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Abstract

The global asymptotic behavior of the classical diffusive Lotka—Volterra competition model
with stage structure is studied. A complete classification of the global dynamics is given for
the weak competition case. It is shown that under otherwise same conditions, the species
with shorter maturation time prevails. The method is also applied to the global dynamics of
another competition models with time delays.
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1 Introduction

The competition for natural resource regulates the growth of biological populations, and
it leads to density dependent and bounded population growth. Moreover two species com-
peting for the same limiting resource often cannot coexist, which is the phenomenon of
competition exclusion [7,32]. Lotka—Volterra model has been used to describe the competi-
tion for resource, and it predicts the competition exclusion to occur in the weak competition
case [20,33]. On the other hand, spatial heterogeneity of the environment can change or
determine the outcome of the competition, and the dynamical behaviors of spatially explicit
mathematical models could explain, to certain extent, the ecological complexity of ecosys-
tems [17].
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One of the prototypical mathematical models to describe competition for resource in
spatially heterogeneous environment is the following diffusive Lotka—Volterra competition
system:

oU

W:d]AU—i—U(ml(x)—U—cV), xe, t>0,

A%

— =dp) AV +V (my(x) —bU — V), xe, t>0,

o 2 (ma(x) ) (L
oU Vv

— = — =0, x €0, t>0,

on on

Ux,0) =Up(x) 20, V(x,0) = Vo(x) =0, xe€Q.

Here U (x, t) and V (x, t) are the population densities of two competing species at location
x and time 7 respectively; € is a bounded domain in R" with a smooth boundary 92, and n
is the outward unit normal vector on 9€2; d1, d» > 0 are the diffusion coefficients of species
U and V, respectively; the functions m(x) and m,(x) represent the intrinsic growth rates
of species U and V at location x respectively, and they can also be interpreted as resource
available to U and V; and the parameters b, ¢ > 0 account for the inter-specific competition.
The no-flux boundary conditions are imposed on the boundary, which means that the habitat
is closed and individuals cannot move in or out through the boundary.

It is well known that that system (1.1) has only two semitrivial steady states (le.,ml , 0)
and (0, 64,,m,) (see [4]) under the following assumption:

M) m;(x) € C¥Q), fora € (0, 1), and m;(x) > 0on Qfori =1, 2.

For the special case that m(x) = ma(x) = m(x) > 0(z const), the results on model (1.1)
could be summarized as follows. If » = ¢ = 1, Dockey et al. [6] showed that the semitrivial
steady state (9d1,m1 , O) is globally asymptotically stable if di < d,. That is, “the slower
diffuser always wins”. If b, ¢ < 1 (the weak competition case), Lou [21] showed that in a
parameter region of (b, c), the semitrivial steady state (64, ,,, 0) is globally asymptotically
stable if it is linearly stable. Lam and Ni [16] showed that in a more genreal parameter
region of (b, ¢), either (64, m,,0) is globally asymptotically stable, or (1.1) has a unique
coexistence steady state which is globally asymptotically stable. Finally He and Ni [11] gave
a complete classification on the global dynamics of model (1.1) for the parameter region
satisfying O < bc < 1 and all dy, d» > 0: either one of the two semitrivial steady states is
globally asymptotically stable, or there exists a unique positive steady state which is globally
asymptotically stable, or there exists a compact global attractor which consists of a continuum
of steady states. Their results also hold for the case that m (x) % m>(x) (see Sect. 2 for more
precise results). We remark that the results on the dynamics of model (1.1) could also be
found in [9,10,12,13], and see [22-25,36-39] for the dynamics of competition models in the
advective environment.

For some biological species, the time from the birth to maturation may have impor-
tant effect on the population dynamics, and it should be included in the modeling process.
Considering the maturation time of species U and V, we propose the following diffusive
Lotka—Volterra competition model with time-delays:
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U
5 =AU +e M I m U@, t—1)—U>—cUV, xeQ,t>0,

v

S =LAV + e 2my(x)V(x,t — 1) —bUV — V2, xeQ,t>0,

AU vV

% o, xean 1>0, 12
on on

Ux,t) =Up(x,t) >0, xeQ, te[-1,0]
Vx,t) = Vo(x,t) >0, x €, te[—1m,0]

Here 71 and 1, represent the maturation periods of U and V, respectively, y1 and y, represent
the death rates of the immature species of U and V, respectively, and other parameters have
the same meanings as those in model (1.1). We remark that if t; = 7, = 0, then model (1.2)
is reduced to (1.1). Indeed in [1,2], a similar model was constructed for Q2 = (—o0, 00) and
m;(x) are constant for i = 1, 2, and they studied the existence of the traveling wave front
solutions.

The derivation of model (1.2) starts from the standard age-structured population model
(see [1,27,30]), and the details for the unbounded domain could be found in [1]. Here we
include it for the sake of completeness. Let u(x, ¢, @) be the density of a species of age a at
space x and time ¢, and 7 be the maturation period. Assume that u satisfies the age-structured
population model:

du  ou_ 0%
ar  da  ox2
Ju

%z

— yu, xeQ, t>0,0<a<r,

x€d, >0 0<ax<r,

’

o0
and the mature species u, (x, t) := / u(x,t,a)da satisfies
T

9 92
%: auzm—i-u(x,t,r)—ui, xeQ, t>0,
X
duyy,
87=(), x €02, t>0,
n

with u(x, 7,0) = m(x)um(x, 1). Here d and d are the diffusion coefficients of the mature
and immature species, respectively, y is the mortality rate of the immature species, m(x) is
the intrinsic growth rate of the mature species at space x, and u(x, ¢, 7) is the mature adult
recruitment term. Then

ulx,t,7)=e 7’7" / Gx,y,d, D)mum(y, t — )dy,
Q

where the Green’s function G (x, y, d , 1) satisfies

G -9°G

¥=d872, yeQ,t>0,
y

G

8—:0, yed, t >0,

n

Gx,y,d,0)=8(x—y), ye.
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For one dimensional domain = (0, L), one can calculate that

G,y di)y=— 4+ ¢ 7 P cos T cos L (13)

1
L

Consequently, the mature species u,, (x, t) satisfies

d 32 .

