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ABSTRACT. It is shown that the planar Schrédinger-Poisson system with a
general nonlinear interaction function has a nontrivial solution of mountain-
pass type and a ground state solution of Nehari-Pohozaev type. The conditions
on the nonlinear functions are much weaker and flexible than previous ones,
and new variational and analytic techniques are used in the proof.

1. Introduction. In this paper, we study the ground state solutions of the follow-
ing planar Schrodinger-Poisson system with a general nonlinearity:

—Au+u+ou= f(u), z¢€R?

1.1
Agp = u?, r € R? (1.1)

where the nonlinear function f satisfies the following basic assumptions:
(F1) f € C(R,R), and there exist constants Cop > 0 and p € (2, 00) such that

f(w)] <Co(1+ [uff™!), VueR;
(F2) f(u) =o(|u|) as u — 0;

(F3) 113&% F1E|l;) > —o0, where F(u) := /Ou f(s)ds.
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System (1.1) is a special form of the following nonlinear Schrédinger-Poisson
system

{‘Au+v<x>u+mu = f(w). wcR, (12)

A¢ = u?, z e RN,

where A € R, V € C(RM,(0,00)) and f € C(R,R). It is well known that the
solutions of (1.2) are related to the solitary wave solutions of the form ¥ (z,t) =
e~ #u(z), u € R to the following nonlinear Schrédinger-Poisson system

{—wt — AY+ E(@)) + Ao = f(¥), xeRN, >0,

1.3
Ag = [P, zeRN, >0, (13)

where ¢ : RV x R — C is the wave function, E(z) = V(x) — p with u € R is
a real-valued external potential, A € R is a parameter, ¢ represents an internal
potential for a nonlocal self-interaction of the wave function and the nonlinear term
f describes the interaction effect among particles. System (1.3) arises from quantum
mechanics (see e.g. [5,7,24]) and in semiconductor theory [4,26,27]. For more details
in the physical aspects, we refer the readers to [3,4].

The solution ¢ of the Poisson equation in (1.2) can be solved by ¢ = 'y * u?,
where * is the convolution in RV, I'y is the fundamental solution of the Laplacian,
which is given by

L n || N=2
1—\ ) = 2 ) _ K
N( ) { N(2—1N)wN |l.|2 N’ N > 3’

and wy is the volume of the unit N-ball. With this formal inversion, system (1.2)
is converted into an equivalent integro-differential equation

—Au+V(z)u+ ATx *u?)u= f(u), zeRV. (1.4)

Denote by ¢y .u(z) = (y * u?)(z). Then at least formally, the energy functional
associated with (1.2) is

In(u) = 1/ (IVu]® + V(2)u?) dz + i/ N uidr — F(u)dz.
2 Jr~ 4 JrN RN
If w is a critical point of Iy, then the pair (u, $n ) is a weak solution of (1.2). For
the sake of simplicity, in many cases we just say u, instead of (u, ¢n ), is a weak
solution of (1.2).

In recent years, the existence of nontrivial solutions, ground state solutions and
multiple solutions to (1.2) (or (1.4)) have been investigated extensively. The ma-
jority of the literature focuses on the study of (1.2) with N =3 and A < 0. In this
case, by the Hardy-Littlewood-Sobolev inequality, Iy is a well-defined C' functional
on a weighted Sobolev space, and the mountain pass geometry can be verified pro-
vided f(¢) is superlinear at ¢ = 0 and super-cubic at ¢ = co. In this situation, the
existence, multiplicity and concentration of solutions of (1.2) was obtained under
various assumptions on V and f, see e.g. [1-4,8-12,14,15,18,19,21,30,31,37-39] and
so on. If f(t) is super-quadratic at ¢ = oo, by using the Nehari-Pohozaev manifold
introduced in [28], the existence of Nehari-Pohozaev type ground state solutions of
(1.2) were established, see e.g. [2,28,31,35,41] and so on.

Unlike the case of N = 3, there are only a few papers dealing with (1.2) with
N = 2. The approach for the N = 3 case cannot be easily adapted to N = 2
because that the logarithmic integral kernel 1/(27)In|z| is sign-changing and is
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neither bounded from above nor from below, and Iy is not well defined on H!(R?)
even if V € L°°(R?) and infg: V > 0.
A new variational framework for (1.2) with N = 2 within the functional space

_{ueH (R?) //lnl+\m| ()dx<+oo}
R2 JR2

was introduced in [29]. Considering the case N = 2,V (z) = a € R,A < 0 and
f(u) = 0in (1.2), by using strict rearrangement inequalities, Stubbe [29] proved
that there exists, for any a > 0, a unique ground state, which is a positive spher-
ically symmetric decreasing function. In the same case, Bonheure, Cingolani and
Van Schaftingen [6] derived the asymptotic decay of the unique positive, radially
symmetric solution, and also established its nondegeneracy. Cingolani and Weth [13]
developed a variational framework for the following Schrédinger-Poisson system

—Au+V(z)u+ ¢u = |[ulP?u, 1z €R? (1.5)
Ap = u?, r € R? '
where V € L>®(R?) (i.e., N =2,A > 0 and f(u) = [u[P"2u in (1.2)). In particular,
when V (z) is 1-periodic in 27 and x5 and p > 4, they proved that (1.5) admits high
energy solutions, and a ground state solution of Nehari type which is a minimizer
of I on the corresponding Nehari manifold. The key tool is a surprisingly strong
compactness condition for Cerami sequences which is not available for the corre-
sponding problem in higher space dimensions. Based on this strong compactness
condition, Du and Weth [16] provided a counterpart of the results in [13] in the case
where 2 < p < 4 and V is a positive constant. They showed that (1.5) with V =1
admits a nontrivial solution of mountain-pass type if p > 2, and a ground state so-
lution of Nehari-Pohozaev type which is a minimizer of I; on the Nehari-Pohozaev
manifold (see definition below) if p > 3. However the approach in [16] relies heavily
on the algebraic form f(u) = |u[P~%u with p > 3, see [16, Lemma 4.1], and it is
difficult to generalize the results on existence of ground state solutions for (1.5) to
(1.1) with a general interaction function f(u). Also the smoothness of f(u) in [16]
is necessary for applying the Implicit Function Theorem to obtain certain results.
In this paper, we consider the existence of mountain-pass type solutions and also
ground state solutions of (1.1) under much weaker and more general assumptions
on f. As in [13], we define, for any measurable function u : R? — R,

