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Stability

ur=dAu—V - -Vu+f(x,u), x€Q, t>0,
u(x,t) =0, or Vu-n=0, x €0, t>0,
u(x,0) = up(x) >0, x € Q.

Suppose that v(x) is a steady state solution. Let X be an open set of Banach space
such that ug, v € X, and the solution u(x, t; ug) exists.

@ A steady state solution v is stable (Lyapunov stable) in X if for any ¢ > 0, there
exists a § > 0 such that when [|ug — v||x < §, then ||u(:, t; up) — v(-)||x < € for
all t > 0; v is unstable if it is not stable.

@ A steady state solution v is (locally) asymptotically stable (attractive) in X if v
is stable, and there exists n > 0, such that when ||up — v||x < 7, then
i [Ju(-. £ uo) — V()] x = 0.

© If v(x) is locally asymptotically stable, then the set
Xy = {Uo e X: tlim [u(-, t; uo) — v()||x = O} is the basin of attraction of v.
— OO0
A steady state solution v is globally asymptotically stable if X, = X.

Examples of X: C(Q), WLP(Q), C>*(Q), C+(Q) = {up € C(Q) : wp(x) >0, x € Q}.
[Brown-Dunne-Gardner, 1981, JDE] these stabilities are same (under some conditions).
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Principle of Linearized Stability

ur=dAu—V -Vu+f(x,u), x€Q, t>0,
u(x,t)=0, or Vu-n=0, x €0, t>0,
u(x,0) = up(x) >0, x € Q.

: Suppose that v(x) is a steady state solution.
Consider the eigenvalue problem:

Lo =dAg— V- Vo +fu(x,v(x))p = po, x€Q,
¢(x) =0, or Vgp-n=0, x € 09.

If all the eigenvalues of L have negative real part, then v is locally asymptotically
stable; and if at least one of eigenvalues of L has positive real part, then v is unstable.
Corollary.

1. Let p; be the principal eigenvalue of L, then v is locally asymptotically stable if

p1 <0, and v is unstable if p; > 0.

2. Define I(¢) = /Q[|v¢(x)|2 — fu(x, v(x))¢?(x)]dx. If V =0, then v is locally

asymptotically stable if /(¢) > 0 for any ¢ € WH2(Q), and v is unstable if there exists
a ¢ (€ WH2(Q) for Neumann or € WOI’Z(Q) for Dirichlet) such that /(¢) < 0.

[Smoller, 1982, book, Chapter 11], [Webb, 1985, book]
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Autonomous Neumann Problem

ur = dAu + f(u), xe, t>0,
Vu-n=0, x€0Q, t>0,
u(x,0) = up(x) >0, xeQ.

Linearized equation at a steady state solution v:

A+ ' (V)p = pd, x € L,
V¢ -n=0, x € 092.

Theorem. Suppose that v(x) = c is a constant steady state solution (so f(c) = 0).
Then v(x) = c is locally asymptotically stable if f(c) < 0, and v(x) = c is unstable if
f'(c) < 0.

Note: for u; = f(u), if f(c) =0, then c is a steady state. Moreover u = c is locally
asymptotically stable if f/(c) < 0, and u = ¢ is unstable if f/(c) < 0. Hence the
stability for the ODE and the PDE are the same for this case.



Scalar Systems Turing Instability Lotka-Volterra Rosenzweig-MacArthur CIMA Global stability

Systems

Suppose that €2 is a bounded smooth domain in R" with n > 1.

ur = diAu + f(u,v), x€Q, t>0,
vi = doAv + g(u, v), x€Q, t>0,
Vu-n=Vv-n=0, x €0, t>0,

u(x,0) = up(x) > 0, v(x,0) = w(x) >0, xe.

Suppose that (u«(x), v«(x)) is a steady state solution. Then from the Principle of
Linearized Stability, we shall consider the eigenvalues of

di A+ fuus, vi)p + F(Us, vi) = pd, x €Q,
DAY + gu(ux, vi)d + gu(ux, vi )b = b, x € Q,
Vé-n=Vi-n=0, x € 09.

(ux(x), v«(x)) is locally asymptotically stable if all eigenvalues have negative real part.

2 f(u,v) >0, gu(u,v) >0 for (u,v) € RT x RT
: fu(u,v) <0, gu(u,v) <0 for (u,v) € RT x R
: fu(u,v) <0, gu(u,v) >0 for (u,v) € RT x RT

If the system is cooperative, then the eigenvalue with largest real part is real-valued,
and it is a principal eigenvalue p; with a positive eigenfunction. [Sweers, Math Z,
1992] Dirichlet BC
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Constant solutions

If the steady state solution (usx(x), v«(x)) = (ux, v« ), then the eigenvalue problem
A1 AP+ fulus, vi)p + i (us, v )t = pnd, x € Q,

b DAY + gu(us, vi)d + gv(us, vi )9 = pp, x € Q,
V¢ -n=Vi n=0, x € 99Q.

c(8)=(aa )+ (o &)%)

Fourier series solution .
(365)=% (5 o0

Jj=0

is solvable.

where 0 = pg < p1 < pp < ---pj — oo, and

Apj(x) = —pjpj(x), x€Q, Vo-n=0, x €.



Scalar Systems Turing Instability Lotka-Volterra Rosenzweig-MacArthur CIMA Global stability

Reduction to matrix eigenvalues

c(n)=(aas )+ (s &)%)

From the uniqueness of Fourier expansion, we obtain

oo
> (—mjchaj+ fuaj + fubj — paj) ¢ =0,

.
Il
o

M2

(—hjdab; + guaj + gvb; — pbj) ¢ = 0,
0

-.
Il

and (aj, bj) satisfies

L aj _ _dllﬁj + fu fv - aj )
I\ b 8u —dapj + gy b;

. Nf L(¢p, ) = u(@, 9), then there exists j; € NU{0} (i =1,---, k) such
k

that (¢, ) = Z(aj,., b;;)pj; and Lj (aj;, bj;) = p(aj;, bj;). In particular if i = 1, then
i=1
(9, 9) = (3j, bj)wj and Lj(aj, bj) = p(aj, by)-



Scalar Systems Turing Instability Lotka-Volterra Rosenzweig-MacArthur CIMA
Trace-determinant plane
detDF
f stable M unstable .
v . -
L i spiral +
stable » spiral ,* unstable
node . . node
. .
S P
—ae—— »
- .
/1N
= »trDF

unsiable
manifold

a b
c d

Jacobian matrix J = (

characteristic equation

saddle

-

stable manifold

Ntad+a=X—(a+d)r+(ad—bc)=(A=XA)A=X)=0
a1 = —(a+ d) = —Trace(J) and ap = ad — bc = Det(J)
Stability: a; > 0 and a2 > 0, or Trace(J) < 0 and Det(J) > 0.

