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U�9 M7.>�
§1.1 ��DoqmGRY�qz<Q}}T0zDE"�}9'9�Æ!F�ÆgoV℄U��L6-nokE (first order scalar

ordinary differential equation), �zMCkE (autonomous equation)%(=_O�
dy

dt
= f(y), y(0) = y0, (1.1)E\��y : S → R, S ⊂ R U}Y��yg�y0 UkNp (initial value)�

(1.1) ��!�=<6p��
(A) �ykd (analytic method)�1�l<
ÆZÆ`O��(�

dy

dt
= ky, y(0) = y0 ÆZ y(t) = y0e

kt;

dy

dt
= ky(1− y), y(0) = y0 ÆZ y(t) =

y0e
kt

1− y0 + y0ekt
.�U� f(y)  >G
ygD�}��^Zl�

(B) _Akd (numerical method): !ds`O
dy

dt
≈ y(t+ ∆t)− y(t)

∆t�N (1.1) � (=UB<
�



y(t+ ∆t) = y(t) + f

(
y(t)

)
∆t

y(0) = y0
(1.2)

(1.2) �'�!8x&��xl�\}��<6{.^ Euler <6�UB<
�gpZNE 1.3 W�K^6�
(C) X�kd (Qualitative Method)�1F�<
Æ�QZ�l���!ZÆ
x�

+�Æ~��x�Z (equilibrium, steady state) U (1.1) _ y(t) = y0 ÆXgZ��z f(y0) = 0.IG (phase line) U (1.1) ZÆKda Æ}}nj<Q��+1.1.

y′ = y(1− y)2(y − 3), y(0) = y0. (1.3)KQ�) y = 0, y = 1 M y = 3.Kda (asymptotic behavior) U<
Z�,.�Æa �:��UDE t → ∞, {�`UZ
y(t)→∞.
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� 1.1 (#)�(1.3) �JH, ())�(1.3) �[��P+1.2. (a)

y′ = y(1− y)2(y − 3), y(0) = 2 (1.4)�`�PCXy�
}�: m�Z�Æ, ���^n) (−∞,∞), 
S�
lim
t→∞

y(t) = 1, lim
t→−∞

y(t) = 3,i��&ÆU9KQ� (converges to an equilibrium).

(b)

y′ = y, y(0) = 1 (1.5)��} y(t) = et, N�^n) (−∞,∞),

lim
t→−∞

y(t) = 0, # lim
t→∞

y(t) =∞,i�Yj/V� (tends to infinite in infinite time).

(c)

y′ = y2, y(0) = 1 (1.6)��} y = 1
1−t , N�^n) (−∞, 1), #� t → 1+ u�y(t) → ∞, .;r�uh8usYL

(finite time blow up).

(d)

y′ =
1

2− y , y(0) = 1 (1.7)��} y(t) = 2−
√

1− 2t, �^n) (−∞, 1
2 ),

lim
t→−∞

y(t) = −∞, lim
t→(1/2)+

y(t) = 2, # lim
t→(1/2)−

y′(t) =∞,i�uh8usD
�YL (derivative blows up in finite time).X(1.1. �3)u (1.1)�
1. hG f(y) u y = y0 2�%K�v�u ε > 0 x� (1.1) u (−ε, ε) 
hU9��
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� 1.2 r~[�Leb!��w! (1.4)�(1.5)�(1.6)�(1.7) [��P
2. hG f(y) u y = y0 2�%K�'�v�u ε > 0 x� (1.1) u (−ε, ε) 
h(UU9��
3. � y(t) �ZZP"ÆU9���uZs I = (−T1, T2), 0 < T1, T2 ≤ ∞.

4. i f(y) u I m%K�'�v y(t) u I ma)N8	wJ��a)N8uJ��a)UKQ��
5. i f(y) u I m%K�'�v y(t) u I ����x�F)	�E)Z5	��

a) YjU9KQ��b) Yj/V��c) YL�d) 
�YL�<
 (1.1) I�Æ�6�
1. ?�l}�lx"rnÆnG(;

2. �l f(y) Æ1��F�k�"��2��Æ�;