% =d a“;n +e_7T/ Gx,y,d, O )m(Yu,(y,t —1)dy — ufn, xeQ, t>0,
X Q

oy,

" =0, xe€d, t>0.
on

Then for two competing species U and V, one could obtain the following two species com-
peting model with age structure

U ~
vy =d|AU 4+ ¢ / G(x,y,di, t)m MU (y, t — t1)dy
Q
—U?—cUV, xeQ, t>0,
A% -
Frie dr AV +e_}’m/ Gx,y,dr, 2)m2(y)V(y,t — 12)dy
Q
—bUV — V2, xeq t>0, U4
10 v
—=—=0, x€d, t>0,
on on
Ux,1) = Up(x,1) >0, xeQ, tel[-1,0],
Vx,t) = V(x,1) >0, xeQ, te[-n,0]

Note that G(x, y, d, 7) = 6(x — y) for d = 0, see Eq. (1.3) for the one dimensional case.
Therefore, model (1.4) can be approximated by model (1.2) if the diffusion rates of the
immature species of U and V are small (d~ | and d, are small).

In [35], Yan and Guo considered the dynamics of the competition model with stage
structure and spatial heterogeneity, and investigated model (1.2) for the case of 7; > 0 and
72 = 0. They showed that one of the semitrivial steady states can be globally asymptotically
stable under certain conditions, and the global stability of the positive steady state could be
obtained if there exists a pair of upper and lower solutions. In this paper, we show that, for
0 < bc < 1, the global dynamics of model (1.2) can be completely classified as the non-delay
case [11]: either one of the two semitrivial steady states is globally asymptotically stable, or
there exists a unique positive steady state which is globally asymptotically stable, or there
exists a compact global attractor which consists of a continuum of steady states.

The rest of the paper is organized as follows. In Sect. 2, we give some preliminaries. In
Sect. 3, we obtain the global dynamics of model (1.2) for 0 < bc < 1. In Sect. 4, we apply
the obtained results in Sect. 3 to two concrete examples and show the effect of time delays.
Moreover, we find that the method for model (1.2) can also be applied to another delayed
competition model. Throughout the paper, we denote

M={.dt,02.7.7)€®°:d.d> 0,1, 7 >0},
Y = C(Q,R), E; = C([-7,0l,Y)(G = 1,2),and E = E| x E». Here E; = Y if

7, = 0( = 1,2). Moreover, we denote Rt = {x ¢ R : x > 0}, Y+ = C(Q,R"),
Ef=C(-7,0L,Y")(i=1,2),and Et = E{ x EJ.
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2 Some preliminaries
In this section, we summarize some existing results in [11] for the following model:
U VT 2
— =d|AU +e ""'mi(x)U —U"—-cUV, xe,t>0,
ot
v —NT 2
— = AV +e ?2my(x)V —bUV — V-, xe€Q, t>0,
dt 2.1
ouU v
— = =0, x €0, t>0,
on an
U(x,0) =Up(x) =20, V(x,0) = Vp(x) =0, xeQ.
Clearly, under assumption (M), system (2.1) has two semitrivial steady states
(edl,fl,l/l,ml ) O) and (0’ 9d2,T2qV2,m2) )
where 0y, 1;.y,,m; satisfies the equation
diAd 4+ e VTimi(x)0 — 6% =0, xeg,
a0 2.2
— =0, x € 092. 22)
an
Denote by w1(d, w) the principal eigenvalue of the eigenvalue problem
dA¢p +wx)p = pd, x €,
0 2.3
—¢ =0, x € 092. @3)
on

Then (04, 7,.y,,m, - 0) is linearly stable with respect to (2.1) if
wi (d2, e 2my — bOg, 7,31.m,) <O,
is linearly unstable if
w1 (da, €72my — bbay 1y, 1.m,) > O,
and is neutrally stable if

n1 (dz, e 2my — bedlvfl;)’l;ml) =0.

Similarly, the linear stability of (O, Gdz,fz’yz,mz) with respect to (2.1) is also determined by

the sign of
wi (di, e " 'my = Oy e, 0.ms) -
For fixed b, ¢ > 0, define
Su={{di.dy, 71,2, y1,y2) €T : i (da, e *Pma — bO4y 7,.5y.my) < O},
Sy ={(d1.da. 11,72, 71, 72) €Tt i (di. e "™ 'my — Oy vy, p0.my) < O},
S_={(d,dy, 11,2, 1, ¥2) €T : (dz, e 22y, — b@dl,fl,yhml) >0,
and g (dl, e Mimy — ngz,tz,yz,mz) > 0},
=0},
Sv0={di.dr,t1, 02, y1,v2) €T : i (di, e """'my — Oy, 5,90,m,) = 0},
So,0 == 1{(di.do, 1. T2, v1. ¥2) € T2 1 (do, € 2Py — bOgy 71, 31.m1)

Su0 :={d1.d2, 11,12, y1, ¥2) € T : 1 (do, €7 2my — bOay 1y, y1.m,)

= M1 (dlv eiylrlml - Cedz,‘[z,yz,mz) - O}

24
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Then, we cite two main results in [11] as follows.