Global stability



Scalar Systems Turing Instability Lotka-Volterra Rosenzweig-MacArthur CIMA Global stability

Stability of (uy, vi) w.r.t. R-D system

L aj _ 7d1,LLj + fy fy - aj
Y\ b 8u —dopj + gy bj )

T; = Trace(L;) := —(d1 + do)pj + fu + g = —(d1 + do)ptj + To,
Dj = Det(Lj) = dldg/,cjg — (dlgv + deu)Mj + fugy — fvgu = dld2MJ2 - (dlgv + d2fu)/'4j + Do.

Stable with ODE: if To < 0 and Dy > 0
Stable with R.D. system: if T; < 0 and Dj > 0 for all j € NU {0}, and unstable

otherwise
: possible Hopf bifurcation occurs

D, = 0: possible steady state bifurcation (pitchfork) occurs

stationary bifurcation Hopf bifurcation
Im & Im A
continuous continuous
dynamical Re A dynamical Re &
system

system
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When the stability is preserved
Let (u«, vs«) be a constant steady state solution of the R.-D. system

ur = diAu+ f(u,v), x€Q, t>0,
vi = doAv + g(u,v), x€Q, t>0,
Vu-n=Vv-n=0, x€0, t>0,

The corresponding ODE system is
utr = f(”v V), vVt = g(u, V)'

. If di = db = d, then the stability of (u«, v«) w.r.t. R.-D. system is same
as the one w.r.t. ODE system.

Proof: If A is an eigenvalue of Ly, then X\ — dy; is an eigenvalue of L;.

. If (u«, v) is stable w.r.t. ODE system, then there exists M > 0 such
that when di, d> > M, then (us, v«) is stable w.r.t. R.-D. system.

Proof: Tj = Trace(L;) = —(di + d2)pj + fu + gv = —(d1 + do)pj + To < 0 if To < 0.
Dj = Det(L;) = didop? — (chgv + dafu)pj + Do > M?p? — CiMp;j + Do =
Mpj(Mpj — C1) + Do > 0 if M > Cy/pu1 where Cp = |fu] + |gv].

. If (ux, v«) is stable w.r.t. ODE system, and the function

D(p) = didap® — (d1gv + dafy)p + Do > 0 for all p > 0, then (ux, vi) is stable w.r.t.
R.-D. system.
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Scalar Systems Turing Insta

Alan Turing (1912-1954)

THE CHEMICAL BASIS OF MORPHOGENESIS
By A. M. TURING, FRS. Universty of Manchester

Rucived  November 1951—Revised 15 March 1952)

e that & syt of chemical sbstancey, caled rorphogens,reacting ogether and

sty tha certin well-known phyical laws e suficint o ccount
e full understandin of the prper roqies a good Knowledse of mathe
matis, s bislgy, and some elementary chemisry. Since readers cannt be expected 1 be
expert

{ext-hooks, bt whose omision would make the paper diffclt eading.

1. A MobeL oF Tk RxBRYO, MORPHOGENS
Tn this section a mathematical model of ill be described. This model
will be & simplification and an idealization, and conscquently a falsification. It is to be
hoped that the features retained for discussion are thase of greatest importance in the
present state of knowledge.

The mocel takes two slightly different forms. In one of them the cell theory is recognized
but the cells are idealized into geometrical points. In the other the matter of the organism
he cell are not, howover, completely ignored,
I characteristics of the matter s a whole are

is imagined as contimuously distribut
for various physical and physico-ch
assumed 1o have values appropriate to the cellular matter.
Wi b of e s i e s i . hlcal iy s a1 culy
from

Very shortly before. With cther mexlel the description of the sate

1 part of the state
e the pasitons, masses, velocitie and elasic properties ofthe cel, and the forces
between them. In the continuous form of the theory essentially the same information is
eiven in the form of the stress. velocitv. density and clasticitv of the matter. The hemical

[Turing, 1952] The Chemical Basis of Morphogenesis.
Phil. Trans. Royal Society London B

Global stability
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Turing instability

) aj _ —dipj + fy fv - aj )
T\ b 8u —dopij + 8v b;

T; = Trace(L;) := —(d1 + do)pj + fu + g = —(d1 + d2)pj + To,
Dj = Det(L;) := dycoyi? — (chgy + dofu)psj + fugy — fugu = dhdap? — (digy + dafu)psj + Do.

If (u«, v«) is stable w.r.t. ODE system, then Ty < 0 and Dy > 0.
For j>1, Tj = —(di + do)uj + fu + gv = —(d1 + d2)pj + To < 0.

So for (ux, v«) to be unstable, we must have D; < 0 for some j € N.

Then di gy + dofy, > 0, f, and gy must be of different signs.
We assume that f, > 0 and g, < 0.

Solving D; = dldgujz — (digv + dafu)pj + Do < 0,
dgfu,uj — Dy or dp > Do — dlgv,ufj

we obtain 0 < dj < ————— .
wi(dapij — gv) wi(fu — dip;)
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More stability

Let (u«, vs«) be a constant steady state solution of the R.-D. system

ur = diAu+ f(u,v), x€Q, t>0,
vi = dhAv +g(u,v), x€Q, t>0,
Vu-n=Vv-n=0, x€9Q, t>0,
The corresponding ODE system is
utr = f(”v V), vVt = g(u, V)'
. Suppose that (A) f, > 0 (activator), gy < 0 (inhibitor);
(B) D, = u8v — Iv8u > 0 and fu+gv < 0.

dofuii — D
1. For fixed dp > 0, if dj > max —2 el — 20

nax —————— then (ux, v&) is stable w.r.t. R.-D.
JEN pj(dapj — gv)

system.

Do — chgvi
2. For fixed dy > 0, if 0 < dy < min — L&Y

, then (us«, v4) is stable w.r.t. R.-D.
JjEN Mj(fu — dlllj)

system.
Dy — d! i
Note: 1. there are only finitely many j € N such 0~ NBvly > 0.
1 (fu — drpj)
dafup; — Do

2. there are infinitely many j € N such that
d2fupj — Do
wi(dopj — gv)

> 0, but as j — oo,
wi(dep — gv)

— 0.
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Turing Instability

Let (ux«, v«) be a constant steady state solution of the R.-D. system

ur = diAu+ f(u,v), x€Q, t>0,
vi = doAv + g(u,v), x€Q, t>0,
Vu-n=Vv-n=0, x€0, t>0,

The corresponding ODE system is
ur = f(u,v), vi=g(u,v).

. [Turing, 1952] Suppose that (A) f, > 0 (activator), g, < 0 (inhibitor);
(B) D, = u8v — v8u > 0 and fu+gv < 0.

dofuii — D
1. For fixed db > 0, if 0 < di < max —22uli — 0

nax —————— then (ux, v«) is unstable w.r.t.
JEN pj(dapj — gv)

R.-D. system.

Do — digup;
2. For fixed dy > 0, if dp > min —2— EVH

. , then (ux, vi) is unstable w.r.t. R.-D.
JEN pj(fy — dipy)

system.