Julf2 = [ o1+ el (z)da € 0,0
R2
Then the set
E={ueH' (R? : ||lul. <+occ}
is a Hilbert space equipped with the norm
1/2
lulle = (lull® + [[ull2)
We consider the system (1.1), the associated scalar equation
—Au+u+pou=f(u), =zeR? (1.6)
and the associated energy functional ® : £ — R defined by
1

D (u) = 5 /]R? (IVul]* + u?) dz + i /]1&2 B2, (z)u*dr — /]1&2 F(u)dwz, (1.7)
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where )
ba0le) = (T xw)(w) = o= [ Info—y] w?(u)dy,
™ JR2
Similar to [16, Lemma 2.4], we define the Pohozaev functional of (1.6):

P(u) = ||u||§+/R2 ¢27u(x)u2dx+8%||u||§—2/ Pu)dz. (1.8)

R2
It is well-known that any solution w of (1.1) satisfies P(u) = 0. Motivated by this
fact, we define the following functional on E:

J(u) =2(2' (u), u) — P(u)

1
=2 Vull + ull + [ énulo)uide— g-ful~2 [ [Fwu - Pl
R2 ™ R2

(1.9)

and define the Nehari-Pohozaev manifold of ® by
M:={ue E\{0}: J(u) =0}. (1.10)
Then every non-trivial solution of (1.1) is contained in M. In particular we call a so-
lution @ of (1.1) to be a ground state solution if @ # 0 satisfies ®(@) = infy,ec pm P(u).
Also a solution @ is a least energy solution of (1.1) if ®(@) is the smallest among all

non-trivial solutions of (1.1). Finally a solution u is called a solution of Mountain-
Pass type of (1.1) if ®(%) = ¢ where

¢ = inf max ®(y(¢t)), TI:={ye€C([0,1],FE):~(0)=0, &(y(1)) < 0}.
v€l' t€[0,1]
To state our main results, in addition to (F1)-(F3), we introduce the following
assumptions:

(F4) there exist constants «, fo,co > 0 and x > 1 such that
fwu—3F(u) +apu® >0, YucR,

and

f(w)

” < co [f(u)u — 3F(u) + agu®] ;

>po =

‘ f(w)

(F5) p=1po € (2,4) in (F1), and there exist constants a; > 0 and p1,p2 € [2,6—po)
such that

fwu —3F(u) > —ag (JulP* + [u|P?), VuekR;

fwu — F(u) — %ug

(F6) the function

3 is nondecreasing on both (—o0,0) and (0,

Now, we state our results of this paper.

Theorem 1.1. Assume that f satisfies (F1)-(F3) and (F4) or (F5). Then (1.1) or
(1.6) has a solution of mountain-pass type ug € E such that ®(ug) > 0. Moreover,
(1.1) or (1.6) has a least energy solution @ € E \ {0}.

Theorem 1.2. Assume that [ satisfies (F1)-(F3) and (F6). Then (1.1) or (1.6)
has a ground state solution @ € E \ {0} such that ®(a) = inf,erm P(u).

We remark that the assumptions (F4)-(F6) are weaker than some assumptions
which are easier to state and verify:

(F7) f(u)u—3F(u) >0,V u € R;
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(F8) there exist constants ag > 0 and ps,ps € [2,3) such that
—as(Jul??® + uP*) < f(u)u —3F(u) <0, VYVueR
f(wu = F(u)

e
It is easy to see that (F7) implies (F4), (F8) implies (F5) and (F9) implies (F6).
Results in Theorems 1.1 and 1.2 in [16] are special cases of Theorems 1.1 and 1.2
as the function f(u) = |u[P~2u satisfies (F7) and (F9) when p > 3, and it satisfies
(F8) when 2 < p < 3.

Our more general conditions (F4)-(F6) on the function f(u) allow for many other
examples other than the pure power function as in [16]. Table 1 below lists some
examples satistying (F4) or (F5), and possibly (F6). Note that other than fi(u), all
other functions are not pure power functions, and some of them allow logarithmic
growth. The function fo(u) has different growth rates at w = 0 and u = oo, and
the function f5(u) is asymptotically linear as u — oco. This demonstrates that our
results can be applied to much more general situations compared to the special case
in [16]. The condition (F6) is a monotonicity one which is usually more restrictive.
But we note that (F6) does not always imply (F4). Indeed for f7(u) in Table 1,
Fr(u) = [ fz(t)dt = u* [J"[s]" T 5sds. Since f(u)u > 4F(u), then f satisfies
(F4). But it is easy to see that f does not satisfy (F6). The function fs(u) and
fa(u) with 2 < ¢ <3 <pand 0<b< by are two examples that satisfy (F6) but do
not satisfy (F9), while f5(u) satisfies (F9).

(F9) the function is nondecreasing on both (—o0,0) and (0, c0).

f(u) (F4) (F5) (F6)
Fi(u) = [ulu 3<p 2<p<3 3<p
f2(w) = (JulP72 + blu[""?) u 2<q<3<p|2<q<p<3|2<qg<3<p
0<b<bo

falu) = u [1 - ﬁ] YES YES NO
fa(u) = uln(l +u?) NO YES NO
f5(u) = |ujuln(l + uz) YES NO YES
fo(u) = 3lululn (1 + u?) + 22Ln YES NO YES
fr(u) = 4d® [' [s]' T 2 sds + [u T YES NO NO

TABLE 1. Examples of nonlinear functions f(u) satis-

fying conditions in Theorems 1.1 and 1.2. Here by =

a2
a(p=2) |(=1)(p=3)|?=2 =%
(a=1)(3-q) [ p(a—2) } 2(p — )7

For reader’s convenience, we choose fs, f3 and f; of Table 1 as examples and
furnish some details as follows.

(1) fa(u) = (Ju[P=2 + bu|972) u. Then Fy(u) = %|u\p + §|u\q.

e Casei) 2 < g<3<p. Let

B z:g ((3 _qq)|b|>g_(3 [(p p(g)zj) 3)]2_§ '

By Young’s inequality, one has

Qo

-3, . B—q)b, .,
f2(w)u — 3F5(u) + apu® = u? <p|up 2t ap — ——|ul? 2) >0, YueR
p q
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1
Bo, co > 0 such that

fa(u)

> Bo
u
e Caseii) 2 < ¢ < p<3. Note that
3— 3—q)b
= 37() = = (Lpup + C D).

