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1. Introduction and main results

This paper is concerned with the existence of L2?-normalized minimizers of the nonlinear Schrédinger—
Kirchhoff functional for a four-dimensional Bose—Einstein condensate:

1 b
B (u) = g/ |Vu|2—|—§/ V(x)uQ—i—Z/ \vu|4—5/ P, ue H\(RY), (1.1)
R4 R4 R4 P Jr4

where a,b > 0 are constants, ¢ > 0 is a parameter and V is a potential function from various physics
applications. If u € H'(R*) achieves the minimizer of the functional E{, with the constraint [, |u|2 =1,
then there exists a real number A such that u satisfies

— (a + b/ Vu|2> Au+V(z)u = clulP*u+ I, zeR (1.2)
R4
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Solutions of Eq. (1.2) are the stationary solutions of Kirchhoff wave equation

Uy — (a—l—b/ |Vu|2> Au= f(z,u), =R (1.3)
R4

where f is a general nonlinearity. The problem (1.3) was proposed by Kirchhoff [10] in 1883 to describe
the transversal oscillations of a stretched string. Comparing with the corresponding semilinear Schrédinger
equations (i.e., setting b = 0 in the above two equations), it is much more challenging and interesting to

investigate equations (1.2) and (1.3) in view of the presence of the nonlocal term (/ [Vul dx) Au.

After the pioneering work of [14], much attention was paid to (1.2) and (1.3). For instance, replacing
the term |ul|” ~2y with a general nonlinearity f(x,u), there are many results on the existence of solutions
for Eq. (1.2), one can refer, for example, [3,7,8] and the references therein. Eq. (1.2) can be viewed as an
eigenvalue problem by taking A as an unknown Lagrange multiplier. From this point of view, one can solve
(1.2) by studying some constrained variational problem and obtain normalized solutions.

For spatial dimension N = 3, a lot of interests are paid to (1.2) and some existence results are obtained,
see for example, [3-5,8,11-13,16,17]. Because of the additional Kirchhoff type nonlocal term, the nonlinearity
is usually assumed that 4-suplinear when /N = 3 and the critical Sobolev exponent is 2% = 6. Furthermore
the ground state of the functional EY, with prescribed mass when V' = 0 and N = 3 has been also considered
[19-21]. Typically the subcritical case p € (2,14/3) (thus p < 2%) is assumed when considering the
constrained minimizer of EY,, where 2§, = 14/3 is the Gagliardo—Nirenberg (G-N) critical exponent from
the celebrated Gagliardo—Nirenberg inequality when N = 3. When p € [14/3,2*) and N = 3, the energy
functional EY; is not bounded from below hence the minimization problem is not valid.

For the spatial dimension N = 4, the critical Sobolev exponent is 2§ = 4 and the G-N critical exponent
is also 27,y = 4. The existence of nontrivial solutions to Kirchhoff equation on bounded domain in R* was
shown in [15] without constraint, see also [9]. In this paper, we consider the energy minimizer of the energy
functional EY, with a prescribed mass when N =4, p € (2,4], and either V' = 0 or V # 0. This include both
subcritical (p < 4) and the double critical (p = 4) cases. When p = 4, the nonlocal term and the nonlinearity
are both 4-linear growth, which generates an additional competition in the energy function E,.

From now on we assume that N = 4. We consider the following minimization problem

ey = ulensfv E{ (u), (1.4)
where E{,(u) is defined in (1.1) for v € Hy = {u € H*(R*) : [L4 V(2)u® < oo} and Sy = {u € Hy :
lul, = 1}. Here | - |, denotes the norm of LP(R*) defined by |u|p = Jfpa |u\ . If V =0, we denote the space
Hy by Hy, the set Sy by Sy, the functional E{, by Ef, and ef, by efj respectively.

Before stating our main results, we recall the well-known Gagliardo—Nirenberg inequality with the best
constant (see [18]): let p € [2,4), then

1

P P 2(p—2) 1_2(=2) L

lul, < 20177 Vuly * fuly 7, uwe H(RY) (1.5)
pi2

with the equality only holds when u = t?Q,(tx), where up to translations, Q, is the unique ground state
solution of

=240, + (1-272) @ =l R (1.6

If |u|, = 1, then

1

P P 2(p—2)

[ul, < PTG Vul, 7, pe(2,4), (1.7)
pl2
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with the equality only holds when u = w,(z) = t?Q,(tx)/|Qp|, up to translations. We also recall the Sobolev

52 /R4 ut < </R4 |Vu|2>2, ue H'(RY) (1.8)

4 1
SQ:||VQ%2a Qi) = (1.9)

1+ 2 |
and S? is the best Sobolev embedding constant satisfying S? = |VQ4|2 |Q4|j11 (see [1]).
The main results of this paper, which we will prove in Section 3, read as follows.

inequality in R*:

where

Theorem 1.1. Let V =0 and p € (2,4]. Then
(a) There exists c, € [0,00) defined by

0, 2<p<3,

Co = a‘QP|27 b= 37
a'” p|Q:D|p 2(4 p)p 4(2;:6);0_3’ 3<p<4,

bSQ, p: 4’

such that e§ = 0 for 0 < ¢ < ¢ and e§ < 0 for ¢ > c,. Furthermore, when ¢ > ¢, €§ > —o0 if p € (2,4)
and el = —oo if p = 4.
(b) If p € (2,4), then ef = Ig1>1(1)1 fe,p(t) where

c

b

2 - P2, (1.10)
-2

4 2@l

a,
Jep(t) = Stt
Moreover, E§ has a minimizer if and only if p € (2,4) and ¢ > c., or p € (3,4) and ¢ > c.. While €§
can be achieved, the minimizer equals to (Qp)y, up to translations, where (Qp)i(x) = 2Qp(tx)/|Qpl,
and t, > 0 is the unique minimum point of fcp.
(c) If p =4, E§ has no energy minimizers for any ¢ > 0.