Turing instability can be caused by small d; and large d>.
[Gierer-Meinhardt, 1972] short-range activator and long-range inhibitor causes Turing
instability.
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An artificial example

J:<fu fv>:<2 —4)

gy 8 2 -3

For ODE, it is stable, since To = f, + g, = —1< 0 and Dy = f,g, — fhgu =2 > 0.
We also have f, =2 > 0and g, = -3 <0.

2 4+ 3dipu;
Then when d, > min ﬁ

, the Turing instability holds.
JEN pj(2 — dhpyy)

Example: n=1, Q = (0,7), p;j =42 d =01
C_ _ s f23 1 47 17\ _ 47
Then for j =1,2,3,4, uj =1,4,9,16, d> > mln{ﬁ,é,ﬁ,ﬁ} =35
So the steady state loses the stability when d» > 47/99, and the corresponding
eigen-mode is j = 3, or cos(3x).

_ . _ 2 — d1M3 —4 _ 1.1 —4
When d, = 0.5, the matrix L3 = 5 “3— dopis = 5 _75 )
eigenvalue A\; = —6.44 (eigenvector (0.47,0.88)), Ao = 0.039 (eigenvector
(0.97,0.26))

So the solution is unstable like (u(x, t), v(x, t)) = (ux, v« ) + €29396(0.97,0.26) cos(3x)
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Pattern formation matrix sign patterns

Condition for Turing instability:
(A) fy > 0 (activator), g, < 0 (inhibitor);
(B) Dy = fugy — fvgu >0 and f, + g < 0.

Activator-inhibitor type: < i : >

positive feedback type: < i— i— )
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Lotka-Volterra equations

[Volterra, 1928] (non-diffusion)
Two species model: u(t), v(t)
self growth: logistic; interaction: uv

ur=u(a—u+bv) t>0,
vi=v(d+cu—v), t>0.

ur=ula—u—bv) t>0,
vi=v(d—cu—v), t>0.

ur=u(@a—u—bv) t>0,
vi=v(d+cu—v), t>0.
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Cooperative system

ug=u(la—u+bv) t>0,
vi=v(d+cu—v), t>0.
Jacobian J = (

a—2u+ bv bu
cv d—2v+cu )’

Trivial equilibrium: (0,0) (unstable)
Semi-trivial equilibrium: (a,0) (saddle), (0, d) (saddle)

d bd
Coexistence equilibrium: (ux, vi) = act , 2t (exists and stable when
1—bc 1-—bc
bc < 1)
—ux  bus
J(us, vi) = ( v v > To = —(ux + v«) <0and Dy = (1 — bc)uxvs >0

Case 1: weak cooperation 0 < bc < 1: (ux«, v«) is globally asymptotically stable
Case 2: strong cooperation bc > 1: no coexistence equilibrium, all solutions are
divergent



Cooperative system

x'=(@-x+by)x
y'=@-yreny

X'z xrby)x

2<08 be1
e Rt b e
:
:
14
:
1
0
o
02 04 06 08 12 14 16 18 02 04 08 /EIE ¥ 14 16 18
Left: weak cooperation; Right: strong cooperation.

DA™
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Consumer-resource system

ur=u(@a—u—bv) t>0,
vi=v(d+cu—v), t>0.

. a—2u— bv —bu
Jacobian J = ( v d—2v+cu )

Trivial equilibrium: (0,0) (unstable)
Semi-trivial equilibrium: (a,0) (saddle), (0, d) (stable if a < bd, saddle if a > bd)
d a

— bd
Coexistence equilibrium: (ux, vi) = ac+ , > (exists and stable when
1+ bc 1+ bc
a > bd)
—uyx  —bus
J(us, vi) = o iy , To=—(usx + v«) <0and Dy = (14 bc)uxvs >0

Case 1: strong predation 0 < a < bd (or b > a/d): (0, d) is globally asymptotically
stable
Case 2: weak predation a > bd (or 0 < b < a/d): (ux«, v«) is globally asymptotically
stable
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Global stability

ur=u(@a—u—bv) t>0,
vi=v(d+cu—v), t>0.
Case 1: strong predation 0 < a < bd (or b > a/d): equilibrium (0, d)

V(u,v) =ku+v —d—dlIn(v/d)
V = kut + ve — dve/v = ku(a —u— bv) + v(d + cu — v) —d(d + cu — v) =
(ka — cd)u + (c — kb)uv — (v — d)? — ku?
So choosing % <k< g, then V < 0 for u,v > 0.
a

V =0 if and only if (u, v) = (0, d).

Case 2: weak predation @ > bd (or 0 < b < a/d): (ux,vs) = <

ac+d a—bd>
14 bc’ 1+ bc

V(u,v) = klu — ux — us In(u/ue)] + v — ve — vi In(v/vy)

V = k(1 — v /u)ur + (1 — vi/v)ve = k(u — ui)(a — u— bv) + (v — vi)(d + cu — v)
= k(u—us)(@a—u—us+usx —bv — bvs + bvi )+ (v — vy ) (d + cu+ cus — cus — v — v+ vi)
= k(u — u)[= (v — ) = b(v = va)] + (v = vi)[e(u = us) — (v = vi)]

= (c — kb)(u — u)(v — v&) — k(u — ux)? = (v — v&)? < 0 (if we choose k = c/b)

V =0 if and only if (u, v) = (ux, vi).



Consumer-resource system

X'=(a-x-by)x
y'=(d-y+exny

x'=(a-x-by)x
y'=@-y+exy
1" s . %
!
"
!
= |
0
.
02 04 06 08 12 14 16 VE‘ 02 04 08 DE\ 12 14 16 18
Left: weak predation; right: strong predation

DA™
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Competition system

ur=u(a—u—bv) t>0,
vi=v(d—cu—v), t>0.

Jacobian J = ( a—2u—bv —bu )

—cv d—2v—cu

Trivial equilibrium: (0, 0) (unstable)

Semi-trivial equilibrium: (a,0) (saddle if d > ac, stable if d < ac)

Semi-trivial equilibrium: (0, d) (stable if a < bd, saddle if a > bd)
d—ac a—bd

1—bc' 1— bc>

(exists and stable when 1 — bc > 0, d > ac and a > bd)

(exists and saddle when 1 — bc < 0, d < ac and a < bd)

Coexistence equilibrium: (ux, vi) = (

J(us, vie) = ( ::V** ib‘:l: . To = —(usx + v«) <0and Dy = (1 — bc)uxvi >0

(if 0 < bec < 1); Do = (1 — bc)usvs < 0 (if bc > 1)

Case 1: u strong v weak a > max{d/c, bd} : (a,0) is globally asymptotically stable
Case 2: u weak v strong a < min{d/c, bd} : (0, d) is globally asymptotically stable
Case 3: weak competition bd < a < d/c: (ux, v«) is globally asymptotically stable
Case 4: strong competition d/c < a < bd: (a,0) and (0, d) are bistable



y'=@-y-cx)y

tem

Competition sys
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Diffusive Lotka-Volterra systems