3. E1��F�k��>��2�B`ÆIYG(3� f(y) ÆI��lIÆ�* f(y) < 0,  
(←); * f(y) > 0, K (→).=�UIGÆ3Y��:9 y0 U (1.1) Æ}Yx�Z�(s{E δ > 0 M
+$�Æ y ∈ (y0 − δ, y0 + δ), � y  kpÆZA� limt→∞ y(t) = y0, Kx�Z y0 U)�Æ, "^ }Y~ (sink); 1(s(s{E δ > 0 M
+$�Æ y ∈ (y0 − δ, y0 + δ), � y  kpÆZA� limt→−∞ y(t) = y0, Kx�Z y0 UF)�Æ�"^ }Y3 (source); :FU�*FU9Æx�Z^ �W (node).}Yx��Æ�℄�'�xIGEx��%PÆIÆ<Q�m)��UE�!+�z�,L^ez?m)x���℄��
xz

IG<Q��t=OÆG
���U%!Æ�
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� 1.3 z�[��^�(#)���({)�:�())�Y�X(1.2. i f(y0) = 0, f(y) uU9AZs (y0 − δ, y0 + δ) m%K�'�B8�
(1) i f ′(y0) < 0, v y0 }U9^�
(2) i f ′(y0) > 0, v y0 }U9p�
(3) i f ′(y0) = 0, .;/&G�3KQ���D�

§1.2 ���/DoqmGRqN}Y�B<
ZÆKda zMg9�5?)�℄Æ9��,L^m oL�
 (�o��o?, o�)(bifurcation).+1.3. �35�)u�
y′ = y(1− y)− h, (1.8)u{!�y(t) �aU9s11��9��# h �a3s1u	+usDZ
�,\��(�X (1.8) �KQ��Æ
y =

1±
√

1− 4h

2
.
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•
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� 1.4 =d (1.8) �C���[��P�(#)�C���({)�h < 1

4
, ())�h > 1

4

h = 1
4 } (1.8) �+P��� h < 1

4 u (1.8) h'9�KQ��� h = 1
4 u'9KQ�O$)U�#� h > 1

4 u (1.8) 9hKQ��|wm�(1.8) �KQ�6� h = y(1 − y)�B8 h = y(1 − y) u h− y !`4m� =�Ze)}U9oLl (bifurcation diagram). +P T�Z�s}U�g��:9�gO�{!.;f~�)>�:9�B8�K!` h }k�!`�v 1.4 �
�i.;�3Z y(0) = 1
2 )x��� yh(t), B8� h < 1

4 u�yh(t) �&ÆU9KQ��#� h > 1
4u�yh(t) uh8usD_) 0�|wm℄uh8usYLÆ −∞
.}��n�+,}YwMgÆ<
�

y′ = f(λ, y), (1.9)
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tZ(=_OÆ<
�� 




f(λ, y) = 0

∂f

∂y
(λ, y) = 0

(1.10)

 (λ, y), λ  �`ÆB���y  5?B�Æx�Z&;��(, +,<
 (1.8), x 



y(1− y)− h = 0

1− 2y = 0��
 (h, y) = (1
4 ,

1
2 ). x� 1.4 ���
B�UEn0G f(y) = y(1− y)− h / h �I�ÆD	5?�� E
O,L�Kf�Qe^}�_OÆB��>�|�,LF+}"Æ��$^.^6�\�,LsU!��ql3}$/ÆB��℄�+1.4. (a) " 1.3 
�)u (1.8) �+Pr)/�WoL (saddle-node bifurcation). u+P�Ulh'9KQ��0Ul9h�{�+P u+P�2�}H19�E�� j=UU�)u (1.9),S��+P%s��w}�+P�) (λ0, y0)
(1.10) 
�'9)uM

∂2f

∂λ2
(λ0, y0) 6= 0,

∂2f

∂y2
(λ0, y0) 6= 0. (1.11)

(b) �35�)u�
y′ = y(y2 − λ). (1.12)Pg[�y λ = 0 }U9+P��u+P��Ulhk9KQ��0Ul)U9�{�+Pr) �oL (pitchfork bifurcation). Bifurcation U��pj��m�� bifurca, \�}�'9n�m��am+��+P E��} bifurcation o\����%s��w} (1.10) M

∂f

∂λ
(λ0, y0) = 0,

∂2f

∂λ∂y
(λ0, y0) 6= 0,

∂2f

∂y2
(λ0, y0) = 0,

∂3f

∂y3
(λ0, y0) 6= 0, (1.13)N
�∂f∂λ (λ0, y0) = 0 {9�w&&f f(λ, y0) ≡ 0 ���

(c) �35�)u�
y′ = y(y − λ). (1.14)

