2)

Thus we have the following result.

Proposition 4.1. For ki = k; = 0 and Neumann boundary condition on spatial domain Q2 =
0,1m), I > 0O, the parameters ay1, a3, aiii, a3, b1z, bi12, bz in (3.4) are given by

an = %%(O)Qmm, a3 =v1(0)Q4,4,. b12="12(0)0¢,¢,
aini = §U10Chp4 + V1 ORe(Qp,4,¥2(0)) Q191 + ¥1(0) Qg 13y,
ais = Y1(0)Cy, 4.5, + o= V1 (ORe( gy, ¥2(0)) Oy, 5,
+ o U1 (ORe(1Q4,4,¥2(0) 0y 5,) + V1 (0)( Qg 1y + Cpahly + Q1010
biiz= 3¥20)Co16, + 37035 V2020416, ¥1(0) + Oy, 5,¥2(0)] Qg 5
H= Qs ¥2(0) + Oy 5 W2 (0)]Qy 9, } + ¥2(0)(Qs, 1Y + Qi)
by = 3¥20)Cp,4.5, + 75 V201 Qy, 5, ¥1(0) Q5 + 3 5,5, ¥2(0) Or 0
=201, ¥2(0) + 40,5, V2(0)1Q 5,5, } + ¥2(0) (D, 1y + Q3 he)-

4.3)

Case (2) ky = ko #0.

Here we have

(B Ba) = (B Bra) = (B Bros Bro) =0,
(B Bia) = (Bioys Bro) = (B Bros Br) =0,
B Br) = (Biy Bo) = (BriBhys Br) = (B, Bras Bra) = 3
(Qon, B- i) = Qu(h) + Jshi™). ¢ e (dr.92.d2), i=1.2, qeNg, lgl=2.

It also follows from (6.32) and (6.34) that k' = hY fori =1,2, g € Nj with |q| =2, are given
by

Woo@ = = 31/°, dno@17' Qpigr hogh(©®) = =3351/°, dnae, )17 Oy
W@ = =12 dio@1"' Qpg, hiy ©) = =517, dnai )17 Q5

. 0 i — i
hy©) = 312wl — [°, ¥ dno(0)]7! Qg,g, e @07,
. 0 . _ .
hog (@) = 55 12iwol — [°, 0 dnag, (6)17! Qg e, (4.4)
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h,00) = liwol — f?r 0o (0)]7! Oy g€’
@)= liool — [, s, 617 Qg
B (@) = Io(@), hogh(®) =5y @), k@) =hT10®), hi,

where 6 € [—r, 0]. Thus we have the following result.

©) =h>16).

Proposition 4.2. For k| = ky # 0 and Neumann boundary condition on spatial domain Q =
(0,Im), I > 0, the parameters a1, a3, aiii, ai23, biz, b1z, b3z in (3.4) are

ajy= a3 =bpp=0,

it =" §V10Cop0, +¥1(0)Qp, (0 + J5h300).

az= 3Y10)Cy 45, + V1O Qg (h), + ] hor) + 0, (hl, +
+0;, (815 + J5h 1)),

biiz= 392(0)Cpy910 + V2(0[Qg; (g + J5hT10) + Oy (W +

bz = 392(0)Cy,p,5, + V20 Q0 (), + J5hiy}) + O, (hiy +

Case (3) ko =0, k1 #0.

Here we have

1 72k
h )
101 @.5)

J5ha00)]
) Zhoa))

12k
o (hon h0111)

— $2(0)Y2(0)10¢, 61

(BL>Br) = (Bh: Br) = (B Bra» Bra) =0,
(Be» Bro) = (B4 Bro) = (B Bra Bry) =1,
B Br) = 3. (BR) Bro) = (Bri Bl Bra) = (BE Bras Bra) = 1,
( Qoo B Ba) = Qg <h200+ T5h300)s (Qunon B B =
(Qaio Pros Br) = Qg 101, (Q gy 1oPias B) = Q¢2h’ﬂo,
<Q¢1h101/3k1713k2>: Q¢1 101’ (Q¢1h110:3k19/3k2> Q 110’
<Q¢2h200/3k2313k2>= Qqﬁzhgoo’ (Q(ﬁzho]]ﬂkz’ﬁkz):Q hOll’
<Q4_52h200ﬁk2’ﬂk2>= Q(l_ﬁzthO’ <Q¢_>2h011'3k2"8k2> Q 011’
(QgsnomBras Bra) = Q300 (Qoahony Bras Bia) = Qg
and
O ES i[f_O dno (@)1 Qg1p1 + i ($2(0)¥2(0)
Ioop@ = = 51, dnai )17 Qg
@)= - [f,r dno(0)1 ™ Q,5, + 70 (B2(0)¥2(0) — $2(0)¥2(00)] Q4 5,
2k1

hoi18) =0,

(4.6)
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(@) = 32wl — [2, 2 00dng(0)]7! Qprgre ™’ — 5o [92(0)12(0)
+ 362(0)92(0)] Qg
W@ = liool — [2, 0 dn, (0)17! Qpyp,¢™ — 7261 (0)11(0) Q-

h802(9) = h820(0), h101(9) = 110(9)
where 6 € [—r, 0]. Then we have the following result.

Proposition 4.3. For ko =0, k| # 0 and Neumann boundary condition on spatial domain Q =
O,Ilm), 1 >0, theparameters aii, as, diii, a3, b1z, biia, bz in (3.4) are

ajy = ax=>b1p=0,
air = 3V10)Cop + V1 (ORe(Qp;4,¥2(0) Oy, +
¥1(0)Qp, (0 + J5h00):
a3z = Y1(0)Cy 4,5, + w—olﬂl (O)Re(iQ¢,4,¥2(0)) Q. 5,+
VIO Qg (hy, + F5he1t) + ol + g, ko], (4.7)
biiz= 5920)Corp16: + 375 V20 {2 Q0161 ¥1(0) Qi + [— Qo ¥2(0)
+04,5, 72010414, + ¥2(0)(Qg, 1o + QpyhSy0).
bys = §¢2(0)C¢2¢2¢;2 + mlﬂz(o){g 04,4, V2(0) Qo + [—20p20 ¥2(0)
+40 4,5, ¥2(0)1Q 4,5, + ¥2(0)(Qg, 1 + Q,h0)-
Case (4) k1 =0, k» # 0.
Here we have
(Bes Br) = (BLs Br) = (B Bra» Bro) = 1,
(BL» Bro) = (B Bra) = (B Bra» Bry) =0,
BL By = 1. (BL Br) =3, (BuBly Br) = (BE Bros o) = 1,
(QgihaoBir» Bri) = Qp1hdnp, <Q¢1ho11,3k1»ﬁk1>=Q¢1h8]1,
Qoo Bo Br) = Qaaidy. (Qn o Bras Br) = Qg 10
(Qpunon B Br) = Qo3 (OB Bra) = Qi
(QphanBro o) = Qoo+ J5h30): (Qonton Bas Bro) = Qi () + J5he1).
Qg Bl Ba) = Qi (W0 + 51200 Qo B Bio) = Qs (G + J5hih).