[Hsu, 2005, TJM]

. Nf V(u,v) = Vi(u) + Va(v) is a Lyapunov function for the system
x'="f(u,v), v =g(u,v), V{(u) >0 for u>0and V}’(v) >0 for v > 0. Then

W(u,v) = / V(u(x,-), v(x,-))dx is a Lyapunov function for the reaction-diffusion

system
ur = diAu+ f(u,v), xe, t>0,
vi = doAv + g(u, v), xeQ, t>0,
Vu-n=Vv-n=0, x €0, t>0,

u(x,0) = up(x) > 0, v(x,0) = w(x) >0, xe€.
Proof. W:/Q(Vl/(u)ut-i— V3 (v)ve)dx
- A(v{(u)f(u, V) + Vi(v)e(u, v))dx+/§;(d1 VI (u)Au + dy VA(v)Av)dx
< —dl/Q VI ()| V ul2dx — clg/n VY (v)|Vv|2dx < 0
. For diffusive Lotka-Volterra systems (cooperative, competitive, and

consumer-resource), if a constant equilibrium is globally asymptotically stable for the
ODE system, then it is globally asymptotically stable for the R.-D. system.
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Strong competition case

Only one case: bistable (strong competition) case for the Lotka-Volterra competitive
system, there is no globally asymptotically stable equilibrium.

ur = diAu+ u(a— u— bv), xeQ, t>0,
vi = doAv + v(d — v — cu), x€eQ, t>0,
Vu-n=Vv-n=0, x €0, t>0,

u(x,0) = up(x) > 0, v(x,0) = w(x) >0, xe€Q.
d/c < a< bd and bc > 1: (a,0) and (0, d) are bistable, and (ux, v«) is a saddle.

Tj=—(di + d2)pj — (us + v&) <O

D; = dldg,uf + (dius + dovi)pj — (bc — 1)usvs
From D; = 0, we obtain
 va((be — D — dopy)

d =
pj(dapyj + ux)
state solutions bifurcating from (u«, v«). But all bifurcating solutions are unstable.

is a possible bifurcation point for non-constant steady

. is there a periodic orbit in this case?
From monotone dynamical system theory, there are no stable periodic orbits, or stable
steady states solutions other than (a,0) and (0, d).
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Rosenzweig-MacArthur model

du ( U) muv dv v+ muv

a1 8 LAY

dt K 14+u’ dt 1+u

Nullcline: u =0, V:W; v=0d= mu_
m d 1+u

,one have u= A= ——.
m—d
(K=X)(1+XN)

m

Solving d = lm

Equilibria: (0,0), (K,0), (A, va) where vy =

We take A as a bifurcation parameter

Case 1: A > K: (K, 0) is globally asymptotically stable
Case 2: (K —1)/2 <X < K: (K,0) is a saddle, and (), vy) is a locally stable

equilibrium
Case 3: 0 < A < (K —1)/2: (K,0) is a saddle, and (X, vy) is a locally unstable
equilibrium (A = (K — 1)/2 is a Hopf bifurcation point)
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Global stability

[Hsu, Hubble, Waltman, SIAM-AM, 1978] [Hsu, Math. Biosci., 1978]
(A, vy) is globally asymptotically stable if K <1, or K >1and (K —-1)/2 <)\ < K.

Lyapunov function for v’ = g(u)(—v + h(u)), v/ = v(—d + g(u)) where

_ mu _(K=u)(1+u)
g(u) = ita an(d)h(u)(;)im
_ ["&ls)—¢g YE—wa
V(u,v) _/A 20) Cls—l—/‘/X " dt
V=B B L VI L ) - g()(v 4 A() + (v — va)(—d + g()

g(u v
= (g(u) —g(N)(h(u) — h(X)) <O
if h(u) — h(A) >0 for 0 < u < Xand h(u) — h(A) <0 for u> A

[Ardito-Ricciardi, 1995, JMB]

V(u, V):VG/AU %der/vﬁflt_T”dt

[Cheng, SIAM-MA, 1981] If 0 < A < (K —1)/2, then (X, vy) is unstable, and there is

a unique periodic orbit which is globally asymptotically stable.

More on uniqueness of limit cycle:
[Zhang, 1986, Appl. Anal.], [Kuang-Freedman, 1988, Math. Biosci.]
[Hsu-Hwang, 1995,1998], [Xiao-Zhang, 2003, 2008]
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Summary of ODE

@:u(lfﬂ)f muv7 ﬂ:7dv+ muv
dt K 14+ u dt 1+u
Nullcline: v =0, v:w; v=0,d= my .
m 1+ u
d
Solving d = my ,one have u = A= ——.
14+u m—d
K—=X)(1+X
Equilibria: (0,0), (K,0), (A, v) where vy = (K= +2)
m

We take X as a bifurcation parameter

Case 1: A > K: (K, 0) is globally asymptotically stable
Case 2: (K —1)/2 < XA < K: (A, vy) is globally asymptotically stable

Case 3: 0 < XA < (K —1)/2: the unique limit cycle is globally asymptotically stable
(A = (K —1)/2: Hopf bifurcation point)
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Phase Portraits

Left: (K —1)/2 <A< K: (K,0) is a saddle, and (A, v)) is a
locally stable equilibrium

Right: 0 < A < (K —1)/2: (K,0) is a saddle, and (A, vy) is a
locally unstable equilibrium; there exists a limit cycle

A supercritical Hopf bifurcation occurs.



Scalar Systems Turing Instability Lotka-Volterra Rosenzweig-MacArthur CIMA Global stability

Reaction-diffusion model

utfdluxxzu(lfi>f muv x € (0, ¢x), t > 0,

}r<nuv u+t1’

Vi — dhvx = —dv + —— x € (0,4m), t >0,
u+1

ux =vx =0, x=0,4m, t >0,

u(x,0) = up(x), v(x,0) =w(x), x € (0,¥n).

All bifurcations for ODE still occur for PDE as spatial homogeneous solutions.
Case 1: A > K: (K, 0) is globally stable

Case 2: K—1< A< K: (A, vy) is globally stable

(when (K —1)/2 <A< K —1, (A vy) is locally stable)

Case 3: 0 < XA < (K —1)/2: a spatial homogeneous periodic orbit

Does the stability change with the addition of diffusion?
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Determine the bifurcation points

Linearization at (A, vy):

8% MK -1-2))

di— —d
| el T T kaEn
— d
K(1+X) % ox2
din? MK —-1-2))
Iz K(1+A
and Ly(X) := K _>E ) dor?
K(1+ \) e

AMK—=1-2)) (di+ do)r?
K(L+2X) £
D(A) = d(K — ) bA(K —1-2))] n*  didon®
T KA+ ) K(1+ ) 2 2

Ta(N) =

)

Global stability
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¢\ _ [ dilAe fu é
t(8)-(aal)+(a gv><¢>
L aj _ —d1Mj+fu fv
T\ by &u —dopj + gv

Trace(Lj) = —(d1 + Clz)/,bj +fut+g = —(d1 + dQ)},bj + To,
Det(Lj) = dldg,LLj2 — (dlgv + dzfu),LLj + fugv - fvgu = Cllle/»‘LJ2 - (dlgv +do fu)”j + Do.