When p = 3, fo satisfies (F5) with pg = 3, p1 = p2 = ¢ and ¢; = 1. When
p < 3, fo satisfies (F5) with pg = p1 =p, po = qand ¢; =1+ [b|.

e Caseliil) 2 <g<3<pand0<b<by. By asimple calculation, we can
verify that fo satisfies (F6).

(2) fa(u) =u [1 — m] Then

Let k = p%. By an elemental calculation, one can derive that there exist

K

f2(w) < ¢ [fo(u)u — 3Fs(u) + apu®] .

u

u?

w0 =5 [\ o) [ e

Let ag = % Then

u?

—3F . Y N (N ——
fa(u)u — 3F3(u) + apu 21n(€+u2)+ /0 2(e + 59) s

Let x = 2. By an elemental calculation, one can derive that there exist 5o, co > 0
such that

s3

f3(u)

u

Hence, f5 satisfies (F4). It is easy to see that f3 satisfies (F5) with oy =1, pg =3
and p; = p» = 2. Noting that

f3(u)

u

>p =

< ¢ [f3(u)u — 3F3(u) + cpu®] .

2 u s3
fg(u)u — F3(U) - %UZ N T 2In(etu?) fO 1n2(e+52)d8

usd u3 ’

it follows that f5 does not satisfy (F6).

(3) fa(u) =uln(l+u?). Then Fy(u) = tu?In(1+u?) — Ju?+ 1 In(1 +u?), and

s0
1 3 3
fa(w)u — Fy(u) = —§u2 In(1 + u?) + §u2 —5 In(1 4+ u?). (1.11)

Noting that
fa(w)u — Fy(u)

lim 5

Ju|— o0 u

it follows that f; does not satisfy (F4). For § € (2,3), by (1.11), one has
i Ja@u — Fa(w)

|u|—o00 "LL|6

= —00,

—0. (1.12)

Letting po = p1 = d and pa = 2, one can deduce from (1.12) that there exists a; > 0
such that

fa(w)u — 3F4(u) > —aq (JulP* + |[u|??), VYV ueR,
and so f, satisfies (F5). Noting that

1
fa(w)u — Fy(u) — 5u? — —% In(1 + u?) (i + 3) + 1,

u3 u3 U
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it follows that f, does not satisfy (F6).

To prove Theorem 1.1, based on the variational approach developed in [13, 16],
first we construct a Cerami sequence {u,} of ® with the extra property that
J(u,) — 0, this idea goes back to [17]. Then we prove the boundedness of {u,} in
H'(R?) in the two cases that (F4) or (F5) holds (see Lemmas 2.3 and 2.4). The
proof of boundedness result in [16] can be modified to the case that (F4) holds, but
it does not work for the case that (F5) holds. For that case, we introduce sequences
t, = HVunHQ_l/2 and v, = t2(uy,);, where u;(x) = u(tz) to deduce that |[v,||2 — 0
and ||v, |3 Int, — 0 if [[Vu,|l2 — 0o, and combining the fact that J(u,) — 0, the
Gagliardo-Nirenberg inequality and subtle analysis, we obtain the boundedness of
{u,} in H'(R?) by estimating ®(v,,) from two different directions (see Lemma 2.4).
Our proof of Theorem 1.2 is inspired by the approach used in [34,35]. We first
establish a crucial inequality

9 11—t
D(u) > P(tu) +

Jw), uwekE, t>0.

With this inequality in hand, then we can find a minimizing Cerami sequence for
® on M and show its boundedness in H!(R?).

The paper is organized as follows. In Section 2, we give the variational setting
and preliminaries. We complete the proofs of Theorems 1.1 and 1.2 in Sections 3
and 4 respectively. Throughout this paper, we let u(z) := u(tz) for t > 0, H*(R?)
is the usual Sobolev space with the standard scalar product and norm

(u,v) = /R2 (Vu-Vo+w)de, |ul = (/W (IVul® + u?) dx>1/2.

and denote the norm of L*(R?) by [[ulls = (g2 |u\sdx)1/s for s € [2,00), B,(z) =
{y € R?: |y — 2| < r}, and positive constants possibly different in different places,
by C1,Cy,---.

2. Variational setting and preliminaries. We define the following symmetric
bilinear forms

(u,v) = Aj(u,v) /RZ /]Rz In (14 |z —y|) u(z)v(y)dzdy, (2.1)

(1, 0) > Ao (u, v) /R /R In (1 + |> w(@)o(y)dady,  (2.2)

(u,v) — Ap(u,v) = A1 (u,v) — As(u,v) /R? /R2 In |z — y|u(z)v(y)dzdy, (2.3)

where the definition is restricted, in each case, to measurable functions u, v : R? — R
such that the corresponding double integral is well defined in Lebesgue sense. Noting
that 0 < In(1 +r) < r for » > 0, it follows from the Hardy-Littlewood-Sobolev
inequality (see [22] or [23, page 98}) that

A € o [ ] hu@w)ldady < Cllulaalvls (24)

with a constant C; > 0. Using (2.1), (2.2) and (2.3), we define the functionals as
follows:
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I : HY(R?) = [0,00], ©i(u) =
_ //ln1+|x—y|) 2(2)u?(y)dady,
R2 JR2

L : L33(R?) = [0,00), IL(u) =

- /R /R In <1+ |) ?(2)u? (y)dady
and

Ip: H'(R?) - RU{oo}, Io(u) Ag(u?,u?)
1 2 2
= 5 /R /R In (|2 — y|) v (z)u”(y)dzdy.

Here I, only takes finite values on L%/3(R?). Indeed, (2.4) implies
L2(w)] < Cullullgys, ¥V ue L3R, (2.5)

Recall the definition of function space E in the introduction. It is easy to see
that E is compactly embedded in L*(R?) for all s € [2,00). Moreover, since

In(1+ |z —y)) <In(1+ |z[+ |y|) <In(1+[z]) +In(1+]y]), Vaz,yeR> (2.6)

we have

| A1 (uv, wz)]

IN

iﬁ /R2 /]R2 In(1 + |z]) + In(1 + |y])] |u(z)v(z)||w(y)z(y)|dzdy

l[ullllvll«llwll2l 2l + [ullzllvllzlwll 2l ¥ uv,w, 2 € E(2.7)

A

According to [13, Lemma 2.2], we have Iy, I; and I are of class C! on E, and

(Il(u),v) = 4A;(v*,v), Yu,v€E, i=0,1,2. (2.8)
Then, (F1), (F2) and (2.8) imply that ® € C'(E,R), and that
D(u) = ;/ (|Vu* + v?)dz + ~ [Il( ) — Ia(u)] — /R2 F(u)dz, (2.9)

(@' (u),v) = /]Rz (Vu - Vo + uv) de+ Ay (u?, uv) — Az (u?, uv) — . f(uw)vda, (2.10)

70 = 2Vl + Jul + 1 (0) = Faa) = -l =2 | (7w = Flulda. (21)

Hence, the solutions of (1.1) are the critical points of the reduced functional (2.9).

