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The paper studies the effect of constant rate harvesting on population models 
described by ordinary differential equations. The dependence of limits of 
populations on the harvest rate, the possibility of extinction in finite time, and 
the effect of the introduction of a time-lag delay on stability are studied. Various 
models for one population are analysed, and a geometric technique for the 
study of two-population models is discussed. 

1. INTRODUCTION 

Many models for the study of population growth are formulated in terms of 
ordinary differential equations. In particular, the removal of members from a 
population at a constant rate can be modelled by an ordinary differential equation 
containing the harvest rate as a parameter. In this paper we study the dependence 
of limits of solutions on this parameter and find that there is a critical value of 
the parameter; for harvests greater than this critical harvest the result is extinc- 
tion of the population in finite time. For some simple models which have been 
used to model population growth, we obtain explicit estimates of limiting 
population sizes, and illustrate this by some numerical examples. 

It has been noted that the introduction of a delay term may upset the stability 
of the system if the lag is too large. We examine this question for general models 
with harvesting, and show that in some cases harvesting may permit a greater 
lag without disturbing stability. 

For populations of two species in competition, we model the effect of 
harvesting one species by the introduction of a parameter. We indicate a 
geometric technique which describes the limiting population sizes for simple 
models of this type. Various cases are considered, the most interesting being 
that in which one species ultimately dies out if there is no harvesting. Under 
certain conditions, it is possible to choose an interval of values for the harvest 
rate which leads to stable coexistence. Too large a harvest rate produces extinc- 
tion of the species which would survive if there were no harvest and survival 
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of the species which would become extinct if there were no harvest. We give 
explicit expressions for the critical harvest and limiting populations in this case. 
The technique may also be applied to predator-prey models with harvesting, 
and models with negative harvests (corresponding to attempts to control one 
species by the introduction of additional members of the other species). 

2. PRELIMINARY ANALYSIS 

Let x represent the size of a population whose growth rate depends only on 
the population. More precisely, we assume that x(t) is a continuously differen- 
tiable nonnegative function for t 3 0, and that x’(t)/x(t), the rate of growth of 
population per member in unit time, is a continuous functionf(x(t)). Then the 
population size is governed by the first-order differential equation 

x’ = xf(x). (1) 

If f(x) is nonpositive for all sufficiently large x, then every solution of (1) 
is bounded on 0 < t < co. A limit as t + cc of a solution of (1) must then be 
either x = 0 or a zero off(x), and every bounded solution tends to such a limit 
as t -+ 00. A limiting value x, of a solution is asymptotically stable only if 
[x~(x)]~=~~ < 0 or equivalently f’(xm) < 0. A study of the direction field 
associated with Eq. (1) will easily verify the above assertions. 

We now consider the situation where members of the population are 
harvested from it at a constant time rate. This corresponds, for example, to 
a population of animals from which a certain number per year are removed 
by hunting or trapping. If the rate of harvesting in unit time is E, then the 
population size is now governed by the equation 

x’ = xf(x) - E. (2) 

We now examine the limits of solutions of (2) as E is varied. 
Suppose thatf(f) = O,f’(.$) < 0 f or some 6 > 0, andf(x) > 0 for 0 < x < 5. 

Then for E = 0 all solutions of (2) whose initial values are less than f tend to 6 
as t + co. Since [xf(x)]jtZC < 0 there is an interval 01 < x < E on which 
[xf(x)]’ < 0. By the inverse function theorem it follows that the equation 

xf(x) - E = 0 (3) 

can be solved for x as a function of E whenever 0 < E < ~$(a). If [xf(x)]iZa = 0 
but [xf(x)];L=, # 0, then the function xf(x) has a local maximum at x = 01 and 
Eq. (3) cannot be solved locally for x if E > af(a). Furthermore note that 



14 BRAUER AND SiiNCHEZ 

for E < ~$(a) the limiting value x,(E) is asymptotically stable since 

[4E)fME))l’ < 0. 
We now furthermore suppose that either ~$(a) is the largest or the only 

maximum of the function xf(x) in the interval 0 < x < 4. The latter case 
occurs in many models of population growth and will certainly be true if 
[xf(x)]” < 0 for 0 < x < [ since [xf(x)]’ has opposite signs at the endpoints. 
Then Eq. (3) cannot be solved for 0 < x < [ if E > CL~(CX). 