Tj
D;

Stable with ODE: if To < 0 and Dy > 0

Stable with R.D. system: if T; < 0 and D; > 0 for all j € NU {0}
: possible Hopf bifurcation occurs

D, = 0: possible steady state bifurcation (pitchfork) occurs

T(\, p) = —p(di + d2) + To(}),

D(, p) = dicop® — (dhgv(N) + cafu(N)p + Do(N).
{(\,p) € Ri : T(\, p) = 0}: Hopf bifurcation curve
{(\, p) €R2 : D(X\, p) = 0}: steady state bifurcation curve.

: possible Hopf bifurcation occurs at mode j
D(A, pj) = 0: possible steady state bifurcation (pitchfork) occurs at mode j
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Spatial non-homogeneous periodic orbits

Condition for Hopf bifurcation:
Ta(Xo) =0, Dn(Xo) >0, Tj(XAo)#0, Dj(ho)#0 forj#n.
[Yi-Wei-Shi, JDE, 2009] Suppose di,dz,d >0and K > 1

di 5, max h(X)
d> 4d

OX(K=1-2))?
, where h(}) = m

Then there exists £, > 0, such that any £ in (s, £p4+1], there exists 2n points )\J’."i(é),
1 < j < n, satisfying

K-1
2

o< (<M ()< <N (<M. (< ,
such that a Hopf bifurcation occurs at A = )‘j,-,’i' and the bifurcating periodic solution
at A = )\ﬁi is in form of

(u,v) = (/\j’."’i7 V(/\jl‘-,li)) + s(ao, bp) cos (%) cos(wj +t) + h.o.t.

(There is no spatial non-homogeneous steady state solutions bifurcating for these
parameters.)
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More bifurcation: periodic orbits, steady states

[Yi-Wei-Shi, JDE, 2009] [Peng-Shi, JDE, 2009]
Suppose di, dy,d > 0 and K > 1 satisfy

A2(K —1—2))?

di  maxh(})
P KL+ M) (K =X

, where h(}\) =
d> 4d

Then there exist Zn,i such that if for each ¢ € (Z,,,+,l7,,’_) except a finite many
exceptional £, there exists exactly two points )‘f,i such that a smooth curve ', 4+ of
positive solutions of the system bifurcating from (\, u,v) = ()\n 4 /\;ii, V’\f,i)' and
[n,+ is contained in a global branch Cp + of the positive solutions. Near

A\ u,v) = ()\n :t’An £ VA8, ), Tn,+ = {(X(s), u(s), v(s)) : s € (—¢,€)}, where
(u(s), v(s)) = ()\n VS | ) + s(an, bn) cos(nx/€) + h.o.t.. Moreover each Cp +

contains another (A? i,)\J Y )
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A priori estimate of steady states

[Peng-Shi, JDE, 2009]

Consider u muv
fdlAu:u<1f—) — in Q,
K u+1
—dh Av = —dv + muy in Q,
u+1
Oyu=0,v=0 on 0Q.

Here Q is a general bounded domain in R” with n < 3. For any given constants
di, d2, d >0, K > 1 and a fixed domain €2, there exists a positive constant My, which
depends only on di, db, K, d and €, such that the equation has no non-constant
positive solution provided that m > M;.

d

Recall that A = ——.
m—d



Scalar

Bifurcation points: periodic orbits and steady states

Systems

Turing Instability

Lotka-Volterra Rosenzweig-MacArthur

CIMA

0.1
/ S ~
0.08- \
r/
0.06 /
[ o \
/\(/ g ™~
d . \\
0.04 v <
/ \ “\
0ozl / S~ //// AN
/
7
0 02 0.4 0.6 08 1
lambda

Bifurcation diagram: di = d, =1, k =3, § = 0.003 and ¢ = 30.

Global stability
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Turing patterns in real experiment

The first experimental evidence of Turing pattern was observed in 1990, nearly 40
years after Turing's prediction, by the Bordeaux group in France, on the
chlorite-iodide-malonic acid-starch (CIMA) reaction in an open unstirred gel reactor.
This observation represents a significant breakthrough for one of the most
fundamental ideas in morphogenesis and biological pattern formation.

[Castets, et.al., 1990, PRL]

S

Left: CIMA experiment photos; Right: graph of cos(4x) cos(3y) and cos(4x + 4y)
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Modeling for for CIMA reaction

[Lengyel-Epstein, 1991, Science]

[CIOy], [k] and [MA] varying slowly, assumed to be constant
Let /= = X, CIO, = Y and I, = A. Then the reaction becomes

AKX x x v ax1y B p

(X1-[Y]

Reaction rates ki, ko are constants, and k3 is proportional to
u+[X]?
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Reaction-diffusion system for CIMA reaction

Nondimensionalized reaction-diffusion system:

4uv

u=Au+a—u— ——, x€Q,t>0,
1+

Vt‘:o—[‘:AV‘f'b(u—]-_i_—’Jz):l7 x€Q,t>0,

Oyu=0,v=0, x €0Q,t>0,

u(x,0) = up(x) >0, v(x,0) = w(x) >0, x€Q,

Here [I7] = u(x, t), [CIOs] = v(x,t), x € Q (reactor)
no flux boundary condition: closed chemical reaction
a,b,0,c > 0. Key parameter: a > 0 (the feeding rate)
[Lengyel-Epstein, 1991, Science]

Change of parameters:
d=£, m=ob, a:i,
5

New equation:

Global stability
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Turing bifurcation in CIMA model

4uv
ut:uxx+5a7u71+u2 x € (0,4m), t >0,
v::m(dvxx—l—u—%), x € (0,¢m), t >0,
ux(x, t) = vx(x, t) =0, x=0,¢m, t >0,

u(x,0) = up(x), v(x,0) = w(x), x € (0,¢r),

Constant equilibrium: (us, vi) = (o, 1 4+ a?)

. 1 302 -5 —4a
Jacobian at (us, v«): J = 11 a2 < 202 —a )

Assume 0 < 30?2 —5 < a (or 1.291 < « < 1.468)

fu >0, gv<0, D; = ugvffvgu>oand fu+gv<0
e 5+ A

1+a2 N(h—X)'
cand \; = j2/02.

o2 v =J°/

[Ni-Tang, 2005] also true for higher dimensions

Bifurcation points: d; =

302 -5
where fy = la

Global stability

1)
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Global Turing Bifurcation for CIMA reaction

[Ni-Tang, 2005, Tran. AMS] :

For d > 0 small, (u«, v«) is the only steady state solution;

All non-negative steady state solution satisfies 0 < u(x) < 5,
0 < v(x) < 1+ 2502,

[Jang-Ni-Tang, 2004, JDDE] :

Each connected component bifurcated from (dj, u«, v«) is unbounded in the space
of (d, u,v), and its projection over d-axis covers (dj, o).