To prove the existence of nontrivial solutions, we shall use the following general
minimax principle [20, Proposition 2.8], which is a somewhat stronger variant of [40,
Theorem 2.8].

Lemma 2.1. Let X be a Banach space. Let My be a closed subspace of the metric
space M and Ty C C(My, X). Define

r:= {’y eC(M,X): ’y‘MU € FO}.
If ¢ € CY(X,R) satisfies

00 > ¢:= inf sup ¢(y(u)) > a:= sup sup @(yo(u)),
€L ueM Y0€ETo ue Mo
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then, for every e € (0,(c—a)/2), § >0 and v € T such that

suppoy < c+e,
M

there exists u € X such that

(a) ¢ —2e < p(u) < c+ 2,
(b) dist (u,v(M)) < 24,
(c) ll¢' ()] < 8e/6.

Similar to [16, Lemma 3.2], we will apply Lemma 2.1 to obtain a Cerami sequence
for the functional ® with J(u,) — 0. This idea goes back to Jeanjean [17].

Lemma 2.2. Assume that (F1)-(F3) hold. Then there exists a sequence {un} C E
satisfying

D(uy) —c>0, [|9(up)|le-(1+||unllg) =0 and J(u,) — 0, (2.12)
where

= ;2% tren[g,)i] (y(t)), I':={yeC(0,1], £) : v(0) = 0, ®(y(1)) <0}.

Proof. First, we prove that 0 < ¢ < co. Note that for any fixed u € E with u # 0,
t4
I (Pu) = —/ / In |z — ylu?(to)u?(ty)d(tz)d(ty)
2T R2 JR2
4
= —/ / (In |tz — ty| — Int) u?(tx)u?(ty)d(tz)d(ty)
2 R2 JR2

= t4/ / (In|z — y| — Int) u?(x)u?(y)dzdy
27 R2 JR2
ttInt
27
Combining (2.9) with (2.13), one has

= () — Julld, Vt>o0. (2.13)

o () = SIvul+ S+ oo - SR
—t% g F (tPu)dz, Vit>0. (2.14)
By (F1)-(F3), there exists a constant A > 0 such that
F (fu) > —Alt*ul?, Vit>0. (2.15)

Then, it follows from (2.14) and (2.15) that
lim ® (t2ut) =0, sup® (tzut) <oo, @ (t2ut) — —o0 as t— +oo. (2.16)
t—0 t>0
Now, we choose T > 0 large enough such that ®(T?%ur) < 0. Let vy7(t) = (¢tT)?wr
for t € [0,1]. Then 7 € C([0,1], E) such that yr(0) = 0, ®(yr(1)) < 0 and

max;eo,1] (7 (t)) < co. This shows that I' # () and ¢ < oo.
By (F1) and (F2), for every € > 0, there exists a constant C'(¢) > 0 such that

fwu < eu? +Ce)ulP,  F(u) <eu? +C(e)|ulP, YueR. (2.17)
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Choosing € = 1/4, by (2.5), (2.9), (2.17) and Sobolev embedding inequality, one
has

1 Ci 1
®(u) > gllul® = Fllulls/s — 7luls = Callul;

1
2 EIIUHZ*02||UH4*C?,IIUHP, VuckE. (2.18)

From (2.18), it is easy to see that there exist constants pg > 0 and ag > 0 such that

D(u) >0, Vu|<py and P(u)>ag, V|ull=po. (2.19)
For every v € T, since v(0) = 0 and ®(y(1)) < 0, then it follows from (2.19) that
[l7(1)]] > po. By the continuity of v(¢) and the intermediate value theorem, there
exists t, € (0,1) such that ||y(t,)|| = po. Thus, we have

sup ®(y(t)) = ®(v(ty)) = ao >0, Vyel,
t€[0,1]

which yields

> ¢ = inf d(~(t)) > ag > 0. 2.20
o0 > ¢ = inf max (v(t)) = ao (2:20)

Similar to [16, Lemma 3.2], we define a continuous map

h:E:=RxE—E, h(s,v)(x) =e*v(e’z) for s e R, v e F and z € R?,

where E is a Banach space equipped with the product norm ||(s,v)|z = (|s|*+
||’UH]25)1/2. We consider the following auxiliary functional:
1
W(s,0) = (h(s,0) = 5 [ (VA0 + (s, de
R2
1
+5H1(h(s,0)) = Io(h(s,v))] = | F(h(s,v))dz
R2

ets

645 62 s
—/ |Vol2dz + —/ vide + —[I(v) — I (v)]
2 Jes 2 Jes 4

sets 2 1
- / vide ) — — F(e**v)da.
8 R2 625 R2

It is easy to see that W € C'(F,R). As in the proof of [16, (3.3),(3.4)], we have

05V (s,v) = J(h(s,v)), O¥(s,v)w =P (h(s,v))h(s,w) for s € R and v,w € E.
(2.21)

Now, we define a minimax value ¢ for ¥ by

where

I = {5 ec(o,1], £):5(0) = (0,0), ¥(3(1)) <0}
Since I' = {h oy:y € f‘}, the minimax value of ® and ¥ coincide, i.e., ¢ = ¢. By
the definition of ¢, for every n € N, there exists 7, € I' such that
1
max W(0,7,(t)) = max ®(y,(t)) < c+ —.
n

te(0,1] te(0,1]

Next, we apply Lemma 2.1 to ¥, M = [0,1], My = {0,1} and E, T in place of
X, T. Let g, = 1/n?, §, = 1/n and ,(t) = (0,v,(t)). Since (2.20) implies that
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en = 1/n? € (0,¢/2) for large n € N, Lemma 2.1 yields the existence of (s,,,v,) € E
such that, as n — oo,

U (sp,vn) — ¢, (2.22)
19" (55 0n)ll = (14 [|(8m5vn) [ ) = O, (2.23)
dist (($n,vn), {0} X 1,([0,1])) — 0. (2.24)

Moreover, (2.24) implies that s, — 0. Note that

(W (85 ), (T, 0)) = (B (W(Sr, 00)), B(Ss w)) 4+ J(R($ps o)), ¥ (1,w) € E.