We conclude that since the limits of solutions are roots of (3), then there is 
a positive limiting value x,(E) which depends continuously on E for 
0 < E < of. However if E > olf(o~), then 3ff(x) - E < 0 and every solution 
of (2) tends to zero in finite time (see Fig. 1). This represents a very elementary 
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FIGURE 1 

but biologically plausible example of mathematical catastrophe-a discontinuity 
in the dependence of the limit of solutions on a parameter in the problem. 
The corresponding biological catastrophe would be the extinction of a species 
whenever too many members are harvested. 
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It follows from the above reasoning that the critical harvest E, which leads 
to catastrophe is the maximum growth rate of the unharvested population, 
governed by (1). Since 

for the harvested population and therefore x”(t) = 0 when the growth rate is 
a maximum, we can characterize the critical harvest as the growth rate at an 
inflection point of the graph of the unharvested population. We now apply the 
above analysis to various population models. 

It should be noted that the case of proportional harvesting with E replaced 
by Ex has been discussed by a number of authors both for one and two popula- 
tion models, often in a control theory or economic context (see for instance 
Clark, 1974). 

3. APPLICATION TO THE LOGISTIC EQUATION 

A choice off(x) which has been used in many population growth models is 

f(x) = h - ax, 

where X and a are positive constants. In this case Eq. (1) takes the form 

x’ = x(X - ax) = xx - ax2; (4) 

the so-called logistic equation of Lotka (1924). It is easy to see that every non- 
trivial solution of (4) tends to the limit X/a as t -+ co. The Eq. (3) with this 
choice off(x) is quadratic, 

ax2 - Ax + E = 0, (5) 

and has real roots if and only if E < h2/4a. By examining the sign of f’(x) at 
the roots of (5) it is readily deduced that for E < h2/4a and initial values 
greater than the smaller root of (5), the solutions of 

x’ = x(X - ax) - E (6) 

tend to the larger of the roots of (5) as t -+ co. Expressing this limit x,(E) in 
terms of x&O) = X/a and EC = h2/4a, the critical harvest, we have 

x,(E) = (h/2a)[l + (1 - 4aE/A2)‘12] = &xm(0)[l + (1 - E/Ec)1/2]. (7) 

Note that x,(E,) = &xm(0). 
For harvests E > EC the solutions of (6) tend to zero in finite time. The 

extinction time T for a population with initial value x,, can be found by the 

653/fd1-2 
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technique of separation of variables applied to (6). One obtains the expression 

s 
*o 

T= 
du 

o au2 -Au + E 

2ax, - X = 
(4aE ” A2)1/2 arc tan (4aE _ h2)1/2 + arc tan (4aE ” h2)1,2 9 1 

and if we take x0 = X/a, the equilibrium population in the unharvested case, 
then 

T = [4/(4aE - A2)1/2] arc tan[h/(4aE - As)1/2] 

= [4/X(E/E, - 1)lj2] arc tan [l/(E/E, - 1)1/2]. (8) 

4. ANALYSIS OF THE HUNTING OF SANDHILL CRANES 

In a recent article, R. S. Miller and D. B. Botkin (1974) have constructed 
a model depending on 10 parameters to describe the dynamics of the population 
of sandhill cranes (Grus canademis). They performed computer simulations to 
estimate the equilibrium population under harvesting accomplished by hunting, 
and the extinction time for harvests greater than the critical harvest. Here, we 
obtain comparable estimates by using the much simpler logistic model (6) and 
the formulae (7) and (8). 