For each d > min{d;} and d # d, there exists a non-constant steady state
solution.

Their results are only for steady state solutions.

[Yi-Wei-Shi, 2009, NARW, AML], [Jin-Shi-Wei-Yi, RMJM, 2013 to appear]
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ODE Dynamics

Kinetic equation:
4uv £>0
1 + u27 9

uv
Vt:fT)(U*m)7 t>07

Equilibrium: (us, vi.) = (o, 1 + o?)
m-4+vm?+60

For @ > aw, (ux, v«) is locally unstable, and the system has a periodic orbit
(o is a Hopf bifurcation point);

For oo < v/27/5 ~ 1.0392, (u«, v.) is globally asymptotically stable (even
for R-D system in higher dimensional domains)

ur =50 —u—

Fora < ap = , (s, v4) is locally stable;

Comparison of bifurcation points:

2
—V527 ~ 1.0302 < \/g ~ 1201 < M VM 0D Vg’HsO (if m > 0)
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Limit cycle generated from Hopf bifurcation
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Here m =2, ap =5/3 ~ 1.667. Left: a = 1.69; Right: a = 6.

Top: phase portraits; Bottom: solution curves (solid curve u(t), dotted curve:

25

Global stability
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Multiple periodic orbits for ODE

, 4uv , uv
u=hkx—UuU———, v=mlu-——].
1+ u? 1+ u?

Hopf bifurcation point: ag = (vV'm? + 60 + m)/6
supercritical if 0 < m < My, and subcritical if m > My

~ V/19V769 — 147

b = —————— ~ 9.7453.
2

Example: m = 20, Hopf bifurcation point g = 6.908 (subcritical)
Left: o = 6.90, Right: a = 6.73

(Open Q: how to prove unique or exactly 2 periodic orbits?)
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Stability of (uy, vi) w.r.t. R-D system

Linearized operator

8_2 302 —5 Ao
o 0x? 1+ a? 14+ a2
L(a) := 2ma? mda—2 _ ma
1+ a2 ox2 142

From Fourier expansion, the eigenvalues of L(«) are the ones of

n  3a®-5 _4a
.: Iz + a? 1+ a2 _ )
Lo(a) : Mo’ o ma , n=0,1,2
1+ a2 2 1+a?

The characteristic equation of L,(«) is

p‘Qip‘T"+D":07 n:071727"‘7

Global stability



Scalar Systems Turing Instability Lotka-Volterra Rosenzweig-MacArthur CIMA

Stability of (uy, vi) w.r.t. R-D system

36’ =5—ma P

To(a) := T - E—2(1+md),
Sa n? (d(3a® —5) — n*
Dn(a) =m {m—ﬁ (T +Fd s

Stable: if all T, < 0 and D, > 0, and unstable otherwise
. possible Hopf bifurcation occurs
D, = 0: possible steady state bifurcation (pitchfork) occurs

Global stability

To =0 (3a% — 5 — ma = 0): bifurcation of spatially constant periodic orbit

D, =0 (o = 0): bifurcation of spatially constant steady state

Other bifurcations:
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Spatial Hopf Bifurcation

[Jin-Shi-Wei-Yi]: For any n € N, m > 0, if £ > /2/3n, then there exists
d. = di(m, £, n) > 0 such that when 0 < d < d,, there exists n+ 1 points

of = af'(d, m,¢), 0 < j < n, satisfying

O<af <ol <af < <ol <o

At each a = ajf-", the system has a Hopf bifurcation, and the bifurcating
periodic solutions near (o, u, v) = (o}, af, 1+ (o')?) can be parameterized as
(a(s), u(s), v(s)) so that a(s) = o + o(s),

u(s)(x,t) =of +s (a,,ezmt/T(s) + a_,,efzm-t/T(s)) cos Tx + o(s),

v(s)(x,t) =1+ (af)* +s <b,,62”it/7—(s) + b_,,efz""t/T(s)> cos %X + o(s).

[Ni-Tang, 2005]: when d small, there is only the constant steady state.
= when d small and « large, oscillatory patterns dominate.
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Steady state bifurcation

[Jin-Shi-Wei-Yi]: For any d > 0, if Z,, <l < Z,,H for some n € N and £ is not in
a countable subset of R™, then there exists n points ozf = oef(d, £),1<j<n,
satisfying

cu*<o¢ig<o¢§<'~<cuf<oo7

and o = a3 is a bifurcation point for steady state solutions.

(i) There exists a C* smooth curve I'; of steady states bifurcating from

(e, u,v) = (a7, u,s, v,s), with T; contained in a global branch C; of the
J J

solution set, and near bifurcation point, the solutions on the curve I has
the form uj(s) = o + saj cos(kjx/€) + o(s),
vi(s) = 1+ () + sb; cos(k;x/L) + o(s) for some k; € N;

(i) Each C; is unbounded, that is, the projection of C; on the a-axis contains
(af , 00).

= when a > af, and a # af, then the system has a non-constant steady state

solution.
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Global Bifurcation picture

(i) If & < 1.0392, (u«, v«) is globally asymptotically stable;

(ii) 1f 1.0392 < a < 1.2910, (us«, v«) is locally asymptotically stable;

(i) 1f 1.2910 < e < (v/m? 4+ 60 + m) /6, it is Turing instability zone,
bifurcation of non-constant steady states, also possible backward Hopf
bifurcation;

(iv) If @ > (vVm?+ 60+ m)/6, then many intervening Hopf and steady
bifurcations occur as @ — oo.

Hopf bifurcation occurs not only when d is small, but also any d > 0, but m is

small.
Steady state bifurcation also occurs for all d > 0 (so not necessarily Turing

type).
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Global Bifurcation diagram

Intersection of green and red curves: Steady state bifurcation points
Intersection of blue and red curves: Hopf bifurcation points

Left:Hopf bifurcation first; Right: Steady state bifurcation first
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Numerical simulations

Turing pattern: non-constant steady state solution
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Left: u(x,t), Right: v(x,t)



Scalar Systems Turing Instability

Numerical simulations

Hopf pattern: constant periodic orbit

u concentration
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Numerical simulations

Turing-Hopf pattern: non-constant periodic orbit
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Methods to prove global stability in reaction-diffusion
systems

Upper-lower solution method.
[Pao, 1982, JMAA] [Pao, 1996, JMAA]

Fluctuation Method.
[Thieme-Zhao, 2001, NA-RW], [Zhao, 2010, Cana.Appl.Math.Q]

Lyapunov method.
[Hsu, 2005, TMJ]

Lotka-Volterra: V(u, v _k[u—u* —ux In(u/ue)] + v — va — vi In(v/vy) = kf
u
:k/ s — u*d +/

u _ A vVip—
Rosenzweig-MacArthur: V(u,v) = / Mds +/ VA dt
A gls) t

for v’ = g(u)(—v + h(v)), v/ = v(—d + g(u))

Usx

Y dt for u' = u(a—u=xbv), v =v(d—v=+cu).
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Delayed Diffusive Leslie-Gower Predator-Prey Model

[Chen-Shi-Wei, 2012, 1JBC]

QUE2) gy Au(e, ) = ult, x)(p — (e, x) — Bult —m,x)), x€D, >0,
avgt,x) — daAv(t,x) = pv(t,x) (1 — (X)) , x€EQ, t>0,
ot u(t — 12, x)
M:M:07 XEBQ,t>0,
ov ov
u(x,t) = up(x,t) >0, x €Q, t € [-m,0].
v(x,t) = vw(x,t) >0, x€Q, te[—7,0].