2k 2k
(@i Pras Pra) = g, (g + T5hin): (QahonaPia: Bra) = Qs gy + T5hod)-
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and

100 ©®) = 560100¥1(0) 0y, + Exon. h3gh(®) =0,
B @) = 0610010)Qy,5, + Eort. i 0) =~ 51/, dnain 0)17 Q5.
ho®) = — 555 ®1(0)¥1(0) Qg + Evaoe® ™’

52k , 0 o - ,
hogh(©) = 55 12iwpl — [°, 0 dny (6)17! Qg e,

(4.8)

W30 = 7= 1iwo02(0)¥2(0) — 1d2(0)¥2(0)1Qgy 4, + Erroe™”?,

0 (©) = hy(®). hoa(©) = hoss(0).  hi3,(0) = h)3(6),

where 0 € [—r, 0] and the constant vectors Eg for g € Ng with |g| = 2, satisfy the following
equations
0 1 0
)=, dno@)1Exo = 5[—1+ U — J=, 0dno(6))¢1(0)¥1(0)]1 Q¢4
L2, dno@]Eori = [—1+ (I — [, 0dno(0))¢1(0)11(0)]Q4,5,-
Eno= 32wl — [°, e2dng®)]" Q.

liwol — [0, &P dn, 0)1E1i0=[I — $2(0)y2(0) + [ 0dnsy (0)2(0)¥2(0)] Qpr -
4.9)

Then we have the following result.

Proposition 4.4. For k1 =0, ko # 0 and Neumann boundary condition on spatial domain Q =
0,Im), I > 0, the parameters a1, a3, aiii, a2z, b1z, bi12, bra in (3.4) are

an=3¥10)0p¢,> a23=110)Q5,4,. b12 =12(0)Qp,4,.
ani = §¥10)Coyp + ¥1(0) Qg hp,
a3 = Y10)Cy 45, + 2o V1 (ORe(Qpy0,¥2(0) O, 5,)
1 0)(Qg, G, + Qg + Qg hT ),
bin= 3Y20)Co 10, + 2 ¥2(0) Q. 5,¥2(0) Oy

200 Qg1 h3g + Qoo (W0 + J5h300)1,

bz = 39200)Cp,p5, + 770 V2(0) Q5. 5,¥1(0) Qg + V2 (0 Qg (G, + i)

2%
+Q¢2(h020+ ] —5h020)1-

(4.10)



W. Jiang et al. / J. Differential Equations 268 (2020) 6067-6102 6083
Case (5) k| # ko, k1, ko #0.
Here we have
B By = 0. (Biy Br) = (BrBra. Bro) = J58(k1 = 2k2),
(B Br) = 0. (BE. Bro) = (Br Bl Bry) = 58k — 2Kk1).
2 1 NG
(ﬂfl,ﬂk1)= (5;327/31(2):%, (.3k|,3/32n3k1>=<,3/31ﬂk2aﬂkz>=1,
1 2%k 1 2%k
<Q¢1h200:3k1 ) ,3k1> = TQ¢‘1h20(l) + Q¢71h(2)00’ (Q¢1h011/3k1’:3k1> = ﬁQ% h0111 + Q¢‘1h811’
ki—k ki+k
<Q¢zh101ﬁkzv:3k1> = Q¢2([h|1(;1 ? + \/‘hlé)—li— ? +h001)’
ki—k ki+k
(QoBia Br) = Qg (J5hiio ™+ Jhitg® +hf)),
ki—k ki+k
(Qpunon B Brod = Qo (J5higy ™ + J5hitr™ + ko),
ki—k 1, ki+k
<Q¢1h110:3k17:3k2> = Q¢1(ﬁh|1110 2 + fhlllo 2+ 110)’
1 2k 1 2k:
(Qrhono Bras Pra) = ﬁQtﬁthO%) + Q¢2 200° (Qgahoi1 Bras Pry) = ﬁQd)zhmzl + Qd?zhgll’
1 2k 1 2k 0
<Q<132h200/3k27:3k2> = ﬁQtf;thO%) + Q(Pz 200 <Q<132h011'8k2’ Prr) = ﬁQd;z 0121 + Qd_)zhOl]’
2k 2%k
(QangoPros Pra) = %Qézhozé + Q&zhozo’ (Qponoo Pra» Bry) = \/Lnghooé + Q¢2h802’
where (sllgx)k_l 1, ka(r)’tx —Oanlcllcé(kxl) ]?Hforx # 0. And h;glgo, hoghs hogss B9y 1. host, hotl,
0 0 0 .
hiors Bigy 25 Bior s hies Myt s Biig s hongs Monos hopy are given by
0 _ 2%
hgoo((?) = —%[f,r dno)17 Qg1 h506(0) ——zf[f dno, ()17 Qg1
hyg(0) = 0,
" (0) = O @170, -, K@)y =0, n@ dna, (0
011( )= _[f_r no(9)] Q¢2¢2’ 011( )= 011( )—__[f N2k, (0)1™ Q¢2¢21
hy @) = S2iwgl — [2, 200 dio(©)17 Qpyge?
hoh (@) = 515 12iw0l — [°, 20 diiy ()17 Qgage®
ki—k
hily 21O) = Jliool = [, € di 1y (0)1 7" Qg™
Bk , _ j
GRS Jlieol — [0, &0 dng, 14y ()17 Qg€ hS(0) =0
ki—k ki—k
o= Wl e), WiRe) =1 e), 1y @) =0, KHe)=1ke).
(4.11)

where 6 € [—r, 0]. Thus we have the following result.