(2.25)
Let w, := h(sp,v,). By using the same way as [16, Lemma 3.2], we deduce that
{un} satisfies (2.12). O

Next we show the boundedness of the Cerami sequence obtained in Lemma 2.2
under the assumption (F4) or (F5).

Lemma 2.3. Assume that (F1)-(F4) hold. Let {u,} C E be a sequence satisfying
(2.12). Then {u,} is bounded in H'(R?).

Proof. By (F4), (2.9), (2.11) and (2.12), one has

1
cto(l) = B(un)— 1)
- MWIP+ALWUH‘+1/ [ (un )i — 3F(un)] dz (2.26)
- 4 nil2 327‘(’ n|l2 2 R2 n n n .
_ L ag 2 1 4
— (375 B + gl
1
Jr*/ [f(un)un —3F(uy) + aoui] dz
2 Jge
1 4 @0 2
> 90 - Ty N
> o lualls = - llunll2, (2.27)
which implies
l[unl2 < Ca, / [f(wn)un — 3F (un) + apul] dz < Cs (2.28)
]RZ

for some constants Cy, Cs > 0. Now, we prove that {||u,||} is also bounded. Arguing
by contradiction, suppose that ||u,| — co. Let v, := T~ Then |lvn]| = 1, and
[lvnll2 = 0 due to (2.28). Set &’ = k/(k—1). By the Gagliardo-Nirenberg inequality,
one has

[onll5n < Collvall3IVonll3* 2 = o(1). (2.29)
Set
Q, = {x€R2:’M gﬁo}.
Up
Then, we have
U
| 122z < ool = o). (2:30)
Q,
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Moreover, by (F4), (2.28), (2.29) and the Holder inequality, we have

Jo.
(e

1/k
Co

IN

IN

Un

flun)

Unp

2
v, dx

K 1/k 1/k'
dz / v, |2 da
R2\Q,,

1/k
(/ [f(un)un —3F(u,) + aOU’i] d]:) an||§,«
R2\ 2,

= o(1).

From (2.5), (2.28) and the Gagliardo-Nirenberg inequality, we have

Ir(un) < Cl”“ﬂ”é/:s < C7||un||g||Vun||2 < Cs||[Vuglla.

Thus, it follows from (2.9), (2.12), (2.30), (2.31) and (2.32) that

1+o0(1)

un [ = (2" (tn), un)

[[un 2
—I (Un) + IQ(U'TL) + fRZ f(un)undx
[l 2
Ce +/ f(un) vidm—i—/ f(un) vadx
”un” Q, | Un R2\Q, | Un

o(1),

which is a contradiction. Hence, {u,} is bounded in H*(R?).

(2.31)

(2.32)

(2.33)
0

Lemma 2.4. Assume that (F1)-(F3) and (F5) hold. Let {u,} C E be a sequence
satisfying (2.12). Then {u,} is bounded in H'(R?).

Proof. First, we prove that {||Vuy||2} is bounded. Arguing by contradiction, sup-

pose that ||[Vuy,|2 — oco. Inspired by [16, Proposition 3.3], we let ¢, = ||Vuy||,

and v, = t2(u,);,. Then t,, — 0 and

Vunlla = 1,

loalld = 2972 (unllg,  V2<q<oo

By (2.34) and the Gagliardo-Nirenberg inequality, one has

lonlls < C9||UnH§”VUn”L2972 = ClO””ﬂH%a

for s = po, p1,p2-

From (F5), (2.26), (2.34) and (2.35), we deduce

c+o(1)

v

Y

B(tn) — 77 (un)

ol = S (22 + e 2)

st ol = S (2ol + 67 o 2)
ot el = S0 (1202 42052 o

—1/2

(2.34)

(2.35)

(2.36)

(2.37)
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Multiplying the above inequalities by t and t*|Int,|, respectively, we have

1 oa1C . .

327T||”n‘|3 < CtiJr 12 10 [ti(dfp1)+ti(3*pz)} ||UnH§+0(ti)
1

< et 4+ 8ralC?, [t;t@*m) + t;*f’**m)] + (),Tuvnng1 +o(t1) (2.38)
/I
and
1 4 4 a1Cho 2(3—p1) | 42(3—p2) 2
| mtalllvally < cthnta] + S 207 4 26709t o1

+o(tt|Int,|)
ct*|Int,| + 8ra2C%, [t;ﬁ(?’—l’ln Int,|+ t23-P2)|In tn\]

IN

1
+——|Int,|[|vnl3 + o(th | Int,]). (2.39)
64

Let 7> 0 and pg — 3 < 7 < 3 — max{py, p2}. Since t,, — 0 and |¢t,|9| Int,| — 0 for
q > 0, it follows from (2.38), (2.39) and (F5) that

lvalla =0, £ loallz =0, [Intal|lvallz — 0. (2.40)
Thus, by (2.9), (2.11), (2.14) and (2.26), one has

c—®(vn) +0(1) = D(uy) — © (£ (un)e,)

11—tk 11— 11—t thint,
= IVun 3 + —5"llunll3 + Io(un) + [l
2 2 4
1
+/ {ZF (t2u,) — F(uy,)| dz
R2 tn
11—t th—2t2 41 1
= 1 J(“n)"‘f”“n”%"’@”“n”é
1 th(4Int, —1)
+5 [ W, =3P ()] do + 2O |

+/ _éF( )+iF(t2 )fﬁf( Yy | dz
Rz | 2 Un) T3 8 ntin) = 75 ] {tin )tn

n

th — 212 laml2 + tt(4Int, —1)
4 ni2 327

(4 1 9 th |
+ L2 F(un) + 5 F (thun) — 2 f(un)uy | da. (2.41)
R2 | 2 t% 2

= c+o(l) + unll2

It follows from (2.17) with p = pg that

th Lo t
EF(un) + t—QF (trun) — Ef(un)un

(2.42)
< (th +12) [unl® 4+ Cux (g +£27072) Jun [P,

From (2.34),(2.35), (2.40), (2.41) and (2.42), one has

4 o2 4 _

t 42tn a2+ tn(41;12t; 1)

| (vn)]| lun 13

2 2
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t2 + 2t} th(4|Int,| + 1)