Lemma 2.1 [11, p. 23] Assume that m;(x) satisfies assumption (M™) for i = 1,2, and
0 < bc < 1. Then for any (dy, d, 11, 12, Y1, ¥2) € I'\So,0, every positive steady state of
system (2.1) is linearly stable if exists.

Lemma 2.2 [11, Theorem 1.3] Assume that m;(x) satisfies assumption (M™) fori = 1,2,
and O < bc < 1. Then we have the following mutually disjoint decomposition of T':

I = (84 U Su,0\50,0) U (Sv U Sy,0\S0,0) U S— U Sp0.
Moreover, the following statements hold for model (2.1):

(i) Forany (dy,da, 71,72, ¥1,¥2) € (St U Su,0\50,0, (64y,71,71,m,- 0) is globally asymptot-

ically stable.

(i1) Forany (dy, d2, t1, 72, ¥1, ¥2) € (Sy U Sp,00\S0.0, (0, 9,12,T2,y2,m2) is globally asymptot-
ically stable.

(iii) For any (dy,d>, 1, 12, Y1, ¥2) € S—, model (2.1) has a unique positive steady state,
which is globally asymptotically stable.

(iv) Forany (dy, d>, t1, T2, ¥1, ¥2) € 80,0, Ody,t1,71,m1 = Oy, 12, 5,m»> and model (2.1) has a
compact global attractor consisting of a continuum of steady states

{(pedl,‘[],yl,mla (1 - :O)Qd],rl,yl,ml/c) : IO € (07 1)} .

3 Global dynamics

In this section, we give a complete classification of the global dynamics of model (1.2),
and our approach is motivated by the ones in [11]. We first consider the eigenvalue problem
associated with a positive steady state of (1.2). Let (u, v) be a positive steady state of system
(1.2). Linearizing system (1.2) at (u, v), we obtain the following eigenvalue problem

Mpr = d1 Mgy +e I ()1 — (u + cv)dy —cugy, X €L,
Ay = oAy + e Rmy (x) gy — (bu 4 20)¢p —bvd1, X €Q,  (3])
d d
I _ 09 _y, X €0Q.
on on
Then (u, v) is linearly stable if all the eigenvalues of problem (3.1) have negative real parts.

By virtue of the transformation ¢y = ¢ and Y, = —¢», the eigenvalue problem (3.1) is
equivalent to

A =diAYL + e T U Oy — Quo+ co)y +euyn,  x € Q,

M =AYy + e PP Rmy ()Y — (bu +20)Y2 +boYn, X €Q, (32
a a

W _ W, x €09,

on on

Denote by X the principal eigenvalue of the following eigenvalue problem

M =diAY + e M im0y — Qu+cv)yy +cunr,  x € Q,

My = dr Ay + e 22my(x)Yrn — (bu + 2v)Y2 + bvyr,  x € Q, (3.3)
d d

Wi _ W, X €dQ.

an an
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Then we show that the eigenvalue problem (3.1) [or equivalently, (3.2)] also has a principal
eigenvalue A1, which has the same sign as A;. We say that A is a principal eigenvalue of
problem problem (3.3) [or respectively, (3.2)] if (3.3) [or respectively, (3.2)] has a solution
(Y1, ¥2) > (0, 0). Clearly,

A1 = sup{ReA : A is an eigenvalue of (3.3)},

and any eigenvalue A of (3.3) with A # A; satisfies ReA < Aj.
The following result asserts the existence of principal eigenvalue for the eigenvalue prob-
lem (3.2), and the method that we use here for the proof is motivated by [31].

Theorem 3.1 Assume that m;(x) satisfies assumption (M+)f0ri =1,2,dy,dy > 0, and
71, T2, Y1, V2 = 0. Then there exists a principal eigenvalue A1 of (3.2) with an associated
eigenfunction (Y1, ¥2) > (0, 0). Furthermore,

) ):»1 = sup{ReA : A is an eigenvalue of (3.2)},
(ii) Ay is simple and has the same sign as L1, where 1, is the principlal eigenvalue of (3.3),
(iii) any eigenvalue A of (3.2) with A # A1 satisfies Rer < Aj.

Proof If 1y = 15 = 0, then the eigenvalue problem (3.2) is reduced to (3.3). Therefore, we
only need to consider the case that at least one of t; and 15 is positive. Define L = (L1, L») :

E —Y xYby

Li(Yr1, ¥2) = e "y () (—11) + cuyra(0),

3.4)
Lo(Yr1, ¥2) = e ?2ma ()2 (—12) + bvy(0), (Y1, ¥2) € E, (
and B=(B1,By) :D(B)CY xY - Y xY by

Bi(¢1, ¢2) = diAp1 — (2u + cv)¢i, (3.5)

By(¢1, ¢2) = da Ay — (bu + 2v)¢2, (1, $2) € D(B).

Clearly, the linear operator L is positive, i.e., L(ET) C YT x YT. On the other hand,
the linear operator B generates a compact and analytic semigroup 7'(t) on Y x Y, and
T({):Y xY — Y x Y is also positive. Let U(¢) : E — E be the solution semiflow
associated with the abstract delayed linear equation

dv(t) _
— - =BV LV, 1>0, (3.6)

V(0) = ¥y = (Yo,1, Yo,2) € E,

where V; = (vi(x,t + 01), va(x,t + 6»)) for6; € [—1;,0],and i = 1,2 and let Ay be its
generator. Let V (x, ¢, ¥o) = (vi(x, t, Vo), v2(x, t, ¥p)) be the solution of (3.6) with initial
value Wy = (Yo,1, ¥0,2) € E. Then U(1)Wo = (vi(x,t + 61, Wo), va(x,t + 62, ¥y)) € E,
where 6; € [—1;,0] fori =1, 2.