Proposition 4.5. For k| # k», ki, ky # 0 and Neumann boundary condition on spatial domain
= (0,Im), | > 0, the parameters a1, az3, a1, a123, b1z, bi12, bz in (3.4) are
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ann= 0, a3 =78(ki = 2k)¥1(0)Qg,4,. b12 = 58(k1 = 2k2)12(0) Q9.

ani= 59100Cs 09, + 7458 (k2 = 2k V1 (ORe(1Q,0,¥2(0) O, + J591(0) O, i,
= Y1O)Cp 5, + 255 V1 O3 (K1 — 22)RE( Qi ¥2(0) 0, 3,) + Y1 O 5 0 i1+
Q¢z(fh|1181 ol fh'f‘oT"z hop) + Qm(fhllkllo ol fh'ﬂékz +h1)].
biiz= 39200)Cp414, + g7 ¥2(0)[28(ka — 2k1) Qpy 9y Y11 (0)
+8(k1 — 2k2) Q 5, 5, ¥2(0)1 Qg 4,
200 (J5hito "'+ J5hite™ +1if10) + 5 Caliagi):
bz = 3920)Chy05, + 58k — 2k2)¥2(0)Qy, 5, V11 (0) Qg
+Y2(0)[Qg, (B, + - h(z)lﬁ)+ Q¢2(h020+ ] h(z)%)]
(4.12)

5. An example
In this section we apply our above results to the Turing-Hopf bifurcation of a diffusive
Schnakenberg chemical reaction system with gene expression time delay in the following form

(see [47]):

ur(x, 1) =eduy(x, 1) +a—u(x,t) +u(x,t —tvx,t—1), x€(0,1), >0,

Vi, ) =dvoey (x, 1) + b —u?(x,t — Dv(x, t — 1), xe(0,1), >0,
MX(O’I)ZMX(lat)ZUX(Oat)Zv.X(lat)zoa IZO,
ulx,t)=¢x,t)>0,v(x,t) =¢x,t) >0, (x,1) €[0,1] x [—7,0],
(5.1
System (5.1) has a unique positive constant steady state solution E, = (i, V), Where
b
ur=a+b, vie= m, (5.2)

Recall that ;= k>72, k € Ny are the eigenvalues of the —A in the one dimensional spa-
tial domain (0, 1). Then, a straightforward analysis shows that the eigenvalues of the linearized
system are given by the roots of

Dr(A) := A% + prh +ri + (skh + qre T =0, k e Ny, (5.3)
where,

pe=(+ Ddk’n> +1, re=ed’k*z* +dk*=>, 54)
Sk —u — 2Uy Vs, qr = (eui — 2u*v*)dk2n2 + ui. '

By analyzing the characteristic equation (5.3) witha =1, b =2, d =4 (see [29, Theorem 2.12
and 2.15] for details on general results), we have
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Theorem 5.1. For system (5.1) witha =1, b =2, d =4, there is a positive constant steady state
(ux, vs) = (3,2/9), and there exists T, ~ 0.2014, ¢, ~ 0.0022, w, ~ 7.6907 such that

1. when t = 1y, € = &4, Do(X) has a pair of purely imaginary roots Liw,, D1(L) has a simple
zero root, with all other roots of Dy ()) having negative real parts k € N.

2. the system (5.1) undergoes (1,0)—mode Turing-Hopf bifurcation near the constant steady
state (Ux, Vy) At T = Ty, € = &4.

3. the constant steady state (uy, vy) is locally asymptotically stable for the system (5.1) with
Tt €0, 7,) and ¢ > ¢, and unstable for 0 <& < &, or T > 1,.

It follows from Theorem 5.1 that k; =1 and k; =0 at t = 1, & = &, which corresponds to
Case (3) in Section 4. We normalize the time delay 7 in system (5.1) by time-rescaling t — ¢/,
and translate (¢, v,) into the origin. We also introduce two bifurcation parameters o = (c¢1, @2)
by setting

T=Ty+0Qp, £€=¢64+ ar. (5.5)

Then, system (5.1) is transformed into an abstract equation in C([—1, 0], X):

1 1 1
iU(l) = LoUs + DoAU (1) + §L1(05)Ur + §D1(01)AU(I) + EQ(U” Ur)

dt
1
+§C(U17UI7UT)+"'7 (5'6)
where
Do = dr. e O  Di()=2d ajex +ate 0 ’
0 1 0 o
— — 2 -
LoX =1, x1(0) + 2u4vex1 ( 1);_”*)@( Y
—Quyvixi (—1) + uixz(—1))
—x1(0) +2 —1) +uZxa(—1
Li(@)X = 201 x1(0) + 2uvex1 ( )2+ u*x2( )
—Qusvixi(—=1) +uzx2(—1))
and

1
Oxy =21 [vex1 (=D y1(=1) +us(x1 (=D y2(=1) + x2(=Dy1(=1))] ( . ) ,

Cxyz =2n[x1(=Dy1(=Dz2(=D + x1 (=Dy2(=Dz1 (=1 + x2(=Dy1(=Dz1(=D] ( _11 ) ;

withx=(""), v=("). z=(%).
X2 »2 22
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By (2.9) and (2.10), we have

1 1
$1(0) = <_0-0274) » $200)= (—1 + 0.12981) ’

1 1
= 1,0.184 = 1,6.7502 — 0.8761i).
V10 = 777 (1.01849) 92(0) = —gmee 5 g7, (1. 67502 —0.87610)

(5.7)

By (4.6), we obtain that

—0.0062 —0.0055 0.4506
h900(0) = h9o0(—1) = h300(0) = hge(—1) =
2000 < 0.0004 ) 2001 (—0.0018)’ 2000 =200 D=1 g 0035

1.2336 1.0906 0 0
i 0) = <—0.0877> Hon (= 1)_<0.3504>’h(2“1(0):<0> o (= D‘( )

and

(5.8)

B (0) = 0.0761+0.03581 \ o D)= 0.2954 — 0.1131i
020 0.0748 +0.0093i )~ 020 T\ —0.2848 +0.1679i )’

L 0= 0.1171 4 0.1850i (<) = —0.3783 — 0.5733i (5.9)
10 —0.0029 — 0.1255i Ao —0.1100 + 0.0128i

70
thl h 110° h002_h020

Substituting the above calculated values into the expression (4.7), we obtain the coefficients
of the normal form (3.4) as follows

a1 (@) = —0.0009¢; — 6.7762a2, by () = (3.5818 + 2.2515)er1,

a1 =a3 =b12=0,

4 (5.10)
ajr;r =-—9.4377 x 1077, b112 =0.0403 + 0.1213i,
a3 = —0.4782, b3z = —0.2553 — 0.7712i.
Thus, in the corresponding planar system (3.10), we have that
e1(a) =3.5818wy, &2(a) =—0.0009¢1 — 6.7762a7, s

by = —42.7011, o = 1.8735, do = 1, sign(Re(h23)) = —1.