< T"Ilun||§+ o [k Es
F(E2 422) w1 + O (8 + 62707 2) [fun |20 + o(1)
1+2t2 4 Int,|+1

= T"U"||§+T||v"||3

(84 1) Jol3 + Con (89779 +1) [loallfy +0(1)
< Cuty* oall3 + o(1)
= o(1). (2.43)

Moreover, by (2.5), (2.17), (2.34), (2.40) and the Gagliardo-Nirenberg inequality,
one has

0 < Ix(vn) < Cillvnlls/s < Crzlloall3 - [Vonll2 = o(1) (2.44)
and
‘/]R? F(vp)dz| < [[oall3 + Cisllvallby < [lvnll3 + Crallvnll = o1). (2.45)
Thus, it follows from (2.9), (2.34), (2.43), (2.44) and (2.45) that
ofl) = @(vn)
1 I T |
= SIVoallz + 5 llonllz + 5 [L1(vn) — I2(vn)] — F(v,)dw
2 2 4 -
1
> 5 +oll). (2.46)

This contradiction shows that {||Vu,||2} is bounded. Next, we prove {|un|2} is
also bounded. By (2.36) and the Gagliardo-Nirenberg inequality, we have

1 aq
garllunlls < et 5 (luallpy + luallf) +o(1)
< a1Cis 2 p1—2 2 pa—2
< c+ unll2l[Vun 5™ + [lunll2 I Vun 5 +o(1)
< ¢+ Cullunll3 + o(1), (2.47)

which implies that {||uy,||2} is also bounded. Hence, {u,} is bounded in H*(R?). O

To find nontrivial critical points of ®, we present the following important lemma.

Lemma 2.5. [13, Lemma 2.1] Let {u,} be be a sequence in L?(R?) such that
up — u € L*(R*)\ {0} a.e. on R2. If {v,} be a bounded sequence in L*(R?) such
that

sup A1 (u?,v?) < oo,

neN

then {||vn||«} is bounded. If, moreover,

Ay(u,02) =0 and |va)la =0 asn — oo,

n)» - n

then ||vp]l« — 0 as n — oo.
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3. Least energy solutions. In this section, we give the proof of Theorem 1.1.

Proof of Theorem 1.1. In view of Lemmas 2.2-2.4, there exists a sequence {u,} C F
satisfying (2.12) and ||u,||?> < M; for some constant M; > 0. If

0 := limsup sup / lu,|?dz = 0,
n—oo ye]R? Bz(y)

then by Lions’ concentration compactness principle [25] or [40, Lemma 1.21], u,, — 0
as n — oo in L*(R?) for s > 2. This, together with (2.5), implies that I5(u,) — 0
as n — oo. By (2.17), for € = ¢/(3M), there exists C. > 0 such that

1

5 flun)un — Fuy)

L3

Thus, it follows from (2.9), (2.10), (2.12) and (3.1) that

3 c
dxggﬂmﬂ@+cﬂmﬁgﬁg+oay (3.1)

ctol) = B(un) — (@ (), ua)
= —i[l(un) + ilg(un) + /]R2 [;f(un)un - F(Un) dz
< g +o(1). (3.2)

This contradiction shows § > 0.
Going if necessary to a subsequence, we may assume the existence of y, € R?

such that 5
/ funPda > 2. (3.3)
Bi(yn) 2

Let i, (x) = up(z + ypn). Then

5
/ i ?dz > 2. (3.4)
B1(0) 2
Note that
il = [ 1001+ o~ e < funll+ 1+ Dol (35)
Thus @, € E for every n € N. Since ||@, || = ||un| and I;(4y,) = I;(uy,) for i =0,1,2,
then (2.12) implies
O(t,) —c>0, (D(4y),0n) =0, n— oco. (3.6)

Passing to a subsequence, we have @, — wug in H'(R?), @, — uo in L{ (R?) for

s € [2,00) and 1, — ug a.e. on R? as n — co. Thus, (3.4) implies that ug # 0. By
(2.5), (2.10), (2.17), (3.6) and Sobolev embedding inequality that

||'11nH2 + Ii(dn) +0(1) = Ia(in) + f(n)inde
R2

IN

Culltin I35 + 113 + Culln |}
Colln|* + l[@n]l* + Csllnll?, (3.7)

which implies that sup,,cy 1 (@) = sup,,cy A1 (42, %2) < oo due to the boundedness
of {||@n]|}. Applying Lemma 2.5, {||@y||«} is bounded. Hence, {@,} is bounded in
E. We may thus assume, passing to a subsequence again if necessary, that as n — oo

A

Up —ug in B, i, —u in L*(R?) for s € [2,00), @, — up a.e. on R%. (3.8)
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Now, we prove that ®'(ug) = 0. To this end, we claim that
(&' (ug), w) = ILm (&' (i), w) = ILm (' (up),w(- —yn)) =0, VwekFE. (3.9)

In fact, it is easy to see that

lw(-—yn)lE = ||w||2+/RQ In(1+]z+yn Jw?de < [lwlZ+Hn0+ ]y ) |[wlf3, Vw € E.

(3.10)
Moreover, by (3.4), we have

unl? = [ In+fo o+ yna2ds

R2

> / (1 + |z + yol)a2da

B1(0)

SInlyn| _ 6In(1+ |yn

0yl o SIn(1+ [yn|) ¥ [yl > 2. (3.11)

jiy 2 - 4 b
From (3.10) and (3.11), we deduce

||w<-—yn>||%<||w|%+( lunlls |y 3) Wi, VweE neN.  (3.12)

Thus, it follows from (2.10), (2.12) and (3.12) that
)

(@ (@n), w)| = [(® (un), w(- = yn))]
v 1/2
< 1 Gl [t + (L1 105 g
= o(l), VweE. (3.13)
Then it follows from (3.13) that
(® (@), uo) = o(1). (3.14)

By (2.5) and (3.8), one has
| As (@, @n (@ —u0)) | < Cillanllg/3/1@n — uolls/s = o(1). (3.15)

Using (F1), (F2), (3.8) and Lebesgue’s dominated convergence theorem, a standard
argument shows that

/2 F(in) (i — wo)dz = of1). (3.16)
According to [13, Lemma 2. ?], we have
Ay (@2, (4, — uo)w) =o(1), VuwéeE. (3.17)
Thus, it follows from (3.6), (3.8), (3.14), (3.15), (3.16) and (3.17) that
o(1) = (®'(tin), ln — uo)