We divide the following proof into several steps.
Step 1. We show that U (¢) is positive, i.e., U(t)(ET) C E™.

For convenience, we use V(x,?) and v;(x,t) (i = 1,2) to denote V(x,t, ¥g) and
vi(x,t, ¥Yo) (i =1, 2). Denote

7 := min{t, 12} (3.7
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If T > 0, then V (x, ¢) satisfies that, for t € (0, 7),

% —diAvi + 2u + cv)vr — cuvy

= e my(x)Yo,1(x, 1 —11) =0, x e,

% — dyAvy + (bu + 20)v2 — bu (3.8)
v =e PPmy(x)Yo2(x, 1 — 1) 20, x€Q,

% _ 38% —0. x €9Q.

It follows from the comparison principle (see e.g. [29, Theorem 7.2.5]) that v; (x, ¢) > O for
(x,1) e 2 x[0,7]andi = 1, 2. By the method of step, we obtain that

vi(x, 1) >0 for (x,1) € Q x[0,00) and i = 1,2, 3.9

which implies that U(t)(E') ¢ ET.If T = 0, then 1y = 0 or 1 = 0. We only need to
prove the case that 71 > 0 and t; = 0, and the other case could be proved similarly. Then,
fort € (0, 71], V(x, t) satisfies that

0

% —diAvy + Qu + cv)v) — cuvz

=e " mi(x)Yo1(x,t —11) >0, x €L,

s (3.10)
E_dgsz—i—[bu—{—Zv—mz(x)]vz—bvvl 20, xeQ,

d d

a2y, x € 9Q.

on on

Similarly, we see from the comparison principle that v; (x, ) > 0 for (x,1) € Q x [0, 71]
and i = 1, 2. Then, by the method of step, we also obtain that U (t)(E™) C E™ in this case.
Step 2. Next we show that U (¢) is eventually strongly positive, i.e., there exists 7, > 0 such
that U (t)(E*T\{0}) C int(E™) for any ¢ > t,. Here
{0} = {(Y1(x, 01), Y2(x,02)) € E : i (x,0;) =0 for i =1,2},
int(EY) ={(¢1,¢2) € E: ¢i(x,6) >0 for x € Q, 6; € [—7:,0], i =1,2}.

Noticing that if

(Vo,1(x,601), Yo2(x,62) € ET\{0}, (3.11)

we have ¥ 1(x,01) # 0 or Yo 2(x,62) # 0. We only need to consider the case that
Yo,1(x,61) # 0, and the other case could be proved similarly. If ¥ 1(x,61) # 0 and
71 = 0, then it follows from the comparison principle that vi(x,#) > 0 for x € Q and
t > 11 =0.If o,1(x,01) # 0and 71 > 0, then there exists (xp, 6p) € € x (0, 71) such that
Yo.1(x0, —6p) > 0. We claim that vy (x, t1 —6p) # 0. If itis not true, then vy (x, T —6p) = 0.
This, combined with the first equation of (3.8), implies that

dv
{Ttl(xoa 71 —00) = e ""'my(x)Yo,1(x0, —60) + cuva(xo, 71 — 6p) > 0.  (3.12)

Note that vi(x, 1) > 0 for (x,7) € Q x [0, 00) and v{(xg, 7| — 6p) = 0. It follows that
ad
%(xo, 71 — 0p) = 0, which contradicts (3.12). Then, vy (x, Ty — 8y) # 0. This, combined

@ Springer



Global dynamics of the diffusive Lotka-Volterra... Page9of19 33

with the comparison [Einciple, implies that vy (x, t) > Oforx € Qandt > 11 —6y. Therefore,
vi(x,t) > 0forx € Qandr > 7. Then, for r > 1, vy(x, t) satisfies

0

%—dzsz—l—(bu—l—Zv)vz >bvv; >0, xe,
vy

—< =0, x € 0Q2.
on

Similarly, we see from the comparison principle that vy(x,7) > O forx € Q and t > 1.
Note that U (1) Wy = V;(¥y), where V; (Vo) = (v1(x, t+61), va(x, t+6)) for6; € [—1;, 0]
and i = 1, 2. It follows that U (t) (ET\{0}) C int(E™) for any t > 21| + 215.
Step 3. Denote s(Ay) := sup{Rei : A € 0 (Ay)}. We prove that s(Ay) is a simple eigen-
value of (3.2) with a positive eigenfunction, and s(Ay) has the same sign as the spectral
bound s(B + Lg) = A1.

Since U (t) is positive, it follows from [15, Section 2] that s(Ay) is a spectral value of
Ay. Define a operator L) : Y x Y — Y x Y by

L (¢1,¢2) = L (1™, ¢oe*™), 6; € [-1;,01, i = 1,2.

Then, from [15, Section 4], we see that s(Ay) has the same sign as the spectral bound
s(B + Lo) = A1. From [34, Chapter 3], we see that A € 0,(Ay) if and only if A is an
eigenvalue of problem (3.2), and the corresponding eigenfunction of Ay with respect to
A s (1//1e)‘61, wzewZ) where 6; € [—t;,0] fori = 1,2 and (1, ¥) is the corresponding
eigenfunction of (3.2) with respect to A. Therefore, we only need to show that s(Ay) €
0,(Ay) and the associated eigenfunction (l/ffes(AU)el, wges(AU)(’?) where 6; € [—1;, 0],
i =1,2,is strongly positive, i.e., (7, ¥3) > (0, 0).