Observations suggest that with no harvesting the equilibrium population 
for sandhill cranes is approximately 194,600, and the maximum growth rate 
is approximately 4,800 per year. Measuring in units of 1000 we then have 

x&O) = h/a = 194.6, E, = X2/4a = 4.8, 

and consequently h = 0.0987, a = 5.07 x 10-4. We now use (7) and (8) to 

TABLE I 

Limiting Populations 

x&E) [logistic model] xm(E) [Miller-Botkin] 

E=2 
E=3 
E=4 

171.6 
156.9 
137.0 

Extinction Times 

T [logistic model] 

167.5 
149.9 
125.8 

T [Miller-Botkin] 

E=6 90 71 
E=8 44 38 
E = 12.77 21 19 
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calculate limiting populations x,(E) for various harvests E < 4.8 and extinction 
times T (in years) for various harvests E > 4.8. The results, together with 
those of Miller and Botkin are given in Table I. 

Small changes in the parameters h and a would give even closer agreement 
to Miller and Botkin’s figures, and we can conclude that given X, a and various 
values of E, the agreement between our analysis and the simulation is quite good. 

5. APPLICATION TO A MODIFIED LOGISTIC EQUATION 

In their studies of competition between species, it has been suggested by 
Gilpin and Ayala (1973) and Ayala, Gilpin and Ehrenfeld (1973) that the 
logistic model fails to explain certain observed phenomena. They propose a 
model which for one species depends on three parameters h, K and f? with 

f(x) = h[l - (X/K)@j. 

The Eq. (2) then takes the form 

x’ = hx[l - (x/K)~] - E. (9) 

The solution of the equation [xf(x)] = 0 is x = K/(1 + B)lie, which implies 
that for this model the critical harvest is given by 

4 = (1 Fellje 1 - & - & [ I 
KM = (1 + e)l+lis . (10) 

The logistic model is the special case 0 = 1 and limiting unharvested population 
K = A/a. The model (9) has been written so that the limiting unharvested 
population is K, independent of 0. 

In Gilpin and Ayala (1973) an experiment is reported on the growth of two 
species of fruit fly, Drosophila willistoni and Drosophila pseudoobscura, alone and 
in competition. For D. willistoni a model of the form (9) is constructed with 
K = 1332, X = 1.496 and 8 = 0.35. From (10) we calculate the critical harvest 
for this model as E, = 219.2 and the limiting population corresponding to this 
harvest as x,(E,) = 565.1. For D. pseudoobscura the suggested parameters are 
K = 791, h = 4.513 and 0 = 0.12 which give the results E, = 148.8 and 
x,&E,) = 307.6. 

With the model described by Eq. (9) it is considerably more difficult to give 
explicit expressions for limiting populations or extinction times for various 
harvesting rates than with the logistic model. Numerical calculations are feasible 
and it would be of interest to compare the results of such calculations with 
experimental data. We will examine the effects of harvesting on a two species 
competition logistic model in a later section. 
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6. THE EFFECT OF DELAYS ON STABILITY 

Another type of population model, suggested first by Hutchinson (1948) 
takes the form 

x’(t) = x(t)[h - ax(t - T)], T > 0. 

Such an equation might describe for example, the growth of a herbivore feeding 
on vegetation requiring a time T to recover from grazing. It is known (see, for 
instance, the article by May, 1973) that x(t) + h/a as t--+ cc and that the 
equilibrium point X/a is asymptotically stable provided T < m/2/\. If T > n/2A 
then oscillations may be set up by small changes in the initial conditions. 

We now examine the stability question for the more general model (2) with 
harvesting and delay, namely, 

x’(t) = x(t)f(x(t - T)) - E, (11) 

where f is as in Section 2. As before, corresponding to any harvest E, 0 < E < E, 
there is a limiting value x,(E) of the solution of (11) which satisfies 

Xm(E>f ME)) - E = 0. (12) 

Letting x(t) = x,(E) + y(t), substituting this in (ll), and using (12) and 
retaining only the linear terms, one finds that y(t) satisfies a delay equation 
whose linear part is 

r’(t) = f @m(EN ~(4 + XmWf ‘ME)) r(t - T). (13) 

The equilibrium point x&E) of (11) is asymptotically stable locally (i.e., for 
1 y(O)/ sufficiently small) if the trivial solution of (13) is asymptotically stable. 
This will be the case if the zeros of 

@b(s) = @=[s - f k&W - xJE)f ‘km(E)) 

all have negative real parts. This last result is obtained using Laplace transform 
analysis on Eq. (13); for a discussion of this see Bellman and Cooke (1963, 
pp. 118 and 336). 