λ = 0 }U9+P���`+P��'l�}'9KQ��
KQ��,�G℄4_�<�� 1.2,

y = 0 u λ < 0 ug,��#u λ > 0 u,��,�KQ�� λ < 0 u� y = λ _Æ λ > 0 u�
y = 0. {�+Pr)"4oL (transcritical bifurcation), %s��w) (1.10) M

∂f

∂λ
(λ0, y0) = 0,

∂2f

∂λ∂y
(λ0, y0) 6= 0,

∂2f

∂y2
(λ0, y0) 6= 0. (1.15)�
am+P�UU j�h� λ, y = y0 }U9p���

(d) �35�)u�
y′ = y(y2 − ε)− λ ≡ f(ε, λ, y). (1.16)� ε = 0 u�(1.16) _) y′ = y3 − λ, N(UKQ� y = 3

√
λ u λ = 0 u)U9k~O��i

∂f

∂y
(0, 0, 0) =

∂2f

∂y2
(0, 0, 0) = 0, # ∂3f

∂y3
(0, 0, 0) 6= 0.
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� 1.5 �^C���(4#)��Y�C��(4))��SC��(>#)��=C��(>))�D�C�uU9Aa� ε > 0 5�(1.16) u λ Auhk9KQ��N+P mh'9:()>�S��+P�{U+Pwlm}U9'9k��+P7?�u ε = 0 u�O�r)U9
W (cusp).

� 1.6 D�C�R	��(#)�ε < 0, ({)�ε = 0, ())�ε > 0r�+P%s��w} (1.10) M
∂f

∂λ2
(λ0, y0) 6= 0,

∂2f

∂y2
(λ0, y0) = 0,

∂3f

∂y3
(λ0, y0) 6= 0. (1.17)

§1.3 ��BqmG�KqNE 1.1 Wz,L�h�
�B<
 (1.1) ���/� }Y_( (1.2) ÆUB<
�̂ }���,L���9}Y_(
yn+1 = f(yn), y0 = a (1.18)ÆAokE (difference equation)"�7 (map). E\� a ∈ R, f ∈ C1(R). {yn : n = 0, 1, 2, · · · } U}YIg+ (sequence). ��B<
�s����OZlÆUB<
>F.��U,LqlG
<
�
yn+1 = ayn + b, y0 = cÆZ yn = y∗ + an−1(y0 − y∗), �z y∗ =

b

1− a U<
Æx�Z�\YZ�9 a 6= 1. * a = 1, K,L

�Ug+ yn = y0 + (n− 1)a. 	�� a 6= 1 D�(yn − y∗) U}Y�1g+�



9+,UB<
 (1.18), x�Z y A��
y = f(y). (1.19)�t,L}�^x�Z F � (fixed point). 	�
 (1.18) E}Yx�� y∗ MdÆG
�<
_ 

yn+1 = y∗ + f ′(y∗)(yn − y∗), (1.20)|�$�1g+
x'�
l}YF �Æ)�
���X(1.3. i f ∈ C1(R,R), f(y∗) = 0, B8�
(1) i |f ′(y∗)| < 1, v y∗ },���
(2) i |f ′(y∗)| > 1, v y∗ }g,������� |f ′(y∗)| < 1D�* y0 E y∗ Æ}YV02_�lim

n→∞
yn = y∗. FtF�,�B<
 (1.1), {yn}E 0 > f ′(y∗) > −1 DU}Y^��d, y∗ Æg+�1 {yn} E 0 < f ′(y∗) < 1 DU}Y���d, y∗ Æg+�

n

y

y*

n

y

y*

� 1.7 &~*�G!��Leb!�(#)�0 > f ′(y∗) > −1, ())�0 < f ′(y∗) < 1+1.5. �35�)u�
yn+1 = ryn(1 − yn), y0 = a. (1.21)z) y∗ = 0 }U9K'g��#�yr = 1− 1

r
}U9�k� r _X�g���g[�Æ f ′(yr) = −r+ 2,v r = 1 }U9�r+���x� f ′(yr) = 1, � r < 1 u yr )0�#� r > 1 u yr )��� 1 < r < 3u yr }U9,�g���#� r > 3 u yr gt},���{uSfkÆ
 (1.21) ���F���F=g[�y4��_XM+P�

(i) � 3 < r < 1 +
√

6(q 3.45) u�dN�Y>jU9�M) 2 ���
(ii) � r u 3.45 M 3.54 �su�dN�Y>jU9�M) 4 ���
(iii) � r �Uhwp��M) 8, 16, 32 ��:my7�{U7?r)FI07�3 (period doubling

cascade);

(iv) � r w
 3.57 �i��t7�Q (chaos)��, i
*�M|����x�F)g�x�%K_X�|wm{uS (1.21) g�h�M) 2n ��M��#Sh�M)dN�� n ��M��
(v) � r u 3.57 M 4 �s��"� r ��(1.21) �℄�m℄}_"��
ThUC���}g_"#}�&��
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(vi) � r > 4 ZT��"��|%l/����9� r = 1 Æ 4 �+P T�g���F�y�
� 1.8 ypL_���+�(#)��} 2 �[�({)��} 4 �[�())��+

1 1.5 2 2.5 3 3.5 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

3 3.2 3.4 3.6 3.8 4
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

� 1.9 Logistic �8C���	#�1 < r < 4; ()�3 < r < 4.x� 1.5 ���lFsF�Æ Logistic �7V?>XKBÆ �a �,L\�FE�*KB �:�\}<QD$<)^6��U,LqlE r = 3 ÆB�U� f ′(yr) = −1 D5?Æ�x}Y)�F �
}Y)��|ZÆB�^ gJoL (flip bifurcation). 
O+,�B<
�,L��9x)�F �
�|ZÆHopf oL (Hopf bifurcation). \%}B�xY}��3�nU�sÆ�2�,Lql�| 2 ÆZU f2 = f ◦ f ÆF ��|�UB<
Æ�|Z�F ����}`}�F9Z��sÆ�* y∗ U�|Æ 2 Zz}Y��� (f2)′(y∗) = −1 D�| 2 ÆZ�b}IB�l�|Z�\�B�^ FI07oL (period doubling bifurcation). E 3 < r < 3.57 qE�.�.Y�|,OB�5?�!
,Lql�B<
 (1.1) �UB<
Æ�:�E (1.2) z*3 ∆t = 1, K (1.1) �� =e<
�
yn+1 = yn + f(yn). (1.22)\Y_O/ (1.18)Æ_OB=ZX)�� 1.3zÆBjpU |f ′(y∗)| = 11FUO�� 1.2zÆ |f ′(y∗)| =

0�x\YQ%� (1.22) �^ UB<
�1 (1.18) �^ �7��U}�F
�%ZÆ�=�
§1.4 \x`�DRN82?�3 y(t)  }Y?0}�Æg'�t  DE�\G!F�Æ}�V℄UMalthus =�(Malthus, 1798)�

y′ = ky, k > 0. (1.23)
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Malthus V℄ÆZ y(t) = y(0)ekt 4Q)}�g'ÆqgOZ�$,}�g'�ÆD	�+�9Æl
?w��t�$OZ;�z}�gZO�1GV��t^ ��Æ�9U
y′ = yf(y), (1.24)\� f(y) U�$OZ; (grow rate per capita)�� y′  OZ;�y U}�g'�1 f(y) =

y′

y
�1838e�Vehulst �l)Logistic =��

y′ = ky(1− y

N
), (1.25)\� k > 0  !��$OZ;�N > 0 U:�eC`� (carrying capacity)�,LE� 1.3 z�9ÆU�C!NÆ Logistic V℄�

y′ = ky(1− y

N
)− h, (1.26)\� h U�$DEC!;�(1.25) � (1.26) Æ �a �hE 1.1 W� 1.2 W�>)�(1.26) zÆB��

h∗ =
kN

4
.^ !��e_Z! (Maximum Sustainable Yield)�1* h > h∗�}� y(t) }�E%FDE_Ry�

(1.26) z�9�$DEC!' }YXg�\EYY�!zU��Æ��(��o�+Y}d,RyÆ}�ÆC!$}Yp0�2}}C!<
_ (Logistic equation with constant harvesting effect):

y′ = ky(1− y

N
)− Ey, (1.27)\� E �<C!Æ`��1�$DEC!' Ey U��D}�g'`f1Æ�� k > E D�(1.27) ÆIGXb� (1.25) }y�1 k < E D�}���!|Ry�2}XHV℄Uu%Allee �$ Æ}�V℄:

y′ = ky(1− y

N
)(
y

M
− 1), (1.28)\� 0 < M < N�,L&�^ N  eC`��1 M ^ 7aXg (sparsity constant)�(1.28) u%%Y)�x�Z y(t) = 0 � y(t) −N�1 y(t) = M UF)�Æ�\Uu%j)�
 (bistability) !F�ÆV℄�

� 1.10 �*�k*;
�(#)��* ())�k*CGZ�.CGZÆ}��VN|U?0o>h\Æ+��<
 (1.26) � (1.27) U\�V℄Æ%Y�`_O�*�9CGZÆg'U}YXg r > 0�\G.CGZÆg'A��
y′ = g(y)− rc(y), (1.29)\� g(y) UECGZ 1DÆOZ;�1 c(y) UIYCGZÆ�$CG'�g(y) Æ%Y��1U (a)

Logistic OZ�" (b) Allee W�OZ�1 c(y) ��L!?[�?�o>Holling ÆCGZ��yg
(predator functional response) ÆQf�(1.26) � (1.27) zÆ��ygUXgyg c(y) = h �G
yg
c(y) = Ey�Holling �l-}^��Æ��yg�
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(�℄I)

c(y) =





Ey, 0 < y ≤ y∗,

Ey∗, y ≥ y∗,
(1.30)

(�℄II)

c(y) =
Ay

B + y
, y > 0, (1.31)

(�℄III)

c(y) =
Ayp

Bp + yp
, y > 0, p > 1, (1.32)\� A,B  fXg�\-���ygÆa�
xU�

(C1) c(0) = 0; c(y) U�Oyg�
(C2) lim

y→∞
c(y) = c∞ > 0.

� 1.11 DH[��zh (4#)�YhDH<�(4))�Yh�%DH<�(>#)�Holling �^ I; (>{)�Holling�^ II�(>))�Holling �^ III.}}� Holling �℄ II �sÆ��ygU Ivlev �℄�
c(y) = A−Be−ry. (1.33)�U Ivlev �℄/ Holling �℄ II �OÆ3�
x3�I��y�	lÆ&�F���U+,V℄Ægo
x��zÆU��ygÆ3�
x�FU�g_O��t�* c(y) A� (C1)�(C2) �

(C3) c′(0) > 0�
 c′′(y) ≤ 0 E y ≥ 0 D3�pp`��K,L��^ c(y) Um�Æ Holling �℄ II�1* c(y) A� (C1)�(C2) �
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(C4) c′(0) = 0�
{E y∗ M
 c′′(y)(y − y∗) ≤ 0 E y ≥ 0 D3�pp`��,L^ c(y) Um�Æ Holling �℄ III�E\}��=�Holling �℄ I,II � Ivlev �
m�Æ Holling �℄ II�<
 (1.29) E (Noy-Meir,1975;

Ludwig et.al.1978; May, 1977) z.% }}$/?�V℄^6�E (Noy-Meir,1975) z�y(t) U}}o0Æg'�1 r UYOG 0Æg'�E (Ludwig et.al.1978)z�y(t) U}}0.vi (spruce budworm) Æg'�,L! 1.2 WzÆB��>+ (1.29) %F�B1��9 g(y) A�}}m�Æ Logistic OZ�1
g(y) = rf(y), f(y) A� f(0) > 0, E (0, N) 3 f(y) ���G�f(N) = 0�(,LF�9 y(t) > N Æ�`
)�* c(y) Um�Æ Holling �℄ II ��yg�,L� r  B�Mg�KB����! r =

g(y)

c(y)
�<Q��℄ÆB��(=�

� 1.12 �^�C��: g(y) B�n� Logistic P[<, c(y) Vn� Holling �^ II. ℄� r∗ = f ′(0)/c′(0) V y = 0 4��=C��. 2 y = 0 �V~Zz�[.��	�
E� 1.12- (z�j)�
%�`5?�=OD�9 c(y) Um�Æ Holling �℄ III ��yg�\G�℄B�� � 1.13.