= l@nl® = [luoll® + Ay (a7, (@ — uo)?) + Ax (@7, (@t — uo)uo)
— Ay (@2, T (T — ug)) — /}Rz F (@) (i, — ug)da
= [lanl® = uol® + A (@5, (@ — u0)?) + o(1), (3.18)
which, together with ,, — uy in H'(R?), yields
[@n —uoll =0, Ay (@2, (@n —up)*) — 0. (3.19)
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Applying Lemma 2.5, we have ||, — uo||« — 0. Hence, ||, —uo|lg — 0. From this
and (2.7), we have

| A1 (5, — ug, uow)| < i — woll«[[@n + uolls [[uo|l2]|wll2
Hllan = woll2lltn + uoll2lluoll[[w]]«
= o(l), VYwekE. (3.20)
Similar to (3.15) and (3.16), we can get
Ay (@2, (i — uo)w) = o(1),  As (@2 — uf, upw) = o(1) (3.21)
and
/}R2 [f(an) — flug)]wdx = 0(1), VYweE. (3.22)

Then, from (2.10), (3.8), (3.17), (3.20), (3.21) and (3.22), we deduce that
(P (tin) — ' (uo), w)
= (@in —uo,w) + Ay (@2, (@n — uo)w) + Ay (@2 — ug, uow)

— Ay (a7, (@ — uo)w) — Az (U — ug, upw) — / [f(tn) = f(uo)] wdz

R2

= o(l), YwekE. (3.23)

Therefore, (3.9) follows from (3.13) and (3.23). This shows that up € E is a non-
trivial solution of (1.1), and ®(ugp) = ¢ > 0.

Set
K:={ue E\{0}:®'(u) =0}.
Since ug € K, we have K # 0. By (F1) and (F2), there exist C4 > 0 and ¢; > 4
such that )
|f(w)u| < §u2 + Cylu|™, VueR. (3.24)

Since (®'(u),u) = 0, Yu € K, by (2.10), (3.24) and Sobolev embedding inequality,
one has

full> < ull® + L(u) = I(u) + | fuudz (3.25)
R
1
< Cslull*+ 5||U||2 + Csllul|™, Vuek,
which implies
Jull = 00 = min {1,27/2(C5 + Ce) 12} >0, Vuek, (3.26)

It is easy to see that infx ® > —oo. Next, we let {u,} C K and ®(u,) — infx .
Then, the sequence {u,} satisfies (2.12). Under assumptions of Theorem 1.1, we
conclude from Lemmas 2.3 and 2.4 that {u, } is bounded in H'(R?). We claim that
{un} does not vanish. Otherwise, if {u,} is a vanishing sequence, then by Lions’
concentration compactness principle [25] or [40, Lemma 1.21], we have u,, — 0 in
L*(R?) for 2 < s < oo. Thus, using (2.5) and (2.17), it is easy to see that

Iz (uy) = o(1), . f(up)updz = o(1).

From this, (3.25) and (3.26), we deduce a contradiction. By the same argument as
above, there exists 4 € K such that ®(4) = infxc ® > —oo. This shows that © € E
is a least energy solution of (1.1). O
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4. Ground state solutions. In this section, we give the proof of Theorem 1.2.
Inspired by [34-36], first, we establish some new inequalities to find ground state
solutions for (1.1).

Lemma 4.1. Assume that (F1), (F2) and (F6) hold. Then

11—t tt—3 (1—1t2)2

g(tu) = 5wt — ;

u?>0, Vt>0 uek.
(4.1)

F(u)—&—t%F(tzu)-i-

Proof. Using (F1) and (F2), it is easy to see that (4.1) holds for v = 0. For any
fixed u # 0, by (F6), one has

d(g(t, u)) s 3 [P — Fu)  flupu—Fu) (1-t%)
—— = 2t°u - -
dt t6)ul3 |ul3 262 u|
20, t=>1,
<0, O0<t<1,
which implies that g(t,u) > g(1,u) =0 for ¢t > 0. O
Lemma 4.2. Assume that (F'1), (F2) and (F6) hold. Then
11—t
O(u) > O(tug) + Ju), YueE, t>0, (4.2)
1 1
(u) > = J(u) + ——|lull3, Vu€ckE. (4.3)
4 327
Proof. By an elementary computation, one has
1—t* +4t*Int >0, Vt>0. (4.4)
From (2.11), (2.14), (4.1) and (4.4), we deduce that
1 1-— t4
O(u) — ®(t*u;) = 5/ [(1=tY|Vul* + (1 — *)u?] dz + Io(u)
R2
t4 Int 1
g+ [ pre - P as
1—t4 1— ¢ 1—t"+4t"Int
_ J(u) + u/ wde + LA
4 4 R2 3

1—¢4 -3 1
+/R2[ 5 flwu+ 5 F(u)—|—t2F(t2u)]dx

1—¢*
>

Ju), VYueE, t>0.
This shows that (4.2) holds. Note that (F1), (F2) and (4.1) imply
(t,

3 1,
_ = “u? > . .
}E;%Q u) = (u)u 2F()—&—4u >0, uweR (4.5)
Thus, it follows from (2.9), (2.11) and (4.5) that
1 1 1 3 1,
o) - Liw) = 327r||u||2 + [ 3= 3rw + p?] 4o

1

This shows that (4.3) holds. O
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From Lemma 4.2, we have the following corollary immediately.
Corollary 4.3. Assume that (F1), (F2) and (F6) hold. Then
D(u) = max d(tu), Y ueM. (4.6)

Lemma 4.4. Assume that (F1)-(F3) and (F6) hold. Then for any u € E \ {0},
there exists a constant t(u) > 0 such that t(u)*uy,) € M.

Proof. Let u € E \ {0} be fixed and define a function ¢(t) := ®(t*u;) on (0,00).
Clearly, by (2.11) and (2.14), we have

4t3 Int + t3

S E

=0 < / (23| Vul® + tu®) dz + t3 Iy (u) —
R2

2 2
+= [ F{t*uw)dz — = [ f(tPu)udz =0
t3 R2 t R2

& Jtu)=0 & tuyeM, Vt>O0.