P P
Constant steady state: (u«, v«) = s .
y state: (us,v2) (a +6 a+t ﬁ)
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Delayed Diffusive Leslie-Gower Predator-Prey Model

[Chen-Shi-Wei, 2012, 1JBC]

QUE2) gy Au(e, ) = ult, x)(p — (e, x) — Bult —m,x)), x€D, >0,
avgt,x) — daAv(t,x) = pv(t,x) (1 — (X)) , x€EQ, t>0,
ot u(t — 12, x)
M:M:07 XEBQ,t>0,
ov ov
u(x,t) = up(x,t) >0, x €Q, t € [-m,0].
v(x,t) = w(x,t) >0, x €Q, t€[-m,0].
P P
Constant steady state: (u«, v«) = s .
y state: (us,v2) <a+ﬁ oc+ﬁ>

Main result: (a) If & > 3, then (us«, v«) is globally asymptotically stable for any

71 >0, 7 > 0. (proved with upper-lower solution method)

(b) If & < B, then there exists 74« > 0 such that (u«, v«) is stable for 71 + 7 < 7%, and
it is unstable for 71 + 7 > T«.
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Delayed Diffusive Leslie-Gower Predator-Prey Model

[Chen-Shi-Wei, 2012, 1JBC]

QUE2) gy Au(e, ) = ult, x)(p — (e, x) — Bult —m,x)), x€D, >0,
avgt,x) — daAv(t,x) = pv(t,x) (1 — (X)) , x€EQ, t>0,
ot u(t — 12, x)
M:M:07 XEBQ,t>O,
ov ov
u(x,t) = up(x,t) >0, x €Q, t € [-m,0].
v(x,t) = w(x,t) >0, x €Q, t€[-m,0].
P P
Constant steady state: (u«, v«) = s .
y state: (us,v2) <a+ﬁ oc+ﬁ>

Main result: (a) If & > 3, then (us«, v«) is globally asymptotically stable for any

71 >0, 7 > 0. (proved with upper-lower solution method)

(b) If & < B, then there exists 74« > 0 such that (u«, v«) is stable for 71 + 7 < 7%, and
it is unstable for 71 + 7 > T«.

[Du-Hsu, 2004, JDE] When 71 = 7 =0, if a > sp8, for some sp € (1/5,1/4), then
(ux, v«) is globally asymptotically stable. (proved with Lyapunov function, and it is
conjectured that the global stability holds for all «, 8 > 0.)
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Global stability (Lyapunov)

[Du-Hsu, 2004, JDE]

us — diAu = u(p — au — Bv), xeQ, t>0,

thdQAV:,u,v<17!), xeQ, t>0,
u

Vu-n=Vv-n=0, x€0Q, t>0,

u(x,0) = up(x) > 0, v(x,0) = w(x) >0, xe€.

u _ v _
W(u,v) = / V(u,v)dx, V(u,v)= k/ s 2u* ds +/ i tv* dt
Q Use s Vi

u— Usx V — Vi u— Ux

7 ur + vi =k (p—au—0v)+ u(v—vi)(1—v/u)

U — Ux )V — Vx u—u*z V—V,«2
:(kaﬁ)( )u( ) ol u)f“( u)

V =k

o
< 0 (choose k = —
( B)

. t 2 . — *
W:—dl/ e u|Vu|2dx—d2/ Y |Vvf2dx.
Q u QV
p

u(x, t) < B, Uy =
a a+

so2ux —u>0ifa>pg.

u 52 o u2 Vi Vi

V(u,v) = k/ 5 *ds +/ " dt: prove the global stability for a > g3 for
U S Vi

q € (0.2,0.25).
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Global stability (comparison)

[Chen-Shi-Wei, 2012, 1JBC]

ur — diAu = u(p — au — Bv), xeQ, t>0,

vt—dgAv:uv(l—K), x€eQ, t>0,
u

Vu-n=Vv-n=0, x €0, t>0,

u(x,0) = up(x) >0, v(x,0) = w(x) >0, xe€Q.

Step 1: ur — diAu= u(p— au— PBv(t —71)) < u(p — au), so there exists t; > 0 such
that u(t,x) < Pictort > tr.
a

Step 2: v — dbAv = puv (1 - X) < pv (1 — é) so there exists to > t;
=P u (p/) + ¢

such that v(t, x) < Py efor any t > t.
«
Step 3: There exists § > 0 such that

1) 1)
(w0 vleo) > (2 (=62 +9). 2 (p- 5L +0) ) > 0.0)
Step 4: (B + e, L + 5) is an upper solution, and

2P\ a UppEr solution

(é (p — B(B + e)) , s (p — B(B + 5))) is a lower solution. Then two constant
a a a @

iterative sequences can be defined, and the sequences converge to a unique limit.
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Types of systems

ur = diAu + f(u,v), x€Q, t>0,
vi = doAv + g(u, v), x€Q, t>0,
Vu-n=Vv-n=0, x €0, t>0,

u(x,0) = up(x) >0, v(x,0) = w(x) >0, xe€Q.

