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Once Upon a Time...

Constant diffusion:

J=-DV.u

p

9 _v.3-DAuU
at

But is this truly realistic???
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Problems With Constant Diffusion

Any initial condition, even a point distribution, instantly "spreads out" to
cover an infinite domain. Consider the one-dimensional case:

u _p 2%
{ at X2

u(x, 0) = 6(x)

=>Uuxt) =

L exp( XZ)
V4anrDt 4Dt
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Problems With Constant Diffusion

0.8/t
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How Can We Improve This?

Use a non-constant diffusion term:
J=-DWV - uxt

ou

i ~V-J=V-(DU)V -u)
This makes intuitive sense - in an insect population, for example, we
would expect very densely populated areas to diffuse outwards more

quickly than sparsely populated areas.
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Of course, now we need to figure out how to deal with non-constant
diffusion in our solution.
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A General Approach

Rewrite our equation as

ou
— -V-DWV-u=0
FT: (DWW V -u)

We can consider this to be an example of a general class of functions of
the form

G(x, t, U, Uy, Ut, Uxx, Uxt, Ugt) =0
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A General Approach

The one-parameter family of stretching functions:
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A General Approach

The one-parameter family of stretching functions:

a, b, and c are constants; € is a real parameter on some open interval that
contains 1.

Define G to be invariant if there exists a smooth function f (e) such that

G(Xy t) U1 UX) Ufy UXXl UX'fl Uff) = f(E) G(X1 tl u1 qu Ut, uXX) uXt1 utt)
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A General Approach

Assume G is invariant. This gives us
G(X, t, ) = f(e) G(x, t, u)
G(ex, €1, €€ u) = f(e) G(x, t, u)
G(ex, €t, e u) = f(e) (0)
G(ex, €'t, €u)=0

(Because G is homogenous.)
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A General Approach

Differentiate with respect to e:

oG G oG
a b c
- - —— =0
axe ™ +bte T +CUE€ 50
Set e = 1 (which we can do because we restrict € to a domain that
contains 1):
G G G
ax +bt +cu =0
oX ot ou

Clever people look at this and see that the transformation we want to use
IS

u=t"r)
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A General Approach

Verification of the transformation:

axaG +btaG +cuaG =0
X ot FITR

0G 0z b 0G 0z 0G 0z

a7 ax T2 e ot TV au T

0z 1 9z
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A General Approach

What have we accomplished with all our fancy math?
G(X, t, U, Uy, Ug, Uyy, Uy, U) =0
—

gz, r,r,r=0
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A Specific Example

Recall the problem we're actually working on:

ou
E:V-(D(u)v-u)

D(U) = Do(i—)m
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A Specific Example

Letting m = 1 gives us
ou 0 (Dg ou
— = — | — U —
ot oX ( Up ax)

And because we're lazy, we'll assume S—g =1,s0
ou 0 ou
GG
ot Jdx \ 0x

The problem is now

du _ 9 (yu
{ ot ox (u ax)

ucx, 0) = 6(x)
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A Specific Example

Other assumptions:

Since no organisms are being born or dying, we require forall t > 0

foou(x, Hdx=1

and

lim ux,t)=0

X—>*o00
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Check for invariance:

G(X1 t; U1 UX; Uf1 UXX; UXT; Uff) = f(€) G(X! ta u1 uX! Ut, uXX1 uXt1 utt)

ou 0 ( 81])_ c—ba_u_GZC—Zai(u 8U)

ot ox " g% ot ax " 9x

We have invariance if

c-b=2c-2a=>c=2a-b
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A Specific Example

u=1t"r@)

ZZM

With our invariance condition,

U= t(2 a—h)/b r(Z)
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A Specific Example

Let's be clever:

fu(x,t)dx:l
@a-byp [T X\ 1y =
t Imr(ta/b)dx_l

t(3a-by/b f rz)dz =1

(€]