Theorem 1.2. Letp € (2,4], and V() satisfies the condition:

(V) V € C(R*[0,00)), lim V(z) = oo and inf V(z) = 0; there ewists a small eg > 0 such that

|z|—o00 xCR4

m({V(z) < €o}) < eo.
Then there exists a ¢y > 0 such that
(a) if p € (2,4), then e, > 0 for c € (0,c.), e;f =0 and ef, € (—00,0) for c € (¢, 00). Moreover, ef, can
be achieved for all ¢ > 0.
(b) if p =4, then ¢, = bS?, €, € (—00,0) for c € (0,c,), €if =0 and €, = —¢ for ¢ € (cy,0). Moreover,
E{ has an energy minimizer for c < c., and it has no minimizers for c > c,.

Remark 1.3.

1. When p = 4, ¢, = bS? which does not depend on the potential function V. For p < 4, this is not known
unless V' = 0 (see Theorem 1.1).
2. The functions V(x) = |x| and V(z) = (|z| — 1)? satisfy (V).
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Theorems 1.1 and 1.2 provide the first existence results for the constraint minimization problem for
the Kirchhoff-Schrodinger energy functional (1.1) when N = 4 and p € (2,4]. Similar results for N = 3,
p € (2,14/3) and V = 0 were obtained in [21]. Our results here consider the effect of potential function V/
and also the more delicate doubly critical exponent p = 4 case. When V' # 0, the existence of ground state
of EY, for N =2, p =4 and b = 0 was obtained in [6]. That is the Gagliardo—Nirenberg critical exponent
case, but not the Sobolev critical exponent. In Section 2, we give some basic estimates, and we prove our

main results in Section 3.
2. Preliminaries

In this section, we give some estimates of E{, which are required in the proof of the main results in next
section.

2.1. The case of V=10

For p € (2,4), we conclude from (1.6) that

/R4 VQ,I* = /R4 Q" = %/M Q" (2.1)

a b c
en(t) = = + —t — ————tP73 f.(t) = tge,(t), t > 0. 2.2
Gep(t) 5t 1 200,72 s fep(t) =1gep(t) 0 (2.2)

The following lemma characterizes the threshold value ¢, and infimum energy level ef when 2 < p < 4.

We define

Lemma 2.1. Ifp € (2,4), then e§ = Itn>151 fep(t). Moreover, there exists a ¢, > 0 such that

1. If 2 < p <3, then ¢, =0 and ef € (—0,0) for all ¢ > 0.
2. If3 < p <4, then ci € (0,+00), €§ = 0 for ¢ € (0,¢s], and —o0 < e§ < 0 for ¢ > c.; Moreover,
cx =al@ply if p=3, cu = a4_p|Qp‘g_2(b/(2p —6))P if3<p <4

Proof. Let p € (2,4). For any ¢ > 0 and u € Sy, then by (1.7),

b _
Ef(u) > S|Vul; + 7|Vul; - ul3?. (233)

C
2|Qy 5

Because 2 < p < 4, Ef is bounded from below on Sp; that is, ef > —oo is well defined.
For p € (2,4), let

t2Q, (tx
(Qu)e(a) = D)y (2.4)
|Qp|2
then (Qp): € So and by (2.1), we have
c c A, , by € 2(p—2) 2—p
eo < E5((Qp)e) = §t + Zt - it P=NQpl5 " = fep(t) =0, t = 0. (2.5)

Therefore, e§ < 0 for all ¢ > 0 when p € (2,4). It follows from (2.3) that E§(u) > t1r>1£ fep(t) for all u € Sp.
According to (2.3) and (2.5), e§ = rtn>151 fep(t).
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We complete the proof for the following three cases.

(a) If p € (2,3) and ¢ > 0, then f.,(¢) < 0 for t > 0 small. We set ¢, = 0, then ef < 0 for all ¢ > 0.
c

Therefore, ¢, = 0 is well defined. According to (2.3), e§ € (—o0,0).
— oA =2 Le
2‘Qp|2

It is obvious that g p(t) = gep(0) =

e

a

b) If p = 3, then g.,(t) = = + -t — —.

(b) o) =5+ 41 5o

Cr = a\QPVZ’_z. If ¢ < ¢, then g.,(0) > 0. This together with ef < 0 implies that ef = 0. If ¢ > ¢,
then f.,(t) = tgep(t) <0 for t > 0 small. Therefore, we have ef < 0.