Now let ST = z and transform the equation @i(s) = 0 to the form 

where 
peZ + q - Zez = 0, (14) 

P = f born TP q = dE)f ‘&@W. 
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According to a theorem of Hayes (1950) ( see also Bellman and Cooke, 1963, 
p. 444), the roots of (14) all 1 ie in the left half of the complex plane if and only if 

PC1 and P < -q -=c (al2 + p2)1’2, (15) 

where a, is the root of a = p tan a, 0 < a < V, with al = n/2 if p = 0. Since 
x,(E) < ~~(0) p =f(x,-JE))T 3 0 so this implies 0 < a, < a/2. 

The first inequality of (15) is satisfied if T <f(~~(E))-l or equivalently 
T < x,(E)/E from (12). But x,(E) is a monotone decreasing function of E, 
hence so is the previous bound, and it attains its minimum value for E = EC . 
We thus obtain the uniform bound T < x,(Ec)/Ec . 

The first part of the second inequality of (15) takes the form Tf(x,(E)) < 
-Tx,(E)f’(x,(E)), and since [x~(x)]&.,(~) < 0 for 0 < E < E, , as indicated 
in Section 2, the required inequality is automatically satisfied. The second part 
of the inequality can be written 

P - 4 < P + (P” + alY2, 

and letting p = a&an a, , the previous inequality becomes 

P - q = T[f(xdE)) - ~@)f’(~4E))l < (ahan 4 + (q/sin 4. (16) 
But the function (ailtan al) + ( a, / sin a,) is monotone decreasing on 0 < a, < 7112 
with minimum value n/2 at a, = n/2 (corresponding to p = 0 or E = 0). This 
again provides us with a uniform bound for 0 < E < E, , and we can summarize 
our results as follows: 

For 0 < E < E, the equilibrium point x,(E) of (11) is asymptotically stable 
if T satisfies 

fbmW)T -=c 1 (17) 
and 

[f(~rn(EN - ~m(E>f’MENIT -=c $2. (18) 

We have noted above that condition (17) gives a bound on T which decreases 
monotonically to the uniform bound f(xm(Ec))-l as E increases to E, . To 
analyse condition (18) we note that 

(d/dE)[f(x,(E)) - x,(E)f’(~@))l = -x,(E)f”(xD,(E>>(dx,IdE), 

which implies that the last expression has the same sign as f”(x,(E)) since 
dx,/dE < 0. Recalling that [~f(x)]jt,~,(~,) = 0, we conclude that: 

(a) If f”(x) > 0 f or x,(E,) < x < ~~(0) then (18) is satisfied if 
T < ~/4f(x,(E,)) for 0 < E < EC . 

(b) If f”(x) < 0 for x,(E,) < x < ~~(0) then (18) is satisfied if 
T -=c -&?xm(0)f’(xOo(O)) for 0 < E < EC . 
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7. APPLICATION TO THE POPULATION MODELS 

We first discuss the modified logistic model of Ayala et al. described in 
Section 5; a special analysis will be given for the logistic model (0 = 1, K = X/a). 
With the delay introduced Eq. (11) becomes 

hence 

x’(t) = x(t) h[l - (x(t - T)K)+] - E (1% 

f(x) = X[l - (x/K)~], f’(x) = -(M/x)(x/K)~ and f”(x) = [M(l - S)/X~](X/K)~. 

From Eq. (10) we obtain that l/(1 + 8) < (x,(E)/K)~ < 1 for 0 < E < E, . 
Therefore condition (17) becomes 

T < l/W - (x@)/Wl, 

and this bound decreases monotonically to (8 + 1)/M as E increases to E, . 
Since 

f(xm(E)> - ~m(E)f’&@)) = W’ - l)(~m(E)/~>~ + 11, 
and the right side is ,<M for 0 > 1 and <2x0/(0 + 1) for 0 < 1, we see that 
condition (18) is satisfied if T < r/2hB for all 0. 

