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We show that the existence of a principal eigenvalue of a linear diﬀerential operator claimed in [4] does
not always hold; hence, the proof of the stability and uniqueness of positive steady-state solution in [4]
are not correct.
For the linearized operator (φ ∈ X = {v ∈ C 2 [−1, 1] : v(±1) = 0})
1



L[φ] = φ (x) + λφ(x) − λφ(x)

1
f (x, y)u(y)dy − λu(x)

−1

f (x, y)φ(y)dy,

(1)

−1

2

where f ∈ L ((−1, 1) × (−1, 1)) is a nonnegative function, and u ∈ X satisfying u(x) > 0 for x ∈ (−1, 1),
the following property was stated in [4]: The principal eigenvalue μ1 is real-valued, μ1 is a simple eigenvalue
with a positive eigenfunction φ1 (x), and eigenfunctions corresponding to other eigenvalues are signchanging. This is not always correct. A counterexample is as follows: Let
πx
(4λ − π 2 )π
cos
,
16λ
2
then from Section 2 of [4], u(x) is the positive steady-state solution of (1.5) in [4] for λ > π 2 /4. It is
straightforward to calculate all the eigenvalues and associated eigenvalues of L in this case:
f (x, y) ≡ 1,

and u(x) =

π2
πx
− λ, φ1 (x) = cos
,
4
2
π2
(1 − 4j 2 ), φ2j (x) = cos(jπx), j ≥ 1,
=
4
πx
(2j + 1)πx
+ c2j+1 cos
, j ≥ 1,
= −(j 2 + j)π 2 , φ2j+1 (x) = cos
2
2

μ1 =
μ2j
μ2j+1
where c2j+1 satisﬁes



π2
λ−
4




c2j+1
+ 1 − π 2 (j 2 + j) = 0.
2j + 1
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3π 2
π2
−λ < −
= μ2 if
4
4
2
λ > π . Hence, μ1 (the only eigenvalue with a positive eigenfunction) is not the largest eigenvalue of L
if λ > π 2 , and in this case, L does not have a principal eigenvalue. Another example of nonlocal problem
which does not possess a principal eigenvalue can be found from [1]. We remark that if λu(x) < 0 and
f is nonnegative, then a principal eigenvalue μ1 of L exists from Theorem 2.2 of [3]. More generally, the
eigenvalue problem for a bounded domain Ω in Rn


Δφ + m(x)φ + a(x) Ω b(x, y)u(y)dy = −μφ,
x ∈ Ω,
(2)
φ = 0,
x ∈ ∂Ω,
This indeed is a special rescaled case of Lemma 3.1 in [2]. In particular, μ1 =

possesses a principal eigenvalue if a, b are nonnegative (Theorem 2.2 of [3]), but not, in general, when
a ≤ 0 and b ≥ 0.
As a consequence, the stability results in Theorem 3.1 and the uniqueness result in Corollary 3.2 of
[4] no longer hold. Theorem 3.3 is now stated as
Theorem 3.3. Suppose that f satisfies (f1) and (f2). Then
1. Any positive solution u(λ, x) of (2.7) is an even function for x ∈ (−1, 1), and u(λ, x) is strictly
decreasing in x for x ∈ (0, 1].
2. For every λ > π 2 /4, (2.7) has a positive solution u(λ, x), and it satisfies
1
f1 (0)
−1

u(x)dx ≤ 1 −

π2
.
4λ

In the Remark 3.4 of [4], we claimed that the symmetry of the solution follows from the uniqueness
(which is not known now). But indeed, the symmetry of the solution can follow from the moving plane
method used in the proof of Theorem 3.3; hence, it is still valid without knowing the uniqueness.
We comment that when a principal eigenvalue of L does exist, then the results in Theorem 3.1 and
Corollary 3.2 of [4] are proved with the proof provided there, for example, in the case of the example
above when π 2 /4 < λ < π 2 . Indeed, the positive steady-state solution in the example above is linearly
stable for all λ > π 2 /4 as all eigenvalues are explicitly calculated and they are all negative. However, for
the general f (x, y), the stability and uniqueness of the positive steady state remain open now.
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