Time-independence requires
b=3a

Which simplifies the transformation to
u=t18ry

z=xt13
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A Specific Example

W 0 (y )

at  ox \ ax
u=tBrr =30r)Y+r+zr'=0
z=xt13

This equation can be integrated to give
3rr'+zr = constant

Take the constant to be zero; the solution is
AZ _ 72
6

riz) =
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A Specific Example

Use our conditions to clean it up:

lim ux,t)=0

X—=>+00

means that
A2_72
r(z):{ =, X <A
0 IX| > A

And

foou(x, tydx =1
means that

9,13
A=(3)

Now switch everything back to original coordinates.
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A Specific Example

L (A2428 _x?), x| < AtLR
ucx, ty =4 St
0 x| > Atl/3

About time. Let's take a look!
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A Specific Example - Pretty Pictures
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A Specific Example

The key feature of this solution is the sharp wave front at
Xf = At

This wave is moving with speed

axe 1,
at 3
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Comparing Constant and Density-Dependent
Diffusion att =.1
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Comparing Constant and Density-Dependent
Diffusion att =10

-10 -5 5 10
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What About the Not-Simple Case, You Ask?

Recall that the general form is

ou
E:V-(D(u)v-u)

D(U) = Do(aug)m

and we assumed m = 1 for all the work we just did. Is there a general
solution?
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What About the Not-Simple Case, You Ask?

Yes, and here it is:

ucx, t) = { ;_((t))_ (1 B ( Fo)i(L(t) )2)1/m1 IX| < rg At)

0 IX| > rg A(t)
Where
t \1/(2+m)
A =|—
fo = QF(%+%) o = r%m
all2ugr(2+1)’ 2Dg(M+2)

Do and ng are positive constants; Q is the initial density at the origin,
and ro comes from requiring that the integral over the domain at all times
be equal to Q.
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Not-Simple Case,t=.1and m=1, 2, 3
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Not-Simple Case,t=10and m=1, 2,3




4 < 4 4 30 of 30

Pay No Attention to the Man Behind the

Curtain

In[30]:=  uf[x_, €] ==

1
Which[Abs[x] < t/3, o1 (t?/3 -x%), True, 0]

In[31:=  uConstantD[x_, € ] ==

n39:=  Plot[{u[x, -1], u[x, -2], u[x, -31},
{x, -1, 1}, PlotStyle » {RGBColor[1, 0, O],
RGBColor[0O, 1, O], RGBColor[O, O, 1]1}1;

inf401:=  Plot[{u[X, -1], uConstantD[x, .17},
{x, -1, 1}, PlotStyle - {RGBColor[1, 0, 0],
RGBColor[0O, 1, O], RGBColor[0O, O, 1]7}]1;



inf46:=  Plot[{u[X, 10], uConstantD[x, 1071},
{x, -10, 10}, PlotRange - All,
PlotStyle » {RGBColor[1, O, O],
RGBColor[0O, 1, O], RGBColor[O, O, 11}1:

t ¥
Inf47:=  A[€_, m_] == ( )ﬁ

to[m]

Gamma[l +3/2]
- m
Inf4g8l:=  rO[m_] :

\/; Gamma[l/m+ 1]

ro[mj2 +m
Inf49)=  €O[m_] :=2 — ———
2 (m+1)
infs0]:=  uGeneral[x_, t , m ] :=
Which[Abs[x] < rO[m] A[t, m],
1 X 2y 1/m
—(1_( )) , True, 0]
AL, m] rO[mj] A[t, m]



in54:=  Plot[{uGeneral [x, .1, 1],
uGeneral[x, .1, 2], uGeneral[x, .1, 3]},
{x, -2, 2}, PlotRange - All,
PlotStyle -» {RGBColor[1, O, 0],
RGBColor[0O, 1, O], RGBColor[0O, O, 171}1;

in55:=  Plot[{uGeneral [x, 10, 17,
uGeneral [x, 10, 2], uGeneral[x, 10, 3]},
{x, -2, 2}, PlotRange -» All,
PlotStyle -» {RGBColor[1, O, 0],
RGBColor[0O, 1, O], RGBColor[0O, O, 171}1;