A more refined analysis using the second derivative shows that f “(x) < 0 if 
0 > 1 and the bound for T given by (18) increases monotonically from T/2xe 
to ~$1 + 6)/4M as E varies from 0 to E, , whereas if B < 1 then f”(x) > 0 
and the bound decreases monotonically with the same limits. By combining 
these facts with the bound obtained from condition (17) we obtain the following 
result: 

For 0 < E < EC the equilibrium point x,(E) of (19) is asymptotically stable 
locally if (a) T < r/2M when B 2 1, and (b) T -c ~(1 + 8)/4M when B < 1. 

For the logistic model we can give more precise estimates of the permissible 
values of T inasmuch as we have the explicit formula 

x,(E) = (1/2a)[h + (A2 - 4aE)li2]. 

The condition (17) then becomes 

T < 2/[h - (A2 - 4aE)lj2], 

and the right side is unbounded for E = 0 and decreases to 2/h for 
E = EC = P/4a. The condition (18) becomes T < a/2X since f”(x) = 0 and 
so we obtain the uniform bound T < r/2X corresponding to E = 0 as expected. 
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But it is interesting to note that the condition leading to the inequality (18) 
for the case f(x) = A - ax becomes XT < (a&an ui) + (u&in a,) where 
al = (T/2)[h - (h2 - 4~E)l/~] tan a, . Calculations show that for harvest rates E 
near E, there may be values To of the delay satisfying ?r/2X < To < 2/h for 
which x,(E) is asymptotically stable. For instance, for the sandhill crane model 
(A = 0.0987, a = 5.07 x 10-4) with delay, then 7rj2X = 15.9 years, but for 
3.5 < E < 4.8 the conditions for asymptotic stability are satisfied when 
T < 17.5. 

The above phenomenon may occur for other population models, and a 
possible qualitative explanation is that with heavy harvesting, more time may 
be available for the food source to recover from foraging. It is curious however, 
that for the modified logistic model with 19 < 1, which has been suggested as 
appropriate for invertebrates, the maximum delay which preserves stability 
decreases as the harvest increases. 

8. ANALYSIS OF HARVESTING FOR Two COEXISTING SPECIES 

We now examine models for populations of two coexisting species and study 
the effects of constant rate harvesting one species on their equilibrium. Therefore 
assume that two populations are represented by x(t) and y(t), continuously 
differentiable nonnegative functions for t > 0. If the growth rate of each 
population per member in unit time, given by x’(t)/%(t) and y’(t)/y(t), 
respectively, is a continuous function of the two populations, then the popula- 
tion sizes are governed by the first-order system of differential equations 

x’ = xf(x,r>, Y’ = Y&, Y>. (20) 

A limit of a solution of (20) is a point (xm , ym) with X, 3 0, ya >, 0 satisfying 
&J(Km 7 Ym) = Yux(% , Ym) = 0. 

An easy computation shows that if (xm , ym) is such an equilibrium point, 
then the matrix of the linear approximation about (xm , ym) of (20) is 

[ 
--ax, -bx, 
--cym 1 4y.m ’ 

where ----a =f&~ , y,), --b =.fi/(xm , Y,), --c = gdx, , Y,), --d = g&, , Y& 
From this it follows that the equilibrium point is asymptotically stable if and 
only if ad > bc and ax, + dym > 0. 

If members of the first population are harvested at a constant rate E in unit 
time, while the second population is undisturbed, then the governing equations 
become 

x’ = xf(x, y) - E, Y’ = Y&G, Y>- (21) 
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An equilibrium point is a solution (x,(E), y,(E)) of the pair of nonlinear 
equations 

xf(x, Y) = J% Y&9 Y> = 0, (22) 

so applying the previous result (with f(~, y) replaced by f(x, y) - E/x), we 
obtain the corresponding matrix 

[ 
- ( a - [xmftqs x-(E) 1 --b%(E) 

--CYmW --dYmW I 

with a, b, c, d as before. This leads us to the result that the equilibrium point 
is asymptotically stable if and only if 

E < ([x,(E)12/4(~d - 4, 

which gives an upper bound on the allowable harvest. 