It is easy to verify, using (F1)-(F3), that lim; ,o ((t) = 0, ¢(¢) > 0 for ¢ > 0 small
and ((t) < 0 for ¢ large. Therefore max;c (9,00 ¢(t) is achieved at to = t(u) > 0 so

that ¢’(to) = 0 and t2u;, € M. O
Lemma 4.5. Assume that (F1)-(F3) and (F6) hold. Then
inf ®(u):=m= inf D (t?uy). 4.7
BB ==l a2 4

Proof. Combining Corollary 4.3 and Lemma 4.4, we obtain the conclusion stated
here. O

Lemma 4.6. Assume that (F1)-(F3) and (F6) hold. Then

(i) there exists o > 0 such that ||u|| > o, ¥V u € M;
(i) m = inf,epm ©(u) > 0.

Proof. (i) By (F1) and (F2), there exist C; > 0 and g2 > 4 such that
1
|f(w)u| + |F(u)] < ZUZ + Ci|u]®?, VYueR. (4.8)

Since J(u) = 0, Yu € M, by (2.11), (4.8) and Sobolev embedding inequality, one
has

ull?

A

2V + ull + s 0) = Ta(w) + gl +2 [ [F(wyu = F(wlda

IN

1
Collull® + S lull* + Csllull™, ¥ ueM, (4.9)
which implies
lull = 0= min {1,271/2(Co + C5) 2}, Wue M. (4.10)

(ii) Let {un} C M be such that ®(u,) — m. There are two possible cases: 1)
infpen ||unll2 > 0 or 2) infen |Jun|l2 = 0.

Case 1). inf,en ||un|2 :== 01 > 0. In this case, from (4.3), one has
1 1
1) = ®(uy) > — ||unl|d > —of. 4.11
mto1) = B(un) > = fuall} > 1ot (111)

Case 2). inf, e ||upll2 = 0. In view of (4.10), passing to a subsequence, we have
[unlla =0, [[Vunll2 > o (4.12)
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By (2.5) and the Gagliardo-Nirenberg inequality, one has
—2
0 < I(up) < Cillunlls/s < Callunl3Vunlla,  llunllh < Csllunl3l|Vun| . (4.13)

Moreover, using (4.12), it is easy to see that

[ In([[Vun 2]

< Ce. 414
Va2 (4.14)

Let t, = ||[Vun|l; /% Since J(u,) = 0, it follows from (2.5), (2.14), (2.17), (4.6),
(4.12), (4.13) and (4.14) that

m+o(l) = P(up) > Pty (un)e,)
th 2 tt ttnt,
= VB4 2 B+ 2 () — )] — T
1
- F(t2u,)dx
ts Jr2
th th ttnt,
> 2 Tunl — o) — 2
1
- [|tiun|2 + C’7|tiun|p] dz
12 Jgo
tt Cy ty Int,
> D0V~ S BV — T
—tnllunll3 = Csta 2 unll3 | Vunl~
_ 1 Calual3 +1n(||Vun||2)”u 14— lunlld — Csllunl3
= w3
2 A Vunlz 167 Vun|f3 Vunllz  [IVunl2
1
= = 1).
5 +o(1)
Cases 1) and 2) show that m = inf,c g P(u) > 0. O

In the following, we will show that the Cerami sequence {u,,} obtained in Lemma
2.2 is a minimizing sequence for ®. This idea goes back to Tang [32,33].

Lemma 4.7. Assume that (F1)-(F3) and (F6) hold. Then there exists a sequence
{un} C E satisfying

D(u,) — ce (0,m], || (un)l

pr(L+ |unllg) = 0, J(u,) = 0. (4.15)

Proof. In view of Lemmas 4.5 and 4.6, we choose v € M such that
1
0<m<P(v) <m+ T ke N. (4.16)

Applying Lemma 2.2, there exists a sequence {u,}neny C E satisfying (2.12).
Now we choose Ty > 0 such that ®(T7(vg)r,) < 0. Let vi(t) = (tT%)?(vi)im,
for t € [0,1). Then v, € T'. Moreover, using (2.19), it is easy to see that
¢ € [ag, sup;so ®(t*(vk)¢)]. By virtue of Corollary 4.3, one has ®(vg) = sup, o ®(¢2
(vg)¢). Hence, by (4.16), one has

1

c<sup®(t*(vp))) <m+ —, keN. (4.17)
>0 k

Let k — co. Then we deduce the conclusion by Lemma 2.2. O
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Proof of Theorem 1.2. In view of Lemma 4.7, there exists a sequence {u,} C F

satisfying (4.15). Then, it follows from (4.3) and (4.15) that
1 1
1) = ®(u,) — - > ——||un[3. 4.1
et 0(1) = D) — LI (1) > o (4.18)

This shows that {||u,||2} is bounded. Now, we prove that {||Vu,||2} is also bounded.
Arguing by contradiction, suppose that [|[Vu,||2 — co. By the Gagliardo-Nirenberg
inequality, one has

-2
[unll} < Crllunl3IVunll5™, 0 < In(un) < Cillunlls/s < Collunll3]Vun]2. (4.19)
Let t, = (2y/m/||Vuy,||2)*/?. Since t, — 0, we have t* Int, — 0. Thus, it follows
from (2.5), (2.14), (2.17), (4.2), (4.15), (4.18) and (4.19) that

m+o(l) > c+o(l)=P(uy)

> 1-t,
> B (un),) + — 2 un)

tt t2 tt t*Int
= 2| Vunl3 + Zlunlls + 2 (un) = Ia(un)] — 22— [unll3
2 2 4 8w
1
B F(t?u,)dx
n JR2
> ﬁ 27§I 42 2*C 2p—2 p
2 S IVuallz = - 12(un) =ty llunllz = Cstn” ™ [lunll} + o(1)
14
> 5”||Vun||§ — oty unl3]Vunll2 = & [Junll5

—Caty? ™ |Jun 3 Va5~ + o(1)

ACym 5 2ym . Ci2ympPt
= 2m— ——|unllz — 7o llunllz — —=——llunllz +o(1

Wl 12 = [l 14212 = iy el + o)
= 2mtoll) (4.20)

This contradiction implies that {||Vuy,||2} is also bounded, and so {u,} is bounded
in H'(R?). By the same argument as in the first part of the proof of Theorem 1.1,
we conclude that there exists & € E\ {0} such that ®' (@) = 0 and ®(@) = ¢ € (0,m].
Moreover, since @ € M, we have ®(a) > m. This shows that @ € E is a ground
state solution for (1.1) with ®(a) =m = infr @ > 0. O
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