(c) If p € (3,4), then there exists t, > 0 such that g ,(t.) = 0 and g, ,(t.) = 1;1121(1)1 ge,p(t). Indeed it is easy

to calculate that t, satisfies

b c 4
1= W(ZD =3
2
Let ¢, be the unique value satisfying
Goop(t) = S St - O Syt
cx,p\lx) — 5 Uk T T 9 Uk NN ) - * = U.
24 2IQf 2 2(Qpl5

Then we have

1 2 af b N

=a""P P24 - p)P~ .

e =a P|Qply ( p) (2p6>

If ¢ < ¢4, then m>161gc,p > 0 and ef = 0. If ¢ > ¢y, then g., ,(¢t.) < 0 and it follows from (2.5) that
e§ <0. O B

Next we show the related estimates for p = 4.

Lemma 2.2. Ifp =4, then c. = bS?, e§ = 0 for ¢ € (0,¢.], and €5 = —oo for ¢ > c,. Moreover when
c < ¢, = bS?, the infimum eg = 0 is not achieved.
Proof. If p = 4, we show that ¢, = bS2. In fact, for ¢ < bS? and u € Sy, since

. (1= =)|Vul; >0,

>~ o

¢ a 2 b 4 C, 4 a 2 b 4 4
E§(u) = §|Vu|2 + 1|VU|2 - Z|U|4 Z §‘VU|2 + 1|Vu|2 - @|VU|2 2

then we have e > 0 for ¢ < bS?. On the other hand, for u € Sy, let u;(z) = t2u(tz), then u; € Sy and
b
BS(uy) = gmw; + 2t Vul; - §t4\u|i —0, t = 0.
Hence e§ = 0 for ¢ < bS?. For ¢ > bS?, since Q4 ¢ L?(R*), we cannot use the same method of p < 4 here

and we use a cut-off function technique to obtain the estimates of ef.
In what follows, we assume that ¢ > bS?. For R > 1, we can obtain by directly computing that

64 r 1 16w

4 4

= — — dx = 64 ——dr < 64 —dr = ——, 2.6
/MQ“(””) /|x|>n At “4/R e “’4/13 sl =g (20
1 1
Ows = (o)

2:U|2 > rd
VQ4(x 2:8/ |7dx:32w / ———dr < 32w / —dr < —(,
/|z>R Qulo) >k (14 |z*) YJr @+ r2) ‘g o3 R?

oo 3
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8
Go= [ e
/R<|x<2R * R<|z|<2r (1 + |l’|2)2

2R 3
= —d
8w4/R A+ T

4R? "
=4 ——dt
wa /Rg (141)2

4R?
1 1
— 4 L .
w“/m {1+t (1+t)2]

1+ 4R? 1 1
4w4{ln+R },

+r T1rare 1+ R2

8
Q(x) = / 8
/z|<R ! jaj<i (1+[2]*)?
R 1“3
:8(U4/Ov 4(1+7‘2)2d7‘

R* 1o 1
:4 -
w4/0 [1+t (1+t)2}dt

= 4wy [ln(l + R%) +

~1
1+ R? ]

(2.9)

where wy = 272/I'(2) = 272 is the surface area of unit sphere in R*. We choose a radially symmetric function
p€CFRY) with0< ¢p<1,¢=10n Bg:={x€R*:|z] <R} and ¢ =0 on BS, = {x € R*: |z| > 2R},
and |V¢| < 2/R. Moreover, we may choose ¢ to be non-increasing on |z|. Let U = ¢Q4/|¢Q4|, and

Ui(z) = t2U(tx), then U,U; € Sp. Since limp oo In(1 + R?) = +0o and limp o0 (1 — ﬁ)
R > 0 large,
In(1 + R?) o1 1
2 1+ R?
Therefore, we have from (2.9)
w
@i = [ Qi > [ i > L+ R
R4 |z|<R
Since
1i 1 L+4R® + 1 1 In4 <2
im (In — =In
R—o00 1+ R? 1+4R?2 1+ R2
and (2.8),
/ Qi < 8wy.
R<|z|<2R
This together with (2.6)—(2.10) and (1.9) implies that for R large,
b
E§(Us) = 52IVU; + 2¢ VU] — S#1UT;
at2 _/ 2 bt4 2 2 Ct4 4
=—7 IVQi¢ + QsV )| ] +— / IVQid +QuVe|"| — / Q40|
2Qu¢l; LJrs |Qadly L 4/Qa; Jos
at> |
<go | [ v+ [ iifver+2 [ vailvelau)
2|Q4¢‘2 L/ R4 R4 R4
s vawk+ [ @il +2 [ vailvele ¢>r [
— 4 4 4 4 - — 4
4|Q4q5|;1 L /R4 R4 R4 4|Q4¢|;1 R4

= 1, then for

(2.10)



Y. Li, X. Hao and J. Shi / Nonlinear Analysis 186 (2019) 99-112 105

at? [
< / IVQ4|2+/ \Q4\2|V¢\2+2/ VQulIVeIQud
2|Qadly | Jizi<2r R<|z|<2R R<|z|<2R

2
bt
- / IVQ4|2+/ |Q4I2|V¢|2+2/ VQuIVe|Qud
4|Qa9ly |/Izl<2r R<|z|<2R R<|z|<2R

Ct4 / 4
-—— [on
41Qugly Jjal<r
at2 / 2 4 2 4
< Vol [ el | QP +q [ Qi
2Quol5 |Jjei<r R<|z|<2R R? J|R<|zl<2R R Jr<o|<2r