(23) 

Given specific choices of the functionsf(x, y) and g(x, y), it should be possible 
to determine numerically whether a solution (x,(E), y,(E)) of (22) exists, and 
if so, to verify whether condition (23) holds. In the next section we examine 
the logistic model, where f(~, y) and g(x, y) are linear functions, and where 
explicit solutions of (22) are obtainable. Our results, while of interest in their 
own right, may hopefully shed some light on the qualitative behavior expected 
for more complicated population models. 

9. APPLICATION TO THE LOGISTIC MODEL FOR Two COMPETING SPECIES 

The logistic model for two competing species is given by the pair of equations 

x’ = x(h - ax - by), Y’ = Y(P - cx - 4% (24) 

where h, TV, a, b, c, d are positive constants (see for instance Ayala, 1970, 
pp. 132-136, or Lotka, 1924, pp. 77-94). The same model with c < 0 is used 
to describe predator-prey relations; our analysis is applicable to this case but 
our main discussion will concern the competition model. 

The equilibrium points of (24) are given by the intersections of the pair of 
lines determined by the relation x’ = 0 with the pair determined by the relation 
y’ = 0. By examining the direction fields, one can determine which equilibrium 
points are stable and which are unstable; several cases are possible depending 
on the parameters h, EC, a, b, c, d. We illustrate two cases, with the nature 
of the direction fields indicated by arrows and equilibrium points labelled 
@ or @ according as they are stable or unstable. 
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Figure 2 represents a situation where species y dies out while species x 
tends to a positive limit h/a as t -+ 00. Figure 3 represents the case 
where the two species coexist in stable equilibrium with positive limiting 
populations. 

To study the effect of harvesting species x at a constant rate E per unit time 
we replace (24) by the system 

x’ = x(h - ax - by) - E, Y’ = Y(P - 6-x - dY), (25) 

hence equilibrium points are solutions of the equations. 

x(h - ax - by) = E, y(p - cx - dy) = 0. (26) 

The equilibrium points are thus given by the intersections (if any) of the pair 
of lines y(p - cx - dy) = 0 with the hyperbola x(h - ax - by) = E. For 
any E > 0 this hyperbola has the lines x = 0, ax + by = h as asymptotes, 
and the distance from its vertices to its center increases as E increases. Graphi- 
cally we can describe this as the branch of a hyperbola lying in the positive 
quadrant, opening downward, and whose vertex moves towards the x-axis as E 
increases. 

Case I. We first discuss the case corresponding to the unharvested case 
described by Fig. 2. Figure 4 suggests the possibility of stable coexistence, 
whereas species y was doomed to extinction in the unharvested case. 

For this case it is necessary that 

CA - up > 0, dh - bp > 0, (27) 

and in addition, the condition (23) f or stable equilibrium requires that 
ad - bc > 0. Now if we eliminate x from the pair of equations (26) which give 
possible equilibrium solutions, we obtain the quadratic 

d(ud - bc)y2 - (2udp - bcp - cdh)y + (up2 - C&L + c2E) = 0, (28) 

whose roots both have positive real parts if 

2adp - bcp - cdA > 0 and ap2 - C&L + c2E > 0. 

The first condition above is independent of E and therefore must be satisfied 
by the unharvested system if stable coexistence is to occur under harvesting. 
It is not a consequence of the condition ad - bc > 0 and equations (27) being 
satisfied (e.g. let X = 3, p = 1, a = d = 2, b = c = 1). 
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The second condition above gives a positive lower bound on E, namely 

E > p(ch - ap)/c2. (29) 

Finally, we note that there is no possibility of stable equilibrium if the roots 
of (28) are complex. Requiring that the discriminant of (28) be nonnegative 
then leads to the relation 

E < (dA - bp)2/4d(ad - bc). (30) 

If the quadratic (28) has equal roots, this leads to a value x,JE) = 
(dh - bp)/2(ad - b c and this is the smallest possible value for x,(E); the ) 
conditions (23) and (30) are then equivalent. 