It follows from [34, Chapter 3] that U(¢) : E — E is compact for t > 71 + 172. Note
that, for a fixed #p > 271 + 21, U(%p) is strongly positive. Then we see from the Krein-
Rutman theorem (see [3, Theorem 3.2]) that the spectral radius (U (fg)) is positive and a
simple eigenvalue eigenvalue of U () associated with an eigenfunction in int(E™), and any
eigenvalue p of U (tp) with u # r(U (ty)) satisfies || < r(U (tp)). Then from [28, Theorem
2.2.4], we obtain that there exists A € op(Ay) such that r(U(t)) = e We claim that
* € R. If it is not true, then A € C\R. Note that

Uto) (™, iae®) = 0 (1™ ™) = r (U (t0) (1™, ™), (3.13)

where (151 (x), @2 (x)) is the corresponding eigenfunction with respect to X for (3.2). Then
we have (Y&, 4ne*”) € int(E*). If 1) = 1o = 0, then 1, ¥» > 0, which yields & € R.
This is a contradiction. If 7; # 0, then 1/~f,-e19" ¢ int(EiJ“) for i = 1,2, which is also a
contradiction. Therefore the claim is true, and consequently, X < s(Ap).

Noticing that s(Ay) is a spectral value of Ay, we see from [28, Theorem 2.2.3] that
eSAVN ¢ 5 (U (19)), which implies that e’ A0 < r(U (1)) = e Therefore, s(Ay) = A €
o, (Ay), and consequently, s(Ay) is an eigenvalue of problem (3.2) with the corresponding
eigenfunction (7, v/3). Since

Ult0) (wf SAV s eS(AU)Qz) — S (l[ffe-Y(AU)gl, w3 es(Awez)
(3.14)
= r(U(10)) (wlsesmmel ’ wges“‘w‘%) ’
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it follows from the Krein-Rutman theorem that s(Ay) is simple and wis > 0fori =1,2.
From the above three steps, we see that X1 = s(Ay) is the principle eigenvalue of (3.2), and
(i) and (ii) hold.
Step 4. We prove that (iii) holds.

We firstly claim that, for any A € o,(Ay) and A # s(Ay), Mo #£ ¢S Tf it is not

true, then e*0 = ¢S(Av) and consequently, there exist an integer k # 0 and a constant
co(# 0) € C such that

and

(ﬁlew‘, 1&2(3)‘62) = (ers(AU)el, l/fges(AU)(h) forany x € Q, 6; € [-7;,0], i =1,2,

where (@1 (%), 1/}2(x)) is the corresponding eigenfunction with respect to X for (3.2). This is
a contradiction. Therefore, the claim is true, and from the Krein-Rutman theorem, we have
|eito| — etoﬁei <r(Uty)) = esAvI

which implies that Rei < s(Ay). O

Next we consider the eigenvalue problems associated with (1.2) with respect to the
semitrivial steady states (64,,z;,y;,m;>0) and (0, 64, v,,y,,m,). Linearizing system (1.2) at
@y ,71,y1,m1 > 0), we obtain the following eigenvalue problem

AL =di Ay + e 1T M (x)

_29(1171'1.)4,"11(]51 - 69d|,r|,y|,m|¢2a x € Q,
My = oAy + IRy (s — DOy oy 2. xeQ, 1)
d d
0 _ 00 _ 0, x €.
on on
Therefore, we only need to consider the following eigenvalue problem
Apy = da Ay + €22 2y () — BOdy 1y m P2 X € R,
992 (3.16)

—~Z -0, € 0.
on o

Similarly, the eigenvalue problem with respect to (0, 64,.7,,1,,m,) takes the following form:

AL =diAG) + e TP ()1 — COdy rrppmr Pl X € R,
My = dr Ay + €72 2my (x) o

=20dy,73,y2,m:%2 — bOdy 13, y2,my P1, x €€, @17
ad ad
I _ 002 _ x €99,
on on
and we also only need to consider the following eigenvalue problem
ApL=diAGL + e TP ()1 — Oy rr ppmr Pl X € R,
991 (3.18)

=0, x € 0Q2.
on

By virtue of the similar arguments as Theorem 3.1 (see also [35, Lemma 2.2]), we have the
following results on the principal eigenvalues of (3.16) and (3.18).
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Theorem 3.2 Assume that m;(x) satisfies assumption (M™) fori = 1,2, d,d > 0, and
71, 72, Y1, ¥2 = 0. Then

(1) problem (3.16) has a principal eigenvalue 11, where
1 = sup{ReA : A is an eigenvalue of (3.16)},
and [i1 has the same sign as
w1 (da, €7 my — bOay 1 p1my ) -
(ii) problem (3.18) has a principal eigenvalue (i1, where
1 = sup{Re : A is an eigenvalue of (3.18)},
and [i1 has the same sign as
" (dl, e "my — c@dz,fz’n.mz) .
Finally we show that system (1.2) generates a monotone dynamical system.

Proposition 3.3 Ler (U;(x,t), Vi(x,t)) be the corresponding solution of model (1.2) with
initial value (Uy ;, Vo,;) fori =1, 2. Assume that

Uo,1 = Up2 >0 for x eQ, te[-1,0],
0< Vo1 <Vpa for x € Q, t €[-m,0].
Then
Ui(x,t) > Uax(x,t) and Vi(x,t) < Vao(x,t) for x € Q, t>0.