Therefore the Case III in Table 1 occurs, and we find that the bifurcation critical lines in Fig. 1
are, respectively,

Li:T=1, €>64, Ly:e=¢2,—0.00013(t — 7y), T > T4,

L3:e=6,—0.9916(T —Ty), T > Ty, Lg:T =7, &€ <&y,

Ls:e=¢e,+00111(t — 1), T<Ty, Lg:e=¢6,—0.00013(7 — 7,), T < Ty.
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Taking notice of sign(Re(b323)) = —1 in the coordinate transformation (3.9), and from phase
portraits in Fig. 1 and the analysis in [1, Section 4], we have the following results.

Theorem 5.2. Let a = 1, b =2 and d = 4. At the constant positive steady state (U, Vy) =
(3,2/9), near the (1,0)-mode Turing-Hopf bifurcation point (., £,) ~ (0.2014, 0.0022), with
frequency w, = T7.6907, the system (5.1) has the following dynamical behavior when the param-
eter pair (t, &) is sufficiently close to (T4, £4): (see Fig. 1)

(1) When ¢ > g, — 0.0013(t — ) and T < T4 (that is (t,¢) € Dy), the constant steady state
(ux, vy) is locally asymptotically stable; and a 0—mode Hopf bifurcation occurs at (U, vy)
when (t, ¢) crosses L1 transversally.

(2) When ¢ > g, — 0.0013(r — 1) and © > 1, (that is (t,¢) € D), the constant steady state
(ux, vy) is unstable and there exists a locally asymptotically stable spatially homogeneous
periodic orbit which bifurcates from (uy, vy);, and a 1—mode Turing bifurcation occurs at
(ux, vy) when (t, €) crosses Ly transversally.

(3) When g, —0.0013(t — 14) > & > &4, — 0.9916(t — 1) and © > T4 (that is (1, &) € D3), the
constant steady state (U, vy) is unstable, there are two unstable spatially non-homogeneous
steady states which bifurcate from (uy, vy), and the spatially homogeneous periodic orbit
is locally asymptotically stable; and a 1—mode Turing bifurcation occurs at the spatially
homogeneous periodic orbit when (t, €) crosses L3 transversally.

(4) When ¢ < g, —0.9916(t — 1) and T > 1, (that is (t,¢) € D4), the constant steady state
(ux, v4) and the two spatially non-homogeneous steady state solutions are all unstable, the
spatially homogeneous periodic orbit is also unstable, and there are two locally asymptot-
ically stable spatially non-homogeneous periodic orbits which bifurcate from the spatially
homogeneous periodic orbit, whose linear main parts are approximately

Es«+ p$2(0) ™ + 5da(0)e ™! + hepy (0) cos(mrx), (5.12)

where p and h are some constants; and a 0—mode Hopf bifurcation occurs at (uy, vy) when
(t, &) crosses Ly transversally.

(5) When ¢ < e, +0.0111(t — 7,) and T < T (that is (1, ¢) € Ds), the constant steady state
(ux, v4) and the two spatially non-homogeneous steady state solutions are all unstable, there
is no spatially homogeneous periodic orbit (disappearing through the Hopf bifurcation on
L4), and two spatially non-homogeneous periodic orbits are locally asymptotically stable;
and a 0—mode Hopf bifurcation occurs at each of two spatially non-homogeneous steady
state solutions when (t, ¢) crosses Ls transversally.

(6) When &, — 0.0013(t — 74) > & > &, + 0.0111(r — 7,) and © < T4 (that is (t,¢) € Dg),
the constant steady state (u., vy) is unstable, the two spatially non-homogeneous steady
state solutions are locally asymptotically stable, and there is no spatially non-homogeneous
periodic orbits (disappearing through the Hopf bifurcations on Ls); and a 1—mode Turing
bifurcation occurs at (uy, vy) when (T, €) crosses Lg transversally.

We summarize the numbers of spatialtemporal patterned solutions (steady states or periodic
orbits) in each parameter region D; (1 <i < 6) in Table 2. The Morse index of a steady state
solution is defined to be the number of positive eigenvalues of associated linearized equation,
and the Morse index of a periodic orbit is defined to be the number of Floquet multipliers which
are greater than 1. A steady state or a periodic orbit is locally asymptotically stable if its Morse
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Table 2
The number of patterned solutions of (5.1) in each parameter regions D; (1 <i < 6). Here j (k) means the number of
specific patterned solutions is j, and the Morse index of each such patterned solution is k.

Dy Dy D3 Dy Ds D¢
homogeneous steady state 1(0) 1(2) 1(3) 1(3) 1(1) 1(1)
non-homogeneous steady state 0 0 2(2) 2(2) 2(2) 2(0)
homogeneous periodic orbit 0 1(0) 1(0) 1(1) 0 0
non-homogeneous periodic orbit 0 0 0 2(0) 2(0) 0

03

2 e T 0.4 20 o 04
Time t 00" spacen Timet \u‘; ™ spanex
(a) u(z,1) (b) v(=,1)

Fig. 2. The constant steady state is locally asymptotically stable for (r, &) = (0.1, 0.004) € D;. The initial functions are
¢(x,1) =usx +0.0lsin5x, ¥ (x, 1) = vy + 0.01sin5x, for (x, 1) € [0, 1] x [—0.1, 0].

(a) u(=,1) (b) v(=,1)

Fig. 3. There is a stable spatially homogeneous periodic orbit for (z, &) = (0.202, 0.0024) € D5. The initial functions are
¢(x,t) =usx +0.01sin5x, ¥ (x, 1) = vy 4+ 0.01sin5x, for (x, ¢) € [0, 1] x [—0.202, 0].

index is 0. Hence the stable pattern for D is the constant steady state (u, v); the stable pattern
for D, and Dj is the spatially homogeneous periodic orbit; a pair of spatially non-homogeneous
periodic orbits are the stable patterns for D4 and Ds; and a pair of spatially non-homogeneous
steady state solutions are the stable patterns for Dg, see Figures 2—7.
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.2
0 Space x

(a) u(z,t) (b) v(z,t)

Fig. 4. There is a stable spatially homogeneous periodic orbit for (7, €) = (0.202, 0.002) € D3. The initial functions are
¢(x,t) =usx+0.0lsin5x, ¥ (x, ) = vy 4+ 0.01sin5x, for (x,¢) € [0, 1] x [—0.202, 0].