- 2
s [ el [ mef e [ el vaul
— 4 4 — 4 = 41Q4
4|Q4¢\;1 |/ Iz|<R R<|z|<2R R? |R<|z|<2R R Jr<|z|<2r

Ct4 / 4
-—— |Q4]
41Qu0l3 Jizi<r

at2 / 2 8 2
<2 IV Q| +2/ Q.2+ S / Qs
2/Quol5 | J|z|<R |z|>R R? Jpeio|<2r

2
bt4 / 2 2 8 2 Ct4 4
L votaz [ vals g/ Q| -2 [ e
41Quely [iel<r jal >R R? Jr<jal<2r 41Qa¢l5 Jial<r

- 2
2 bt4 / 32&)4 64&]4
+ v Q4| +
4|Q4¢7|;1 l lz|<R R* R?

at / 32wy 64wy
<—— IVQa| +
2\Q4¢|§ | Jiel<R R* R?

o [oed- [ e
- 1 4 - 4
4|Q4(l5\;1 R4 lz|>R
2
at? 128w bt 128w
2|Qudl; | Jixl<r 4Qa9ly |J1zi<r

_cat! (52 B 16w4)
4]Qagl; R

t2 128 tt 256 128%w7 16
<= [SQ + ;‘}4] + . [(bS2 )% 4 b e Ly oiﬂ . (2.11)
2‘Q4¢|2 R 4‘Q4¢|2 R R R
Since ¢ > bS?, we can choose R > 0 large such that
256wy 9 12822 16wy 1 9 oD
b B ST+ 7t —|—cR4 <2(c bS*)S=,

then we have from (2.11) that e§ < ES(U;) — —oo as t — oo. Therefore, ¢, is well defined and ¢, = bS?.
If ef is achieved by u € Sy, then E§(u) = 0. Then from the Sobolev inequality (1.8), we have

c a2 bo o ca_ao o b4 o 4

0= E§(u) = §|VU|2 + 1|Vu\2 - Z|u‘4 > §|Vu|2 + Z|VU|2 - ZS 2| Vul,
a 2 c.b 4
= §|VU|2 +01- a)z\vub

By the above inequality, |Vu|2 (1 —)7|Vu|2 E§(u) = 0, then we have from ¢ < ¢, that |Vul|, =0,

which implies that |u|, = 0 from the Sobolev inequality, and then v = 0 a.e. x € R*. This contradicts with
u € Sy. O
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2.2. The case of V # 0

In this subsection, we consider the case of V' # 0 which is different from the case of V' = 0. First we recall
the following result about the embedding, and its proof is almost the same as that of [22, Lemma 5.1] or

Section 3 of [2], hence we omit it here.

Lemma 2.3. Suppose V satisfies the condition (V'), then the embedding Hy — LI(R*) is compact, for
any 2 < q < 4.

Next we prove some properties of the energy infimum eg,.

Lemma 2.4. Suppose V satisfies the condition (V) andp € (2,4), then the energy infimum e, is continuous
and non-increasing for ¢ € (0,00).

Proof. The non-increasing property is obvious since Ey}! (u) < Ey? (u) if ¢1 > ¢2. So we only need to prove
the continuity. We first prove the continuity from left. Let {c,} be a sequence such that ¢, < c. If ¢, = ¢,
then for e > 0, c —e < ¢, < cand ef, < ey < ey, © as n large. Therefore, EY, (u) < Eyf (u) < Ef, (u) + %\uﬁ
for every u € Sy. By the definition of ef,, there exists a u € Sy such that E¢, (u) < e$, + . Hence

ey ey < By (u) < By (u) + p|u|” Sev et pIUIﬁ-

Therefore ej? — ef, if ¢, = ¢~ as n — oo.

On the other hand, we prove that e{” — ¢§, if ¢, — ¢t where {¢,} is a sequence satisfying ¢,, > ¢. In
fact, it is easy to see that ef,“ < ef, and ¢ < ¢, < 2¢ for n large. According to the definition of eV”7 there
exists a sequence {u,} C Sy such that E{" (u,) < e{? + 1. From (1.7) and u,, € Sy, we have

Cn a 2 b 4 c
B 1) = 5Vl + 31Vl + 5 [ Vi~
a 2 2 2c p— 2)
> —|Vu, Vuy, / V(z)u;, — Vuy, ,
21Vl + §1Vuali 5 [ V@) TR

which implies that u,, is bounded in Hy . We may assume from Lemma 2.3 that u,, — v in Hy and u, — u
in L"(R*) for r € [2,4). Hence u € Sy and

1
ey, < By (u) < liminf By (u,) = liminf B (u,,) < lim inf(e{” +ﬁ) <ep. O

n—oo n—oo n—0o0

Again we give the estimates of the threshold value ¢, and infimum energy level ef for 2 < p < 4 and

p = 4 separately.

Lemma 2.5. Suppose V satisfies the condition (V) and p € (2,4), then there exists a c. > 0 such that if
0<c<ecy, el >0;ifc=cy, e}, =0; and if ¢ > ¢y, —00 < ef, < 0.