Prooi We only prove the case that T, T2 # 0, and other cases coulﬁd be proved similarly.
Let U(x,t) = Ui(x, 1) — Uz(x,1), V(x,1) = Valx, 1) — Vi(x, 1), Up = Up,1 — Uop,2 and
Vo= W,o— Vo, fori =1,2. Then (U(x,t), V(x, t)) satisfies

U — — — .
— —diAU + (U + Uy +cV)U —cUyV >0,  xeQ, tel0,7],

ar

v — - - -

g—dzAV—l—(Vl+V2+bU2)V—bV1U20, x€Q, tel0,7],
U 9V

—=""_, x €93, t €0, 7],
on on

Ux,0)=Uo(x,0) >0, V(x,0) = Vp(x,0) >0, x€,

where 7 is defined as in Eq. (3.7). It follows from the comparison principle that
Ux,t), V(ic, 1) 270 for x € Q and ¢ € [0, T]. Then, by the method of step, we could
prove that U(x,t), V(x,t) > Oforx € Qand ¢ > 0. This completes the proof. O

Then from Lemmas 2.1, 2.2, Theorems 3.1, 3.2 and Proposition 3.3, we can obtain the
following complete classification on the global dynamics of model (1.2) for 0 < be < 1.

Theorem 3.4 Assume that m;(x) satisfies assumption (M) fori = 1,2, and 0 < bc < 1.
Then we have the following mutually disjoint decomposition of T':

I = (84 U Su,0\50,0) U (Sy U Sy,0\S0,0) U S— U Sp0.

Moreover, the following statements hold for model (1.2):
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(i) Forany (di,dy, 71,72, ¥1,¥2) € (Su U Su,0\80,0) (6y.71.31.m1 - 0) is globally asymptot-

ically stable.

(i) Forany (dy, d>, t1, 72, ¥1, ¥2) € (Sv U SU,O\S(),O), (0, Odzyfz,yz,mz) is globally asymptot-
ically stable.

(iii) For any (dy, d, T1, T2, Y1, ¥2) € S—, model (1.2) has a unique positive steady state,
which is globally asymptotically stable.

(iv) Forany (dy, d>, T1, T2, V1, ¥2) € 80,0, Ody,t1,71,m1 = Oy, 12, 5,m»> and model (1.2) has a
compact global attractor consisting of a continuum of steady states

{(pedl.rl,yl,mla (1 - p)ed],‘rl,]/l,ml/c) pE (07 1)} .

Proof We only prove (iii), and other cases could be proved similarly. We see from Theorem 3.3
that system (1.2) generates a monotone dynamical system. It follows from Lemma 2.1 and
Theorem 3.1 that, for any (di, da, 71, T2, Y1, ¥2) € I'\So.0, every positive steady state of
system (1.2) is linearly stable if exists. Note that, for (d1, da, 71, T2, ¥1, ¥2) € S—, each of the
two semi-trivial steady state is unstable. Then we see from the theory of monotone dynamical
system [14, Proposition 9.1 and Theorem 9.2] that system (1.2) has a unique positive steady
state, which is globally asymptotically stable. O

Remark 3.5 We see from the proof of [11, Theorem 1.3] that if Sp o # ¢, then bc = 1.
Therefore, if 0 < b,c < 1 (the weak competition case), So.0 = @. Then, for the weak
competition case, the dynamics of model (1.2) can be classified as follows: either one of
the two semitrivial steady states is globally asymptotically stable, or there exists a unique
positive steady state which is globally asymptotically stable.

4 Applications and discussion

In this section, we first apply the obtained results in Sect. 3 to two concrete examples and
show the effect of delays. Then we give some discussion and show that the method for model
(1.2) can also be applied to another delayed competition model.

4.1 Example (A)

Firstly, we consider a special case and show the effect of delays t; and 7. By using the
approach of adaptive dynamics [5], we assume thatd) =dy =d, y1 =y =y, b=c=1,
mi(x) = ma(x) = m(x), and 71 # 1. That is, the two species are supposed to be identical
except their maturation times:

U
5:dAUJre‘Vf'm(x)U(x,z—rl)—U2—UV, xeQ, t>0,

v

T dAV + e "2m(x)V(x,t — 1) —UV — V%,  xeQ, t>0,

au v

A ') xedQ. >0, S
on on

Ux,t)=Up(x,t) >0, xeQ, tel[-1,0],
Vx,t) = Wi(x,t) >0, xeQ, te[-1n,0].

For simplicity of notations, we use 6, and 0, to denote 0y, ,7,,y,,m; and 04, 15, y.m,, T€SPec-
tively. Then the global dynamics of model (4.1) can be classified as the following.

@ Springer



Global dynamics of the diffusive Lotka-Volterra... Page130f19 33

Theorem 4.1 Assume thatm(x) € C*(Q) (« € (0, 1)), m(x) > 0on Q, andd, y, 11, 72 > 0.
Then the following three statements hold.

(i) If r1 > 12, then (0, 8y,) is globally asymptotically stable.
(ii) If 71 < 12, then (6, 0) is globally asymptotically stable.
(iil) If 11 = 1, then model (4.1) has a compact global attractor consisting of a continuum of
steady states {(00,, (1 — p)0z,) : p € (0, 1)}.

Proof If 71 > 1, then 6, satisfies

—d A0y = 0z [e7 7" m(x) — O,

<O [e77Pm(x) — 0], 42
which implies that 6;, < 6, from the comparison principle. Noticing that
—dAO;, =07 eV 'm(x) — 6, |,
—dAG; = 9; Efz_’"zmix; - e,j , “-3)
we have
wi(d, e mx) —6) =0, pi(d,e"?m(x)—6g)=0. 4.4)
Therefore, for 71 > 12,
i (d, e "'m(x) — 91:2) <0, wi(d,e"2m(x)— 9r1) > 0, 4.5)

which implies that (0, 6, ) is globally asymptotically stable from Theorem 3.4. Similarly, we
can prove part (ii). Part (iii) could be obtained directly from Eq. (4.4) and Theorem 3.4. O

Theorem 4.1 implies that the species with shorter maturation time will prevail if all other
conditions (dispersal, growth) are identical.