0.2
0 Space x

04

(¢) u(z,1) (d) v(z, 1)

Fig. 5. There are a pair of stable spatially non-homogeneous periodic orbits for (z, &) = (0.202,0.0015) € D4. The
initial functions of (a) — (b) are ¢(x,1) = ux + 0.01sin5x, ¥ (x,t) = vx + 0.01sin5x, and (c) — (d) are ¢(x,t) =
us —0.01sin5x, ¥ (x, t) = vy — 0.01sinSx, for (x, ) € [0, 1] x [—0.202, 0].
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504
502 -
Time t

500 o

Time t

400 o i Space x
(¢) u(z,1) (d) v(=,1)
Fig. 6. There are a pair of stable spatially non-homogeneous periodic orbits for (z, ¢) = (0.18, 0.0015) € Ds. The initial

functions of (a) — (b) are ¢(x,1) = usx + 0.01sin5x, ¥ (x,1) = vx + 0.01sin5x, and (¢) — (d) are P (x,t) = ux —
0.01sin5x, ¥ (x,t) = vy — 0.01sin5x, for (x, ) € [0, 1] x [—0.18, 0].

6. Proof of Theorem 3.1

In this section we give the proof of the main result Theorem 3.1. From (3.1) and (3.2), we
denote that, for v € C,

Fr(v,a) =Li(a)v+ Di(a)Av(0) + Q(v, v),

6.1
F3(v,0)=C(v,v,v).

By doing Taylor expansions for the nonlinear terms in (2.17) at (z, y, &) = (0, 0, 0), we have

1 1
Z=Bz+Ele(z,y,a)+afgl(z,y,ot)+--- ,
! ! (6.2)

d 4 1, 1,
Fre 1y+5f2(z,y,a)+§f3(z,y,a)+--~,

where B = diag(0, iwg, —iwp), f J’ (z,y,a) (i =1,2) are the homogeneous polynomials of de-
gree j in variables (z,y, @), z = (z1,22,22) € C3, yeQ!, aeV, j>2, jeN. For the
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u(x,t)
v(x,t)

2000
B i
1500 — 1
— o8
1000 /(0‘5
500 o o0a
— 0.2

Time t [ Space x Time t 0 h/<u.2 Spa;ex
a) u(z,t) (b) v(x,t)

0.23
35

u(x,t)
vix,t)

2
2000 T 2000

1500\’\\\ e 1
1000 /(/{ 08
5003\\/<// 0.4
Time t 0 o o2 Space x
(c) u(z,t) (d) v(z,t)

Fig. 7. There are a pair of stable spatially non-homogeneous steady state solutions for (7, ¢) = (0.1, 0.00225) € Dg. The
initial functions of (a) — (b) are ¢ (x,t) = uy + 0.01sinS5x, ¥ (x, 1) = vx + 0.01sin5x, and (c) — (d) are ¢ (x,t) =
usx —0.01sin5x, ¥ (x,t) = vy — 0.01sin5x, for (x, ) € [0, 1] x [—0.1, 0].

purposes of this article, we are interested in three terms:

2z y. @) f3(2,0,0)
fRaym2| H@yo |, 002 £%:00 |, (6.3)
?(z, y,a) @(z, 0,0)
f3(2,0,0) = (Xo — DW(0)) F2(¢121 Br, + (9222 + $272) B, 0). (6.4)
where
£z v, @) = ¥ (0)(Fa(121 By + (d222 + $272) By + 3, @), Bi)s i =1,2, (6.5)
£41(2,0,0) = ¥; (0)(F3($121 x, + ($222 + $272) By, 0). Br,), i =1,2. (6.6)

Noticing that L1 («), D1 (c) are linear, Q, C are symmetric multilinear, and together with A By, =
—uk,; Bk, for i =1, 2, we obtain that
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2@y, )= YiOILi@¢1z1 — pur D1(@)d1(0)z1 + Qg1 27 (B, Br) +2(Qgy 02122
+04,8,2122)(Bri Pro» Bry) + (Qpr273 + 204,5,2222+ Q@Z@Z%)(ﬂé, Biy)
HLi(@)y, By) + 20121 Bk, + ($222 + $222) i ¥) + Q5 1), Bry)
+(D1 () Ay (0), B, )],

6.7)
2z y,a0) = Y2(0)[Li(e)paza + Li(@)$a72 — pir, D1 (@) (92(0)z2 + $2(0)Z2)

+Q¢1¢IZ%(/3;31 s Bra) +2(Q¢ipp 2122 + @y 3,2122) (Bky Bras Bra) + (Qgrn 25
+204,5,2222 + 04,5, (B, Bio) + (L1(@)y, Br,) + (20(¢121 By,

+(¢222 + $222) B, ¥) + Q (3, ¥), Bro) + (D1(@) Ay (0), Br,)],
(6.8)

312,0,0) = i (O[Cprp11 21 B7, - Bri) + Cornnsn?> + Ci, 7 +3C 00,2522
+3C,5,5,228) B Bi) + 3(Corpnnzi22 + Cop 13,2122 (B, B B
+3(Cp1 9022123 + Cp 2173 +2C 405, 2122722) (B B, i) i = 1.2,
(6.9)
f2z.0,000) = 8O Qgpyp,2IBE +2(Qpipp2122 + Qy, 5,2122) B By
+(0pr,23 +204,5,22%2 + 04,5,2) B, ] — (8101 (0[O, 21 (B, - Bry)
+2(0p14,2122 + Q,5,2122)(Bry Bras By + (Cpn 23 +2045,5,2222
+04,5,23) (B2, B Bry + (6200)¥2(0) + G2 (0)V2(00)[ Qpy 1 23 (B, - Bra)
+2(Qp1:2122 + Q4,5,2122)(Bry o Bro) + (Cngn 25 +204,5,2222
+04,5,22) Bty Bi)Bro},  for 6 € [, 0],
(6.10)

where §(0) =0, for6 € [—r,0), 5(0) = 1.
Now we first obtain the normal form of (2.1) up to the quadratic terms.