Proof. It is obvious that Ef, (u) > E§(u), therefore isnf Ey, (u) > e > —oo. However, if we compute EY, (us),
v

then fR4 V(z)u? may not converge to 0 as ¢ — 0. That is, e, may not be 0 as e§ = 0. In what follows, we
use other methods to obtain the conclusion. For p € (2,4) and u € Sy, let C(u) = %|u|g. It follows from
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(1.7) and the Young inequality that

1 2 b 4 C P
| v + 19— St

c a
Eg(u) = 5|Vul3 + 5

1 2
a (272 iy b (2\P2 o 5 1 2
4 (5) 7 tuklf ™ + 5 (2) 7 i - S+ [ Vi
1 3-p 1 3-p 2
>5 - 5/ (c— V(@))u2dz + 2772 a|Qy|,C(w) 77 + 47-5b|Q, 2C(u) 77 — cC'(u)
V(xz)<c
-2 __2_ _p_ 3—p _2_
25— P T / (e = V(@))7°2 +472b[Q, [3C(u) 72 — 2C(u).
2 2p V(z)<c

3—p 2 _2_
Let f(x) = 4P=20|Qp|5w7—2 — 2cx, then

p=2
_3 72 i-p
min f(z) = —(4 — p)cTrar | L2 :
w20 b|Qpl,
b|Qp|2 =5
Ifc<01:min{82°,2(gp22)(p(;p))p },thenwehave
p=2
. 4-p
c p—2 __2_ _p_ 2 _3p [ p—2
E{(u) > = — ¢ p=2¢r2m(V,) — (4 — p)cT-r4 T=p
b > 5 -t Vo)~ (4-) (lep@)
p—2
-2 2 _3=p -2 P
> 0P Seeg — (4 —ppemraT T (LS
22 b|Qpl;
p=2
3 _ i-r
> E—(4—p)cﬁ4_ﬁ (p 22>
p bl@ply
p=2
-2 3— — 4-r
|t uopEes (222) 7| o
p b|Qpl; 2p

where V. := {z € R* : V(2) < ¢} and m(V,) denotes the Lebesgue measure. This implies that e, > 0 if
¢ < c1. Let ¢ =sup{c > 0: ¢ > 0}. According to the definition of c,, e, > 0 for ¢ < ¢,. Fix u € Sy, then
it follows from (2.1) that

a 2 1 b 4 C
By = 519 + 5 [ Vi + {1vul) - Sl

this implies that there exists a ¢z > c. (for example, c3 > pEY(u)/[ul}) such that ef, < Ef(u) < 0 for
¢ > c¢. Moreover, by the continuity of ef, (Lemma 2.4) and definition of ¢,, we have e{* > 0. In the following,
we prove that e{f = 0 and e, < 0 for ¢ > ¢,. Let {u,} C Sy be a minimizing sequence for ej7, then one has
from (1.7) that

% a 2 b 4 ]./ 2 Cyx p
ES (un) = =|Vunls + =|Vuyl|, + = V(z)u, — —|un
§ ) = IV} 4 71Vunl} + 5 [ Vil —

a 2 b 4 2(p—2
= §|Vun|2+i|vun|2*ﬁ‘vu”b@ g
2

c
2|Qy|
Therefore {u,} is bounded in Hy, and we may assume from Lemma 2.3 that there exists a u € Hy such
that u, — u in Hy and u,, — u in L"(R*) for r € [2,4). This together with the lower semicontinuity of the
norm implies that v € Sy and eff < E (u) < 0. Therefore, ejf = 0. From direct computing, we can obtain
that e, < E{ (u) < Eyf (u) =0if ¢ >¢,. O
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Next we deal with the case of p = 4.

Lemma 2.6. Suppose V satisfies the condition (V) and p = 4. Let ¢, = bS?, then ey > 0 for c < cy,
5, =0 and e, = —00 for ¢ > c..

Proof. For ¢ < ¢, = bS?, let A\ = min{eg,bS? — c}. Then we have from (1.8), Young inequality and the
condition (V') that

c a 2 1 b 4 C 4
Ev(’u,) = §‘VU‘2 + 5 /R4 V(.r)uZ + i‘vu‘z — 1|U;|4

bSQ 4 Cc 4 1 2
> 22 _ - -
> Slull = Sl + 5 [ Vi
1
> A 1/ (A — V(2))u?dx + ~(bS* — c)|u\j11
2 2Jva 4
A 1 / ,
>2 A V(e
A\ 1, A
P > 2
Z 3T I o 07 g

Therefore, e, > 0 for all ¢ < c,.
For ¢ > ¢,, according to the proof above, let U; be defined in Lemma 2.1, then by (2.11),

a 128w,
R e s
2|Q4¢|2 R?
! 4[ s 256ws o, L 128%w3 16wy ) / , ,
B t(c—c)S" =0 S7—b —cC -2 Vix tx tx
Qo 17 R? R ra — 20Qudl; | V(@)¢* (tr)Qi(te)

Let R > 0 large be fixed such that

256 1282w? 16 1
b R;u452+b R4w4 +c Rc:4 < 5(0—0*)5’2.