4.2 Example (B)

In this subsection, we assume that y» = 1o = 0, and revisit the model investigated in [35].
That is,

aU

5 =AU +e T m)U@x,t—1)—U>—cUV, x€eQ,t>0,

A% s

5 = @AV Am@V —bUV = V2, xeQ, t>0,

aU aVv

2% o, xea 1>0, O
on on

U(x,t) =Up(x,t) >0, xeQ, te[-1,0],
Vx,t) =W(x,t) >0, xeQ, t=0.

We also consider the effect of delay for model (4.6), and the method is motivated by [10]. If
m; (x) satisfies assumption (M™) fori = 1, 2, then system (4.6) has two semitrivial steady
states

(edl,rl,yl.,ml > O) and (O’ 9512,0,0,"12) :
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Denote
S, = {(dy,d>) : (d1,d>,0,0,0,0) € Sp} for p=u,v, —,
Sp,o ={(d,d2) : (d,d2,0,0,0,0) € S, 0} for p=u,v,0,
where Sy, Sy, S—, Su,0, Sv,0 and Sp,o are defined as in Eq. (2.4). It follows from [11, Theo-

rem 1.3] that if m; (x) satisfies assumption (M™) fori = 1,2, and 0 < bc < 1, then (R+)2
has the following mutually disjoint decomposition:

A7

2 ~ ~ ~ ~ ~ ~ ~ ~
(RT)™ = (Su U 8u,0\80,0) U (Sy U Sy,0\S0,0) U S— U S 0. (4.8)
Then we have the following results.

Theorem 4.2 Assume that m;(x) satisfies assumption (M) fori = 1,2, and 0 < bc < 1.
The following statements hold for system (4.6).
1) If (d1,dy) € (S‘U @) S‘v,()\g()y()) U So,o = S‘v U S‘U,O) then the semitrivial steady state
(O, 9d2,0,0,m2) is globally asymptotically stable for any y1, t1 > 0.

(i) If (dy,dr) € S_u (SM,O\SO,O): then there exists § € (0, 1) such that the semitrivial

steady state (0, 9d2,0,0,m2) is globally asymptotically stable for yit1 > —In 8, and for
0 < Y111 < —1In8, system (4.6) has a unique positive steady state, which is globally
asymptotically stable.

(i) If (dy, dy) € S‘u, then there exist 0 < 61 < 6> < 1 such that

wi (di, e my — cO4y,0,0m,) =0 for yiti = —Inéy,
1231 (d27 mp — bed],‘t],y],m1) =0 fOV Vit = —In 82'

Moreover,

(iiiy) if 81 < &2, then (gdl,n,yl,mlvo) is globally asymptotically stable for 0 < yit1 <
—1Inéy, (0, de,o,o,mz) is globally asymptotically stable for y111 > —Indy, and for
—Iné < y111 < —1Inéy, system (4.6) has a unique positive steady state, which is
globally asymptotically stable;

(ilip) if 81 = &2, then (Odlyfl,),l,ml,O) is globally asymptotically stable for 0 < yit; <
—1Inéy, (0, 9d2,0,0,mz) is globally asymptotically stable for y171y > —Indy, and for
171 = — In &y, system (4.6) has a compact global attractor consisting of a continuum
of steady states.

Proof Denote § = e "™, 01 5 = 64,7,,;1,m; and 62 = 604,.0,0,m,- Then § € (0, 1), 61 s
depending on § satisfies

diAu~+u(@émi(x) —u)=0, xe&,

ou
— =0, x €09,
on

and 0, satisfies

dryAv 4+ u(my(x) —v) =0, xe€Q,

ov
— =0, x € 0Q2.
on

Let0;s = 851,5, and a direct computation implies that él’g satisfies

diAu+ du(mi(x) —u) =0, x € Q,

9 49
Mo, X €09, (49)
on
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It follows from [21, Theorem 1.1] that

- 1 _
lim 61,5 = ﬁfgmﬂx)dx in C%(Q),
which yields

lim 615 =0 in Cc*(Q). (4.10)
Denote

f1(8) := ui(dz, my — b0y 5) and f2(8) := u1(dy, dmy(x) — cbr),

where 11 (d, w) is the principal eigenvalue of (2.3). As in the proof of Theorem 4.1, we see
that 6y 5, < 01,5, if §1 < 62, which implies that fi(8) is strictly decreasing and f2(6) is
strictly increasing for § € (0, 1). It follows from Eq. (4.10) that

(%E)% f1(8) > 0 and gg% f2(8) <O.

The following discussions are divided into four cases.
Case (i). If (d1, d2) € (Sy U Sy,0\50,0) U So.,0, then

lim f1(8) >0 and lim f£2(8) < 0.
§—1 §—1

This implies that f1(5) > 0 and f>(§) < O for any § € (0, 1). It follows from Theorem 3.4
that semitrivial steady state (0, 9d2.0,0,m2) is globally asymptotically stable for any y;, 71 > 0.

Case (ii). If (d1, d») € §_ U (SM,O\SO,O), then

lim f1(8) >0 and lim f>(8) > 0.
§—1 §—1

Consequently, f1(6) > 0 for any § € (0, 1), and there exists § € (0, 1) such that fg(S) =0,
f2(8) < 0fors € (0,8) and f2(8) > 0 for 8 € (3, 1). It follows from Theorem 3.4 that
the semitrivial steady state (0, 9d2,0,0,mz) is globally asymptotically stable for 171 > —In 5,
and for0 < y171 < —In 5, system (4.6) has a unique positive steady state, which is globally
asymptotically stable.