Lemma 6.1. Assume that (H1)-(H4) are satisfied. Then the normal form of (2.1) up to the
quadratic terms on the center manifold at « =0 is

, 1
z:Bz+5g2l(z,O,a)+h.0.t.. (6.11)
Here

83z 0,0) = 2a1(@)z1 + Y10 Qg 2T BL - By} + 20 4,5,22%2(BE - Bra ) e
+2b2 ()22 + Y2 (0)[2 Q2122 Bry By B )2 (6.12)
+ba ()72 + ¥2(0) [204,5,2122(Bk Bra» Pro)les,

with
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ar@ = 3y10)(L1(@¢1 — i D1 (@)1 (0)),

| (6.13)
ba(e) = 5Y2(0)(Li(a)2 — i, D1(0)92(0)),
and h.o.t. stands for higher order terms.
Proof. Let le denote the operator
le : V25(63) — V25((C3), and (lep)(z, a)=D,p(z,a)Bz — Bp(z,a), (6.14)

where st (C3) is the linear space of the second order homogeneous polynomials in five
variables (z1, 22, Z2, &1, ap) with coefficients in C3, 7= (z1,22,22), @ = (ap,a2) and B =
diag(0,iwg, —iwp). One may choose the decomposition

V5 (C) =Tm(M;) & Im(M;)°
with complementary space Im(M21 )¢ spanned by the elements
Zlel, miel, ziaiel, 212202, 220i€2, 212203, Daaies, i = 1,2, (6.15)

where e, €3, e3 denote the natural basis of R3. By the projection mapping which was presented
in [15],

£2(2.0.0) = Projmayyyye f2 2. 0. ). (6.16)
we get (6.12), (6.13) and that completes the proof. O
Let V23 (C3 x Kerm) be the space of homogeneous polynomials of degree 2 in the variables
z=(z1, 22, 2») with coefficients in C3 x Kerr . Let the operator le defined in (6.14) be restricted
in V23 (C3), as
M; : V3 (CY)— V3(C?), and (M, p)(z) = D.p(z)Bz — Bp(2), (6.17)
and define the operator M22 by
M3: V5(QY c V5 (Kerm) — V5 (Kerrr), and (M3h)(z) = D;h(z) Bz — A1(h(2)), (6.18)

then we have the following decompositions:

V3 (C?) =Im(M)) ® Im(M3)°, V5 (C?) = Ker(M3) & Ker(M})°,

(6.19)
V3 (Ker) = Im(M3) ® Im(M3)°, V5 (Q') = Ker(M3) @ Ker(M3)°.

The projection associated with the preceding decomposition of V23((C3) X V23(Kern) over
Im(le) X Im(Mzz) is denoted by Prp = (Pll’z, Pl%z).
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Following [15], we set

Ul
Us(2) = (Ui) = M; " P12 f2(z,0,0), (6.20)
2

and by a transformation of variables

1
(Zy)=@E»N+ EUz(ﬁ), (6.21)

the first equation of (6.2) becomes, after dropping the hats,

1 1—
t=Br+ )@ 0.0) + 3 3(2.0.0) 4. (6.22)
where
1 3
£3(z.0,0) = £3(2.0.,0) + E[w(z,y)f; (2.5.0))y=0U2(z) — D;U; (2)8;(2.0,0)].  (6.23)

To complete the proof of Theorem 3.1, we only need to calculate the third order term
8% (z,0,0) in the normal form (3.3). It is divided into three steps.

Step 1. Computations of U,.
Lemma 6.2. Assume that (H1)-(H4) are satisfied. Then the formula of U2l in (6.20) is

iwoUj (2) .
=V1(O2(Qpip22122 = 0, 5,713 (B Bros Br) + 5 Q73 = Qi 32 1By Bri)er
+ 92(0) [~ Q9,23 (BE Bra) - Q0 4,5,2122(Bty B+ Bia)

2_, - . 2 (6.24)
+ (Q¢>2¢222 - Q¢2¢21222 - g Q¢2¢222)<,3k2’ ,3k2>]€2
- 2,02
- wZ(O)[_ Q¢1¢111 (ﬂkl s ,Bkz) - Q¢1¢2Z1Z2<ﬁk1 ﬂkzs ,Bkz)
32 s 2y, 02
+(Q5,5,%2 — 204,,%2%2 = 5626222 (Biy- Bro)Jes-
Proof. Since U21 € Ker(le)C, and Ker(le)C is spanned by
Z%el, Z%eu z122€1, Z122€1, z%ez, z%ez, Z%ez, 6.25)
Z122€2, 222202, z%e3, z§e3, 2363, z122€3, 222263,
The above elements are mapped by le to, respectively,
iwz? DiwyRer, i —iwpz1Z —iwgz? jwoz2er, —3iwoz2
025€1, iwozrel, iwozizzeq, iwoz122€1, iwoziez, iwozsez, iwpz5e2,
—2iwgz1Z2€2, —iwoz272€2, ia)oz%e3, 3ia)oz%e3, —inZ%e_o,, 2iwpz122€3, iwpz222€3.

Then, by (6.20) and (6.7), the expression (6.24) of U21 is obtained and the proof is completed. O
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Step 2. Computations of U22.
We know that

1
o 3202 =0V, P, -, ") e V(Qh (6.26)

is the unique solution of the equation

2 1
(M3h)(z) = Efz (z,0,0). (6.27)

Thus, by (6.18) and the definition of A, we have
. . 1
D:h(z)Bz = h(z) + Xolh(2)(0) = Loh(z) = DoAh@)(O)] = 7 f3(z,0,0). (6.28)

where / denotes the derivative of h(z)(0) respective to 6. Expressing /(z) in the general mono-
mial form, we have

h(2)(8) =haoo ()23 + ho20(8)23 + h002(0)Z3 + h110(0)z122
+ h101(0)z122 + ho11(0)z2z2, 6 € [—r,0].