As may be easily verified graphically, if E is increased beyond the bound 
given by (30), then the equations (26) no longer have a solution with y,(E) > 0, 
i.e., the branch of the hyperbola moves below the line cx + dy = CL, Inasmuch 
as the equilibrium points on the x-axis are unstable, we conclude, by examining 
the direction field, that in this case population y survives and population x 
becomes extinct infinite time, another example of a mathematical and biological 
catastrophe. 
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Summary. If ad - bc, CA - ap and dh - bp are positive, so that population y 
becomes extinct in the unharvested case, and 

2adp - bcp - cdh > 0, (31) 

then for E satisfying 

p(cA - ap)/c2 < E < (dh - bp)2/4d(ad - bc) (32) 

stable coexistence occurs. For greater values of E population x expires in 
finite time and population y survives. 

Case II. This case, which corresponds to Fig. 3, differs only algebraically 
from the one previously discussed in that (27) is replaced by the relations 

CA - ap < 0, dA - b/i > 0. 

(See Fig. 5.) The analysis is similar to the previous one, except that relation (30) 
is now a consequence of the defining relations above, and the lower bound 

FIGURE 5 
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for (E) in (32) is vacuous. Again there is a possibility of a catastrophe due to 
overharvesting and we can summarize our results as follows: 

Summary. If ad - bc, dh - bp > 0 and CX - al* < 0 so that there is stable 
equilibrium in the unharvested case, then this equilibrium is maintained for 

0 < E < (dA - bp)2/4d(ad - bc). (33) 

For greater values of E population x expires in finite time and population y 
survives. 

For instance, the overharvesting of sardines off the California coast and the 
concomitant increase of the anchovy population is an observed phenomenon 
consistent with the qualitative findings of our model but certainly not intended 
to be a justification of it. 

We furthermore note that for both Case I and II the condition ad - bc > 0 
and the condition (23) insure that dx,/dE < 0 and dyJdE > 0 for the allowable 
harvest range. This can be shown by differentiating implicitly with respect to E 
the equations (26) which define x,(E) and ym(E), solving and then using the 
conditions mentioned above. 

10. APPLICATION TO DROSOPHILAE IN COMPETITION 

In Section 5 we referred to an experiment by Ayala et al. on the growth of 
two species of fruit flies, D. willistoni and D. pseudoobscura. In that experiment 
a competition situation was created where stable equilibrium (Case II above) 
was observed with 800 members of the first species and 687 of the second. 
Letting x equal the number of D. willistoni and y the number of D. speudo- 
obscura, and measuring the time in units of a week, we were able to fit the 
experimental data to a model governed by the system of equations (24) with 

x = 0.6866, a = 5.376 x 10e4, b = 8.140 x 10-4, 

p = 0.7440, c = 4.434 x 10-4, d = 9.300 x 10-4. 

We then calculate from (33) that a harvest of no more than EC = 18.1 D. 
willistoni per week preserves the stable equilibrium. At the critical harvest E, 
we have 

x,(E,) = (dh - bp)/2(ad - bc) = 118.4, 

ym(Ec) = (2adp - bcp - cdh)/2d(ad - bc) = 743.6. 

In the case of stable equilibrium we can harvest the y population instead; 
the corresponding branch of the hyperbola now would open to the left and its 
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vertex would move towards the y-axis as E increases. For the parameters above 
we found that a harvest of no more than E, = 30.5 D. pseudoobscura preserved 
stable equilibrium and that xm(Ec) = 757.0, ym(E,) = 343.6. It should be 
noted that the critical harvests for the two species considered separately are 
E, = 219.2 for D. willistoni and E, = 148.8 for D. pseudoobscura, as calculated 
in Section 5, which are very much larger than the critical harvests under com- 
petition. 

We should remark that it is extremely difficult to find experimental data 
which both gives the required parameters, and predicts stable equilibrium for 
a competition model of two species. While we are not advocates of swatting n 
fruit flies a week for K weeks, it would be of interest of compare our predictions 
with experiment, both for the extinction model and the stable equilibrium 
model. It would also be of interest to use the modified logistic model of Ayala 
et al. studied in Section 5 with linear population interaction terms to make 
numerical predictions. 