Case (iii). If (d1, d2) € S, then

lim f1(8) <0 and lim f>(§) > 0.
§—1 §—1
Consequently, there exist a unique 87 € (0, 1) such that f1(82) = 0, and a unique §; € (0, 1)

suchthat f,(51) = 0. Weclaimthat §; < §,.Ifitis nottrue, thend, < &1 and f1(8), f2(§) <0
for é € (82, 81), which implies that for the above given dy, da,

{(d1,d2,71,0,91,0) : —=Ind; < 71y1 < —Ind} C S, N Sy.
This contradicts the fact
(Su U Su.0\50,0) N (Sy U Sy,0\80,0) = 9.

Then if §; < 87, we have f1(§) > 0 and f2(8) < 0 for § € (0, 61), f1(58), f>(8) > O for
8 € (61,62), and f1(8) < O and f»2(8) > O for § € (82, 1). Moreover, if §; = &7, then
f1(8) > 0 and f2(8) < O for§ € (0,681), f1(6) < O0and f>,(8) > 0 for 6 € (61, 1), and
f1(8) = f2(8) = 0ford = &1 = ;. Therefore, (iii;) and (iiiz) can be obtained directly from
Theorem 3.4. ]

@ Springer



33 Page160f19 S. Chen, J. Shi

Remark 4.3 We remark that some of sets Su, S‘U, S_, S'u,o, Su,o, 50,0 may be empty for
differently chosen parameters b and c, and the exact description for these sets could be found
in [11, Theorem 1.4].

It follows from [11, Theorem 1.3] that when t; = y; = 0, there may exist four mutually
disjoint regions of (d, d») [see Eq. (4.8)], where different global dynamics of model (4.6)
could occur. However, our results in Theorem 4.2 imply that a large delay will lead to the
extinction of species u for any d; and d».

4.3 Discussion

In this subsection, we show briefly that the above method for model (1.2) can also be applied
to the following model:

aUu

5=d1AU+U[m1(x)—U—cV(x,t—1:2)], xe, t>0,

A%

5=d2AV+V[m2(x)—bU(x,l—11)—V], xe, t>0,

U a9V

— = =0, x€dQ. >0, 4.11)
on on

Ux,t) =Up(x,1) >0, xeQ, tel[-1,0],
Vix,t) = W(x,1) >0, xeQ, te[-1n,0l]

The global dynamics and traveling waves of model (4.11) were studied extensively for the
homogeneous case (i.e., m1(x) and mj(x) are constant), see [8,18,19,26] and references
therein. By virtue of the similar arguments as in the proof of Proposition 3.3, we see that
model (4.11) also generates a monotone dynamical system.

Proposition 4.4 Let (U;(x, 1), Vi(x,t)) be the corresponding solution of model (4.11) with
initial value (Uy ;, Vo) fori = 1, 2. Assume that

Up1 > Upr >0 for x e Q, t €[-1,0],
0< Vo1 <Vopo for x € Q, t €[-1,0].
Then
Ui(x,t) > Us(x,t) and Vi(x,t) < Va(x,1t) for x € Q, t > 0.

Letting (u, v) be the positive steady state of system (4.11), and linearizing system (4.11)
at (u, v), one could obtain the following eigenvalue problem

vp| =diAdy +mi(xX)p1 — Qu +cv)p) — cugpe™ "2,  x € Q,

v = dryAgy +ma(x)py — (bu +2v)py — bvgre™™, x €Q, 4.12)
a d
I _ 0y, x €0Q.
on on
By virtue of the transforation ¥; = ¢ and Yo = —¢», eigenvalue problem (4.12) is equiv-

alent to

v = di Ay +mp()Y — Qu + co)yy + cuyne V2, x € Q,

v = dy Ay +ma(x)Y2 — (bu + 2v)Yp + bvrie™™,  x € Q, (4.13)
0 d

Wi _dr_, X €9Q.

an on
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Denote by v; the principal eigenvalue of the following eigenvalue problem

v = di1AY +mi(x)Y — Qu + cv)yy + cuyr, x € Q,

vy = dy Ay + moa(x)Y2 — (bu + 2v)Yp + bvyy, x € Q, (4.14)
d

Wi _ e, X € Q.

on an

Then we show that eigenvalue problem (4.12) [or equivalently, (4.13)] has a principal eigen-
value V1, which has the same sign as vy.

Proposition 4.5 Assume that m; (x) satisfies assumption M) fori = 1,2, and dy,dr > 0
and t1, 72 > 0. Then there exists a principal eigenvalue vy of (4.13) associated with the
eigenfunction (Y1, Y¥2) > (0, 0). Furthermore, V| has the same sign as vy, where vy is the
principal eigenvalue of (4.14), and

V) = sup{Rev : v is an eigenvalue of (4.13)}.

Proof For the case that at least one of 7 and t are positive, we define L= (il, iz) E —
Y x Y by

Ly = mi(x)¥1(0) + cuyn(—1),
Ly = ma(x)ya(0) + bvyri (—11), (Y1, v2) € E,

and B = B, where B is an operator defined in (3.5). Clearly, L and B have the same
properties as L and B, where L is defined in Eq. (3.4). By the similar arguments as in the
proof of Theorem 3.1, we could obtain the desired results. O

Therefore, we see that delays are harmless for model (4.11).

Proposition 4.6 Assume that m; (x) satisfies assumption M) fori = 1,2, and 0 < bc < 1.
Then the global dynamics of model (4.11) for t1, 2 > 0 is the same as that for 11 = 15 = 0.

Finally, we point out that m; (x)(i = 1, 2) in (1.2) or (4.11) could be constant functions.
Our paper mainly show the effect of time delays, and the spatial heterogeneity mainly affects
the dynamics of the model when time delays are equal to zero.
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