(6.29)

Hence (6.28) is equivalent to, for 6 € [—r, 0],

— h1200(0)2} — ho11(8) 2272 + [2i@w0h020(8) — hr020(0)125 + [—2iwoho02(8) — ho02(6)1Z3

. . 1
+ [iwoh110(0) — h110(0)]z122 + [—iwoh101(0) — h101(0)]z122 = Efzz(z, 0,0)(0).
(6.30)

For 6 € [—r, 0), comparing the coefficients of z7 for |¢q| =2, g € NS in (6.10) and (6.30), we
obtain that

ha00(©) = 5[10)V1(0) Qgyg, (BL - Bri) B

+($20)92(0) + 2(0)2(0) Qg (BE, » Bio) B,
hot ()= ¢1(0)1(0)Q 4.5, B2, i) B

+($2(0)¥2(0) + $2(0)¥2(0) Q. 5, (BE - Bro) B

—2iwoh020(0) + ho2o(0) = %[¢1 @)Y1(0) O (,3;%2, Bt ) By
+(#20)2(0) + 2(0)2(0) Qg (BE, i) Bra .
—iwoh110(0) + h110(0) = ¢1(O)Y1(0) Qg5 (Bi Bra» Br ) B
+($2(0)¥2(0) + $2(0)¥2(0)) Qs (i Bra - i) B

6.31)

Solving these equations, we obtain that
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h200(0) = h200(0) + 5{061(0)1(0) Qg (BE, - Bry B

+7a= (0 — 12 (0)¥2(0) — (¢ — 1) (0)¥2(0)1 Qg (BF, i) Bro b
ho11(0) = ho11(0) +6¢1(0)¢1(0)Qy,5,(BL, » Brr) B

+7ae [ — 1) (0)¥2(0) — (¢ — 1)2(0)¥2(0)1Q g, 5, (B, Bio) B
ho20(6) = hoao(0)e? 0% + - {5 (€07 — 1)1 (011 (0) Qpor (BL, » Br VB

H[(H 0 — e!0%) g (0)92(0)

+3 (20 — =10 G (0)912(0)] Qoo (B, Bla) B}
hi10(0) = h110(0)e™? + (/0 — 1)¢1 (0)91(0) Q4 (Bry Bra» By ) B

+[0¢/ ™ §2(0)12(0) + 575 (€0 — e %) (0)Y2(0)]Qp1 65 (B Bra» Bio) B
hoo2(0) = ho20(0),  hi01(0) =h110(8), 0 €[-r,0].

(6.32)

And at 8 =0, by (6.32) we have

—(Lo(h200) + DoAh200(0)z] + [2iw0h020(0) — (Lo(ho20) + DoAhoo(0))123
+[—2iwoho2(0) — (Lo(hoo2) + DoAhgo2(0))123 + [iwoh110(0)
—(Lo(h110) + DoAh110(0))]z122
H—iwoh101(0) — (Lo(h101) + DoAh101(0))]z122 — (Lo(ho11) + DoAho11(0))z222
= Lf3z0,0)0),
(6.33)

Again expanding the above sum and comparing the coefficients, we obtain that

Lo(ha00) + DoAh2oo(0) = 51— Qg1 B, + D1(0)¥1(0) Qg (BE, - Brt) By
+(@200)¥2(0) + $2(0)¥2(0)) Q5,6 (BE » Bro) B,
Lo(ho11) + DoAho11(0) = = Q4. 5, 7, + $1(0)¥1(0) Oy 5, (BZ, - Bri VB
+(@200)¥2(0) + $2(0)¥2(0)) Q5 5, (BE, - Bio) Bra»
—2i@oh020(0) + Lo(h020) + DoAho20(0) = 51— Qo Bz, + $1(0)¥1(0) Qo5 (BE, - Br ) By
+($2(0)¥2(0) + $2(0)2(0) Qo6 (B, » Bra ) B,
—iwoh110(0) + Lo(h110) + DoAh110(0) = — O, ¢, Bry By + ¢1(0)Y1(0) Oy ¢, {Bry Bry > Biey ) By
+(2(0)¥2(0) + $2(0)¥2(0)) Qg 6 (B Bra » Bia ) i
(6.34)

Therefore U22 are determined by (6.32) and (6.34). For later computation of the third order normal
form, note that for any g € NS , lg] =2, we have

hq(0) = (hq(0), B ) Bry + (hq(©), Bry) Br, + Z (hq(8), Br) B (6.35)

k>0,kk1 k2
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Then (h, (0), Br) (k € Np) can be obtained from (6.34), and (h, (8), Bx) for 6 € [—r, 0] is deter-
mined by (6.32). In fact, we do not need to find (h,(0), i) for all g € N3, |g| =2 and k € Ny,
but only need to find the ones appearing in g; (z,0,0).

Step 3. Computations of g%.

Now we have all the components for computing the third order normal form. Let M3 be the
operator defined in V33 (C3 x Kerm), with

M} :V3(C3 — V3(C?) and (M} p)(z) = D,p(z) Bz — Bp(2),

where V33 (C3) denotes the linear space of homogeneous polynomials of degree 3 in the variables
7= (z1, 22, 72) with coefficients in C3. Then one may choose the decomposition

V3 (C? =Im(M}) @ Im(MJ)°
with the complementary space (Im(M31))C spanned by the elements

Ziel, z1z220e1, z120€2, 3%2ed, 71703, 2273€3, (6.36)

where e}, e2, e3 denote the natural basis of R3. Now we have the normal form up to the third
order

1 1
;=Bz+ 55 (2,0, ) + §g§ (2,0,0) + h.o.t., (6.37)
where
I 1 . —1
From (6.23) denoting
1 . |
831(2) = gpmf(lm(M;))”f% (z,0,0),
1 .
g2 = =7 Projumauly DU, ()8, 0,0),
X (6.39)
g33(2) = ZPr0j(1m<M3‘))f(sz21 (z,5,0)y=0U; (2),
1 .
84@) = 3 Projumaulye (Dyfy 2., 00)y=0U3 (@),
then
1
5831 (z,0,0) = g31(2) + g32(2) + g33(2) + g34(2). (6.40)

From (6.9) and (6.39), we obtain
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831 = §V1OCp4,6, 21 (BL > Br) +6C 4,5, 212222 Bry By Br)en
+392(0)[Cp405,2322(BL - Bra) + Cor616:2322(BE Bra» Bro)le (6.41)
+39200)[C . 5,5,2223(BR, - Ba) + Cop, 16,2122 BE Bra: Bira)les.