11. A COMPARISON OF CRITICAL HARVEST RATES 

Given that a species x is being harvested, it is entirely conceivable that it 
may be in competition with another species y without the harvester’s knowledge 
of it. The critical harvests obtained above were 

E, = X2/4a, One Species (Eq. (6)), 

EC = (dA - bp)2/4d(ad - bc), Two Species (Eq. (25)), 

and we proceed to compare them for the two Cases (I and II) of competition 
described previously. 

Case I. From the defining relations 

ad - bc > 0, CA - ap > 0 and dA - bp > 0 

and the required condition (31), it follows that 

(abp2/h) + cdh < bcp + cdh < 2adp, 

which implies that 

ab2p2 - 2abdph < -bcdA2. 

By adding adA to both sides we obtain the relation 

a(dh - b,u)2 < dA2(ad - bc), 

which implies that E’, < i?, . 
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Case II. From the defining relations 

ad - bc > 0, CA - ap < 0, dA - bp > 0 

it follows that 

ap(bp - dh) + dA(ch - ap) < 0, 

which in turn implies that 

ab2p2 - 2abdph + bcdh2 < 0 

and thus the result J??~ < EC follows as before. 
In practice one would expect that if there exists competition which is 

undiscernible, then the coefficients b and c of equations (25), which measure 
the degree of interaction, would be small compared to a and d. In this case EC 
would be close to EC , so predictions based on a one species model might not 
lead to any catastrophes. But in view of the ubiquitous character of competition, 
the results above would imply that any “real world” harvesting experiments 
based on one species population models might have disastrous outcomes. 

12. CONCLUDING REMARKS 

In the interests of brevity we avoid detailed analysis of matters not discussed 
above. First of all, the “sliding hyperbolas about” graphical technique described 
in Section 9 can be used to study predator-prey models under constant positive 
harvesting (e.g. using pesticides) or even negative harvesting (e.g. introducing 
more predators to control a pest). No new problems or surprises are encountered 
in the study of such models using the graphical method and the analysis is quite 
straightforward. 

Secondly, in view of the fact that all the models studied are only approxima- 
tions, it would be more appropriate to study problems of a perturbation nature 

x’ = dx, Y) - E + P(X, Y>, Y’ = Y&P Y) + 57(x9 Yh (34) 

where f(~, y) and g(x, y) are assumed to have a specific form (e.g. logistic). 
The functions p(x, y), 4(x, y) re p resent unknown errors associated with the 
given form hence (34) is a perturbation of (21) (the equations above with 
p = q = 0). 

If the unperturbed equations predicted asymptotically stable equilibrium, 
and if ) p(~, y)l, 1 4(x, y)l are small, then standard results will show that for 
large t, solutions of (34) are close to the predicted solutions. We suggest that 
estimates for the errors in (21), that is, bounds for 1 p(~, y)\ and 1 q(x, y)i in (34), 
may be far more useful than more exact (exotic ?) but more complicated models. 
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SUMMARY OF RESULTS 

1. For one-population models there is a range of harvesting rates 0 < E < E, 
for which an asymptotically stable equilibrium population xm(E) is attained. 
For E > E, the population expires in finite time. 

2. For one-population models with delay T there is a uniform bound T, on 
time delay for which x,(E), 0 < E < EC is asymptotically stable. For harvest 
rates near EC there may be values of T greater than T,, for which x,(E) is still 
asymptotically stable. 

3. For two-population models in competition, where one population is being 
harvested, there is an upper bound on E for which asymptotic stability of the 
equilibrium points in preserved. For the logistic model the following occurs. 

(a) Case of competitive exclusion: There is an interval of admissible values 
of E for which stable coexistence is attained. 

(b) Case of stable coexistence: There is an interval of admissible values 
of E for which stable coexistence is maintained. 

In both cases above if the critical value of E is exceeded one population survives 
and the other expires in finite time. 
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