Quasi-monotone nondecreasing (cooperative): f(u, v) nondecreasing in v and g(u, v)
nondecreasing in u

Quasi-monotone nonincreasing (competitive): f(u, v) nonincreasing in v and g(u, v)
nonincreasing in u

Mixed Quasi-monotone (consumer-resource): f(u, v) nonincreasing in v and g(u, v)

nondecreasing in u

Upper solution (4, V) and lower solution (u, v)

u(x, t) > u(x, t), v(x,t) > v(x,t), x €Q, t>0,
Vu-n>Vu-n>Vu-n x€0Q, t>0,
Vv-n>Vu-n>Vyv-n x€o, t>0,

T(x,0) > up(x) > u(x,0),v(x,0) > w(x) > v(x,0), x € Q.
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Solution from upper-lower solutions

CIMA

Global stability

Quasi-monotone nondecreasing (cooperative): f(u, v) nondecreasing in v and g(u, v)

nondecreasing in u

Ut — d AU — f(4,V) > 0> u, — di1Au— f(u,v),
v >0>

— b AV — g(T, V)

u
vy — Ay — g(u,v),

Quasi-monotone nonincreasing (competitive): f(u, v) nonincreasing in v and g(u, v)

nonincreasing in u

U — diAT—f(d,v) > 0> u, — diAu— f(u,v),
— b AV — g(u,V) > 0> v, — dbAv — g(T,v),

Mixed Quasi-monotone (consumer-resource):
— diAu — f(u,v),

T — di AU — f(T,v) >0
Ve — do AV — g(T, V) > 0

. [Pao, 1982, JMAA], [Pao, 2002, NA] If there exists a pair of upper and

lower solutions (T, V) and (u, v), then the system has a unique solution

(u(x,t), v(x, t)) satisfying u < u <Tand v < v <V. Moreover if (u,v) and (u, v)
are constants, then the limits of iterative sequences starting from (7, v) and (u, v)

exist; if the limits are same, then the solutions all converge to the limit.
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lterative sequences

CIMA

Global stability

Quasi-monotone nondecreasing (cooperative): f(u, v) nondecreasing in v and g(u, v)

nondecreasing in u

UKy — di AUk + Muk = Muk—1 1+f(uk 1 vk L),
vkt — dy AvK + Mvk = Mvk—T 4 g(uk—T vk 1)7

u_tfdlAu_JrMu = Muk— lJrf(k1

)

x € Q,
x € Q,
x € Q,
vk, — b AVK + MV = MvE Tt 4 g (U vk D, xeq,

t>0,
t>0,
t>0,
t>0.

Quasi-monotone nonincreasing (competitive): f(u, v) nonincreasing in v and g(u, v)

nonincreasing in u

uke — di AUk + Muk = Muk=T + f(uk—T, vk 1)

)

vkt—dQAvk—i—l\/lvk*ka 1+g(uk Lovk— 1),

u_tfdlAu_JrMu_—Muk Lot ,v—l)
Vi, — o AVE + MyE = MK 4 g(ukT, vk

Mixed Quasi-monotone (consumer-resource):
uky — dy Auk + Muk = Muk—1 + fuk—1, kal)

Vky — dh AVK + Mvk = Mvk—T 1+g(u" 1 k=T 1),
uk, — di ALK+ Mk = MUk 1+f(k1vk L),

)

)

vk, — b AVK + MyK = MvETT 4 g Ukt VR,

x € Q,
x € Q,
x € Q,
x € Q,

x € Q,
x € Q,
x € Q,
x € Q,

t>0,
t>0,
t >0,
t>0.

t>0,
t>0,
t>0,
t>0.
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Fluctuation Method

[Zhao, 2010, CAMQ)] (for scalar equation with diffusion, delay and nonlocal terms)

ur = diAu + f(u,v), x€Q, t>0,
vi = doAv + g(u, v), x€Q, t>0,
Vu-n=Vv-n=0, x €0, t>0,

u(x,0) = up(x) > 0, v(x,0) = w(x) >0, xeQ.

. Assume that
1. (consumer-resource type) Suppose that f(u, v) is nonincreasing in v and g(u, v) is
nondecreasing in u.
2. (solution bound) There exist T > u and Vv > v such that, for any (ug, vp), there
exists T > 0 such that when t > T, T > u(x,t) > uand v > v(x,t) > v.
3. (upper-lower solution) (7, V) and (u,v) satisfy

f(le) <0< f(g,V), g(va) <0< g(uv V)'

4. (uniqueness) For any (W,Z) and (w, z) satisfyingu>w>w >u, v>zZ>z>v,
if
f(w,z) > 02> f(w,2), g(w,2z)>02>g(w,z),

then w =w, Z = z.

Then there exists a unique constant steady state (ux«, v« ) satisfying @ > ux > u and
V > vi > v and (ux, v«) is globally asymptotically stable.
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Fluctuation Method

Define u®(x) = limsup u(x, t), uso(x) = liminf u(x, t)
t— o0 t—oo
v (x) = limsup v(x, t), veo(x) = liminf v(x, t)
t— 00 t—oo
u®® = sup u™(x), Uso = inf Uso(x), v = sup v°(x), Voo = inf Veo(x).
x€Q xef x€Q x€f

Let M > 0 be a constant such that fy(u, v) = Mu + f(u, v) is increasing in u, and
gm(u,v) = Mv + g(u, v) is increasing in v. Then

u(x,t) = e Mt /Q Fi(x,y, t)uo(y)dy + /Ot e_MS/S_2 Fi(x,y,s)fu(u(y,s), v(y,s))dyds

v(x,t) = e Mt /Q Ma2(x,y, t)vo(y)dy + /Ot e Ms /Q Ma2(x,y,s)em(uly,s), v(y,s))dyds

where T;(x, y,t) (i = 1,2) is the Green's function of w; = d;Aw on Q with Neumann
boundary condition.

From Fatou’s lemma, u™(x) < / / F1(x,y,s)fm(u(y), voo(y))dyds

Then from [, T(x,y,s)dy =1 and [;° e"Mds = 1/M, we have
u>® < fM(uoo7VOO) — Mu= +f(u » Voo ) = u™ + f(uoovaO).

M M M
Hence f(u®°, veo) > 0.
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Fluctuation Method

Similarly we obtain
(U™, Veo) >0, f(Uoo, v™®) <0, g(u™,v>®) >0, g(tso, Vo) < 0.

From condition 3 (Uniqueness), u™ = u and v>® = veo.

Since

0> f(u,v) > f(uoo,voo) >0, then

f(u™,veo) =0, f(uoo, ) =0, g(u™,v>®) =0, g(tso, Vo) = 0. Hence
U® = Uso = Ux and v>® = Voo = V4 from the condition 3 (Uniqueness).

Conclusions.

1. For autonomous reaction-diffusion equation with no-flux boundary condition, the
global stability of the constant equilibrium can be established by this new theorem.
2. For this type of equations, the upper-lower solution method and the fluctuation

method are essentially same.
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Scalar Systems Turing Instability

Invariant rectangle

ur = diAu + f(u,v), x€Q, t>0,

vi = doAv + g(u, v), xeQ, t>0,
Vu-n=Vv-n=0, x€0Q, t>0,

u(x,0) = up(x) >0, v(x,0) = w(x) >0, xe€Q.

Suppose that there exist (T, V) and (u, v) satisfy

f(@,v)

()SH

Then R = (u,T) x (v, V) is an invariant rectangle for the system, in the sense that, if
(uo(x), vo(x)) € R for all x € Q, then (u(x, t),v(x,t)) € Rforall x € Qand t>0.

| /\

, v<v<v
<u<

f(u,v)>0, v
u, g(uy,v) >

<v<vwv
0, u<u<u

< \
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