For g32, since UJ (z) € Ker(MJ)¢ and g1 (z,0, 0) € Im(M})®, by (6.25) and (6.15) we set

! 1 - ! . -
U3 @)= (agn33 + g3 +aj 2122 +ajg ziZo)en
2 2 2) - 2 - 2 -
+(a§0)oz% + a(()zz)zg + a(()o)zz% + al(o)lmzz + a(()])l 2222)€2

3 3 3) - 3 3 -
+(a§0)0z% + aézi)zg + a(()o)zz% + a%mzz + a((n)l 2222)e3,
1 - 2 3 -
21(2,0,0) = (bgo)oz% + bél)l 2222)e1 + bi 1)0Z1Z2€2 + b§0)1z122e3,

then
1 1 - 1 - 1 1 2
D, U21 (z)g21 (z,0,0) = [(ailz)zz + “io)l zz)(béo)oz% + b((n)lmZz) + (Zaézz)zz + ailgzl)bil)ozlm

1 - 1 3 - 2 2) -\ (1 H_ -
+(Q2agohza + algz)big 21Z2ler + [(2a5epzt + alg)22) bz} + by 2272)

2 2) =\, 2 2) - 2 2 3 -
+Qagyza + ag 22)b\ 2122 + Qagaza +ajo 21 +agy 22)bioyz1221e2

3 3 1 1 - 3 3
HQaSoz + a2 + bt 2272) + QaSoyza +atiyz

-2 3) - 3 D 21z
+ag 22)by107122 + QagnZ + agy 2)big 21220es

€ Im(M3).
This implies that
1 .
gn@)=—7 Projg, uiy-PUs (2)g1(2,0,0) =0. (6.42)
By using (6.39), (6.5), (6.24) and (6.36), we obtain
g33(2) = 855 (e1 + 853 (e + 853 (2)e3. (6.43)
with

85 @ = Y1 (O)[— 01, ¥2(0) + Oy, 5, ¥2(0)1 Q1 (Brs B Bia) (BE - Bro) 7

2iwgy

+ 7= V1 O{[= Q1 6,¥20) + 5, V2(0)1Q 4, 5, (Bri Bra» i) (B, B

3 Qo 120 0y 5, + 3,5, 72(0) Q1B Bras Bro) (B, Bi ) z12272
(6.44)
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8@ = 5= v2(0){[2Q4,9, V1 (0) (Bt B B (BE - Bio) + 0,5, 92(0) (B, i Bia)1 Qs
+= 01, ¥2(0) + 0,5, ¥2(0)1 04,6, (B, B (B Bra)}ziza
+ 3700 V2001 Qy, 5, V1 (0) Q55 (Bry Bio» B} (BL, » B )
+3 05,5, 2(0) Qo (BE . Bro)?

H[=20p,0,V2(0) +4Q,4,5, 92010y, 5, (BR, - Bra) 212322
(6.45)

Finally from (6.29) and the symmetric multilinearity of Q, we obtain

O¢n Q¢‘hzooz% + Q¢hozoZ% + Q¢hoozz% + OQh1102122 + Qghyg 2122 + Qohgy 2222, (6.46)

with ¢ € {¢1, P, q_ﬁz}. From (6.39), (6.7), (6.26) and (6.36), we obtain

834(Z) = WI (0)[<Q¢1h200,3k1 ’ .Bkl )Z? + ((Qt]ﬁ]honﬁkl ’ .Bkl) + <Q¢2h101/3k27 IBkl)
Qg 10Bra» B Nz12222le1 + V2 () Qgyyro Bir» Ba) + ( Qoo Bro» Bra ) 7122
+((Q¢2h0|1:3k25 ﬂkz) + <Q(52h020ﬁk27 .Bkz))Z%ZZ]EZ + 1;ZZ(O)[(<Q¢1]’!|01 ﬂkl i :3k2>

Qg yh Bra» B 7122 + (Q 00y, B Bra) + (Qpaion B B ) 2223 )e3.
(6.47)

The conclusion of Theorem 3.1 follows directly from Lemma 6.1, (6.41), (6.42), (6.43) and
(6.47).

7. Conclusion

In this paper the normal forms up to the third order for a Hopf-steady state bifurcation of a
general system of partial functional differential equations (PFDEs) is derived based on the center
manifold and normal form theories of PFDEs. This is a codimension-two bifurcation with the
characteristic equation having a pair of simple purely imaginary roots and a simple zero root.
The PFDEs are reduced to a three-dimensional system of ordinary differential equations, and
precise dynamics near the bifurcation point can be revealed by two unfolding parameters which
can be expressed by original perturbation parameters. Usually, the third order normal form is
sufficient for analyzing bifurcation phenomena in most of the applications.

The normal form for the Hopf-steady state bifurcation in a general PFDE has been investigated
within the framework of Faria [15,17]. However, in [15] an important conclusion is that the
normal forms up to a certain finite order for both the PFDEs and its associated FDEs are the
same under the assumption (H5). And when (H5) is not satisfied, the associated FDEs may not
provide complete information, and further general results on the normal forms are not given in
[15]. In fact, the assumption (H5) is not satisfied when a Hopf-steady state bifurcation occurs.
Our results on computing the normal form on center manifolds, that is (3.4)-(3.7), (6.32) and
(6.34), do not require (H5), which makes the approach applicable to a wider class of systems.

For more concrete expressions, we provide explicit formulas of the coefficients in the third
order normal form in the Hopf-steady state bifurcation for delayed reaction-diffusion equations
with Neumann boundary condition, that is (4.1)-(4.11), and this includes the important case of
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Turing-Hopf bifurcation (with k; # 0). The formulas are user-friendly as they are expressed di-
rectly by the Fréchet derivatives of the functions up to third orders and the characteristic functions
of the original systems. Moreover they are shown in concise matrix form which is convenient for
computer implementation. These results can also be applied to reaction diffusion equations with-
out delay, for example, see [8], and functional differential equations without diffusion, see [28].

Our general results are applied to the diffusive Schnakenberg system of biochemical reactions
with gene expression time delay to demonstrate how our formulas can be applied in practical
examples. In particular we provide specific conditions on the parameters for the existence and
stability of spatially nonhomogeneous steady state solutions and time-periodic solutions near the
Turing-Hopf bifurcation point. Our specific example is for a one-dimensional spatial domain with
Neumann boundary condition, but our general framework is broad enough for high-dimensional
spatial domains and Dirichlet boundary condition. More specific computations for these cases
will be done in the future.
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