Since ¢(tx)Q4(tr) < ¢(x)Q4(x) when ¢t > 1, then by the Lebesgue dominated convergence theorem, we have

lim [ V(z)¢?(tz)Q5(tx) =0, (2.12)
t—o00 R4
and together with (1.9), we have
ey < tli}m E{ (U;) = —c0. (2.13)

Finally for ¢ = ¢, and u € Sy, we have
. a 5 1 b 4 C 4
Ev(u) = §|V’U,|2 + 5 /]R4 V(J})u2 + 1|V’u,|2 — Z|U|4

a 2 1 1 4 a 2 1
> SIVuli+ 5 /M Viah? + 3 lev — oluli = SIVull+ /R4 V(2)u?.

Hence, e{‘/* > 0. On the other hand, let ¢ be the cut-off function defined in the proof of Lemma 2.2. For any
€ > 0, we have from (2.8)—(2.11) that there exists Ry = Ro(¢) > 0 such that

128&14

w w 1
Quoly > 1+ B) > FIn(L+RY) > -, [VQuly =8> =, R>Ro,  (214)
and then
1 256 1282%w? 16 21 256 1282%w? 16
PG gy “4] <: [b S b et | < B> Ro. (215)

Cx —
4|Q4¢|‘21 R2 R4 R4 4
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We choose R = Ry in the definition of ¢. Since ¢(t2)Q4(tz) < ¢(2)Q4(x) when ¢ > 1, then by the Lebesgue
dominated convergence theorem, we have

lim V(2)¢? (tx)Qi(tx) = 0,

t—o00 R4

and hence there exists a to = to(¢) > 0 from the definition of limit such that
/ V(2)p?(tz)Q3(tx) < €%, t = to. (2.16)
R4

It follows from (2.14)—(2.16) and the Young inequality that
ey < By (Uy)
at? g2 128wy
2 R2
2|Qa9l;
t 256
4Qugly L R R

<Cet? + et? / V(2)$? (tx)Q3 (tx) 4 3t < Cet? + 283t
R4

<

1282%w? 16
4(4)4 + C* UJ4

+2lQudl / V()6 (t)Q3 (1)

R4 R4

1/4

where C' > 0 is a positive constant independent of ¢ and R. Choosing ¢ = max{e~!/* ¢y}, we can obtain

that eg < C’e%. This implies that e?}k =0. O
3. Proofs of main theorems
In this section, we prove our main results Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Part (a) follows directly from Lemma 2.1, and part (c) follows from Lemmas 2.1
and 2.2. So we only need to prove part (b) which is divided in the following cases.

Case 1. When 2 < p < 4, E§ has a minimizer with —co < eff < 0 if ¢ > c,.

Let {u,} C Sp such that E§(u,) — e§. Then

p—2)

a b c a b
Ef(un) = 51Vunly + 5 1Vunl = —funl) > 51Vl + 7[Vunl; - 3

c
——=I|V
2/Qpl5
The conditions p € (2,4) and |u,|, = 1 imply that {u,} is bounded in H!(R?*). According to Schwarz
rearrangement, there exists a radial symmetric sequence {2, } C H'(R*) such that

/|V1)n|2dx</ V| ?dz, / \anr“dx:/ | dz, v € [2,4].
R4 R4 R4 R4

Hence {4, } C Sy is bounded in H}(R*) which consists of radial functions in H*(R*). From the compactness
of embedding H}!(R*) — LP(R*) for p € (2,4), we may assume that @, — u in H'(R?*), @, (x) — u(z) a.e.
z € R* and 4, — u in LI(R?*) for p € (2,4). From {d,} C Sy, we have

N ac. 2, bo. 4 ¢
€5 < Ef(in) = 3|Vl + 7[Vinlz = ~finl;
a b c
<GVl + 3Vl = Sfunly = Ef(un) €5 (n— o0).

Therefore, {4, } is also a minimizing sequence. By the weak lower semicontinuity of the norm function, we
have |u|, < 1. If |ul, = 1, then the weak lower semicontinuity of the norm and @, — u in LP(R*) imply
that,

e < Ef(u) < liminf ES(G,) = €. (3.1)

n—oo
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Therefore, ef is achieved by w. If |u|, < 1, by Lemma 2.5 and the second inequality of (3.1), Ef(u) < ef <0
and then u # 0. Let us(z) = u(tz) for all z € R*, then there exists a ¢t < 1 such that |u¢|, = t7*|ul, = 1.
That is u; € Sp. Since E§(u) < e§ < 0,

a _ 2 b _ 4 Cc _
ef < Eg(w) = 5t *|Vul; + 1t IVl - Et *uf?

n—oo

a _ 2 b _ 4 Cc _ _ c c . . c/ A c
<§t 4 Vul; + Zt Y Vuly — ];t 4\u|z =t E5(u) < E§(u) < liminf E§(a,) = €.

This is a contradiction. Therefore, |u|l, = 1 and Eg(u) = ef. Moreover, since u is the limit of 4, u is also
radial symmetric.

Case 2. When p € (2,3] and ¢ < ¢4, €5 cannot be achieved.

If p € (2,3), then ¢, = 0. Therefore we have from Case 1 that e is achieved for all ¢ > 0. If p = 3, then
E§ has no minimizer for all 0 < ¢ < c.. In fact if u € Sy with e§ = E§(u), then from (2.3), we have

c c c.a b 4 b 4
0= ef = Ej(u) > (1= —)5|Vuly + ;|Vuly > {[Vul,.

This implies that u = 0 in DV?(R*) and then u = 0 in L?(R?*), which is impossible.

Case 3. When p € (3,4) and ¢ < ¢,. In this case, if u € Sy satisfying 0 = e§ = E§(u), then from (2.3),
we have fc7p(|Vu|§) < 0. When ¢ < ¢, gc7p(|Vu|§) > 0 and then v = 0 which is impossible. If ¢ = ¢,
then fe,(ty) = I;5n>1(1)1 fe,p(t) = 0. Then it follows from (2.5) and the definition of ¢, in Lemma 2.1 that

E§((@p)t,) = fc,p(/tp) = 0. Therefore, eg* can be achieved by (Qp)¢,. Similar to the proof of Case 1, we can
obtain that the minimizer is radially symmetric.

Finally we prove that minimizer is unique up to translations. It is easy to see that (Q;)¢, can achieve eg.
If ef = E§(u), then f.,(t,) = e§. According to (1.7) and (2.3), we have that u = (@), for some ¢ > 0. By
using (2.5), we have f.,(t) = ef. From the uniqueness of ¢,, we know that t = t,,. Therefore, u = (Q,)¢, up
to translations. O

Proof of Theorem 1.2. The range of value of e, has been obtained in Lemmas 2.5 and 2.6. So we only
need to show whether the infimum can be attained or not in the following cases.

Case 1. When p =4 and ¢ < ¢, = bS?, €, can be achieved.

Let {u,} C Sy be a minimizing sequence. The boundedness of {u, } is obvious from the Sobolev inequality
and

c a 2 1 b 4 c 4
By () = §IVull + 5 | V@ + 3190} = Sl

a 2 b52 4 Cc 4 1
> §|Vun|2 + T|un|4 - Z\un|4 + 3 o V(z)u2.
We may assume that u, — v in Hy. By Lemma 2.3 and u,, € Sy, we have u € Sy and there exist A\, € R

such that
lim [E{ (un) — Antig] = 0.

n—roo

Set li_{n |Vu,|5 = A. Then

lim A\, = im (ES (un),un) = lim [(ES (un), wn) — 4B (uy,) + 4es]

n—oo n—oo n—oo

(def, — a|Vun\§ - / V(z)u?) = \.
R4

lim
n— o0
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On the other hand, we have for ¢ € Hy/,

0= Jim (B () = Awta. ) = Jim ((B5(u,).6) = Ao [ s

. 2 _ Sh—
nlgrgo[(a—&- b Vu,l3) /11@4 Vu,V+ /R4 V(z)und C/R4 usd — A /R4 Un @]
— 3 pR—
(a+bA) R4VUV¢+/R4V(x)u¢ C/R4u¢ )\/R‘luqb, ¢ € Hy.

Let ¢ = u, then
A= (a+bA)|Vul; +/ V(z)u? — clul*.
]R4

By u € Sy and |Vu|§ < lim inf |Vun\§ = A, we obtain that
n—oo

&5 < By (u)

1 1
gl +5 [ Vi + vl - Sl

//\

MWBQAXUAMMWBAME

1 1
fa|Vu|2 /4 V(x)u® + )\

< lim inf {a|Vun2 /V z)ul + )\}

n—roo

1 1 1
= lim inf (a|Vun|2 1 / V(x)u? + 1[(E{/’(un),un) —4EY (up) + 4@@])
R4

n—oQ
:ev.

Therefore, EY,(u) = ef, and ef, can be achieved.
Case 2. When p = 4 and ¢ = ¢, e}, is not achieved.
When ¢ = ¢, since

Ca a 2 1 b Cx 4 a 2
Ey(u) > §|Vu|2 + 3 /]1&4 V(z)u? + Z(l — a)|Vu\2 > §|Vu|2,

then by using similar proof of that of the case V = 0, we can show that ejf = 0 is not achieved.

Case 3. When 2 < p < 4, e}, is achieved for all ¢ > 0.

If 2 < p <4, forall c>0,let {u,} C Sy be a minimizing sequence for e,. Then it can easily be seen that
{un} is bounded in Hy (R*) such that u,, — u in Hy (R*) and u,, — u in LI(R*) for g € [2,4). Similarly, we
can obtain |ul, = 1. So, we have

b 1
ea<Eww=§wwé+jwm+ /;wmw— u?

< liminf[g|Vun|§ |Vun|2 / V(z)u;, — f|un| ]

n—

= hnrggf EY (uy) = ey

Then, Ef (u) = €/, i.e., E{, has a minimizer u. O

References

[1] Thierry Aubin, Problémes isopérimétriques et espaces de Sobolev, J. Differential Geom. 11 (4) (1976) 573-598.
[2] Thomas Bartsch, Zhi Qiang Wang, Existence and multiplicity results for some superlinear elliptic problems on RY, Comm.
Partial Differential Equations 20 (9-10) (1995) 1725-1741.


http://refhub.elsevier.com/S0362-546X(18)30310-9/sb1
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb2
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb2
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb2

112

(3]
(4]
(5]
[6]
[7]
(8]
[9]

[10]
(11]

(12]
(13]

(14]

(15]
(16]
(17]
(18]
(19]
20]
(21]

(22]

Y. Li, X. Hao and J. Shi / Nonlinear Analysis 186 (2019) 99-112

Yinbin Deng, Shuangjie Peng, Wei Shuai, Existence and asymptotic behavior of nodal solutions for the Kirchhoff-type
problems in R3, J. Funct. Anal. 269 (11) (2015) 3500-3527.

Giovany M. Figueiredo, Existence of a positive solution for a Kirchhoff problem type with critical growth via truncation
argument, J. Math. Anal. Appl. 401 (2) (2013) 706-713.

Giovany M. Figueiredo, Norihisa Ikoma, Joao R. Santos Junior, Existence and concentration result for the Kirchhoff type
equations with general nonlinearities, Arch. Ration. Mech. Anal. 213 (3) (2014) 931-979.

Yujin Guo, Xiaoyu Zeng, Huan-Song Zhou, Energy estimates and symmetry breaking in attractive Bose-Einstein
condensates with ring-shaped potentials, Ann. Inst. H. Poincaré Anal. Non Linéaire 33 (3) (2016) 809-828.

Yi He, Gongbao Li, Shuangjie Peng, Concentrating bound states for Kirchhoff type problems in R3 involving critical
Sobolev exponents, Adv. Nonlinear Stud. 14 (2) (2014) 483-510.

Xiaoming He, Wenming Zou, Existence and concentration behavior of positive solutions for a Kirchhoff equation in R3,
J. Differential Equations 252 (2) (2012) 1813-1834.

Yisheng Huang, Zeng Liu, Yuanze Wu, On Kirchhoff type equations with critical Sobolev exponent, J. Math. Anal. Appl.
462 (1) (2018) 483-504.

G. Kirchhoff, Mechanik, Teubner, Leipzing, 1883.

Yuhua Li, Fuyi Li, Junping Shi, Existence of a positive solution to Kirchhoff type problems without compactness conditions,
J. Differential Equations 253 (7) (2012) 2285-2294.

Gongbao Li, Hongyu Ye, Existence of positive ground state solutions for the nonlinear Kirchhoff type equations in R3, J.
Differential Equations 257 (2) (2014) 566-600.

Zhanping Liang, Fuyi Li, Junping Shi, Positive solutions to Kirchhoff type equations with nonlinearity having prescribed
asymptotic behavior, Ann. Inst. H. Poincaré Anal. Non Linéaire 31 (1) (2014) 155-167.

J.-L. Lions, On some questions in boundary value problems of mathematical physics, in: Contemporary Developments in
Continuum Mechanics and Partial Differential Equations (Proc. Internat. Sympos., Inst. Mat., Univ. Fed. Rio de Janeiro,
Rio de Janeiro, 1977), in: North-Holland Math. Stud., vol. 30, North-Holland, Amsterdam-New York, 1978, pp. 284-346.
Daisuke Naimen, The critical problem of Kirchhoff type elliptic equations in dimension four, J. Differential Equations 257
(4) (2014) 1168-1193.

X.H. Tang, Bitao Cheng, Ground state sign-changing solutions for Kirchhoff type problems in bounded domains, J.
Differential Equations 261 (4) (2016) 2384-2402.

Jun Wang, Lixin Tian, Junxiang Xu, Fubao Zhang, Multiplicity and concentration of positive solutions for a Kirchhoff
type problem with critical growth, J. Differential Equations 253 (7) (2012) 2314-2351.

Michael I. Weinstein, Nonlinear Schrodinger equations and sharp interpolation estimates, Comm. Math. Phys. 87 (4)
(1982/83) 567-576.

Hongyu Ye, The existence of normalized solutions for L2-critical constrained problems related to Kirchhoff equations, Z.
Angew. Math. Phys. 66 (4) (2015) 1483-1497.

Hongyu Ye, The sharp existence of constrained minimizers for a class of nonlinear Kirchhoff equations, Math. Methods
Appl. Sci. 38 (13) (2015) 2663-2679.

Xiaoyu Zeng, Yimin Zhang, Existence and uniqueness of normalized solutions for the Kirchhoff equation, Appl. Math.
Lett. 74 (2017) 52-59.

Jian Zhang, Stability of attractive Bose-Einstein condensates, J. Stat. Phys. 101 (3-4) (2000) 731-746.


http://refhub.elsevier.com/S0362-546X(18)30310-9/sb3
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb3
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb3
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb4
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb4
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb4
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb5
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb5
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb5
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb6
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb6
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb6
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb7
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb7
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb7
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb8
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb8
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb8
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb9
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb9
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb9
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb10
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb11
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb11
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb11
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb12
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb12
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb12
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb13
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb13
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb13
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb14
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb14
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb14
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb14
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb14
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb15
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb15
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb15
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb16
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb16
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb16
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb17
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb17
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb17
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb18
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb18
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb18
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb19
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb19
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb19
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb20
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb20
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb20
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb21
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb21
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb21
http://refhub.elsevier.com/S0362-546X(18)30310-9/sb22

	The existence of constrained minimizers for a class of nonlinear Kirchhoff–Schrodinger equations with doubly critical exponents in dimension four
	Introduction and main results
	Preliminaries
	The case of V=0
	The case of V≠0

	Proofs of main theorems
	References