� 1.13 (1.29) �^C��: g(y) B�n� Logistic P[<, c(y) Vn� Holling �^ III.E� 1.13 z�$, c′(0) = 0�|� y = 0 �U}YF)�Æx�Z�1+,YY\yÆ g(y), c(y)�j)�
&o��lB ((� 1.13- () :��%%Y�XB(��E Noy-Meir, May �#Æ>'z��
1.13- (%�=ZX�~NOG 0S5 (r 1S5)�\G (1.29) �})�x��=V,eC`� N�$,o0g'hB.�OG 0O. (r O?)�Ko0g'~NG5�2})�ZlB��o0g'&�'fE�Æ)�x�Zlx��U r b}IO��\t)(6Æ�X�B�� r = r∗, � �Æ)�x�ZzB�UB�



14o0g'��OtVÆ)�x�Z�o0g'Æ0w=OM
��?{ÆOG 0{5?G0�&�\D r ��=O��1 r Æ�V=OF��MOG 0g'��V)�x�ZÆ5�2�|�EZDE_o0s`'fE�g'lx�ntOG 0 r Æg'OtV,2}B�� r = r∗�x1*}Y\yÆp�t
xÆ~N�\}�1KNÆt
.!�ZXEYY?�:�z}Y 0o0Æ�|9��.^ Hysteresis�,LE
O�!%95�B<
^g��ZXHysteresisÆ�|BS�

� 1.14 Hysteresis CTR	�
(1.29) {u%}YC�B�Xb (� ??). �.D	HysteresisÆB��U$��ÆB��
tC�B�V?Æ.

HysteresisBSEgo3<B z��X�B�Æ5?�:�
�$}Y)�x��	>
2})�x��Æt
�1\	>UF�d�Æ�2}<Bl\}BSÆ?0V℄ 
y′ = a− by +

ryp

hp + yp
, a, b, r, h > 0. (1.34)*g�YY a, b, h > 0�� r  B�Mg�\G (1.34) ÆB��{�lB Hysteresis Æ
��9�(1.34)E (Carpenter et.al.1999, Scheffer et.al. 2001)�z�l�y(t) ��U}Y
BzlG5��x0Æg'�aU�x0O?;�b U�x0.5Z;�r U�x_Jp�;�

1

2

3

4

5

6

7

8

x

0 1 2 3 4 5 6 7

r� 1.15 (1.34) �C���℄� a = 0.5, b = 1�



15?0oz�95V℄sFAs�,L
�}Yj��1V℄z>G
NÆ�g_O>F�z�1>G
NÆ��
���
p��x�>G
ygÆ/x
x�$,\}oL�,L�9}�_OÆV℄
(1.24)�,L$�=���
(1) * f(y) E [0,∞) 3U�GÆ�̂ (1.24)  Logistic ℄�
(2) * f(y) E [0,∞) 3U?O
GÆ�̂ (1.24)  Allee W�℄�
(3) * f(y) E [0,∞) 3U�GD�O!
�GÆ�̂ (1.24)  Hysteresis ℄�\}��s$,�$OZ; f(y) Æ��
�1>> f(y) 1�ÆYg�,L}��9{E N M
� y > N D�f(y) < 0�+, Allee W�℄"Z Hysteresis ℄�f(y) �`�%.Y1��|�,L�� (1.24)  
 Allee W�℄"Z Hysteresis ℄�*�OÆ��A��
 {y > 0 : f(y) < 0} %%Y�
Bm�GK,L^m + Allee W�℄"Z Hysteresis ℄ (� 1.16)�+, (1.24), + Allee W�℄"Z
Hysteresis ℄� Logistic ℄H%/x�=��,L�E
O9�Æ/<
DD�9\Y>G
<
�

� 1.16 �%P[< f(y) �C� (4#):Logistic ^; (4{): , Allee X�^�(4)): � hysteresis ^;(>#): � Allee X�^�(>)): � hysteresis ^
§1.5 \x`�DN8/BqmGR?��.?0o>^9k,!�/ÆUB<
�Qe?0}�YgÆOZ9�o:�h.UB<
/I�Æ�B<
�s�( (�/) Malthus V℄�

yn+1 = yn + byn − dyn = (1 + b− d)yn = λyn, (1.35)\� b U�$l?;�d U�$p�;�λ U�$?{; (per capita survival rate)�(1.35) ÆZU yn+1 =

y0λ
n. |�� λ > 1 D}�YgA�qgOZ�� 0 < λ < 1 D qgiG�>G
V℄_ 

yn+1 = ynS(yn), (1.36)
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S(y) U>G
�$?{;�?0o>E1Sgt�V℄�l)[}�`Æ S(y)�(E (Bellows,1981) z�lÆ Bellows V℄�
yn+1 =

λyn
1 + (ayn)b

, a > 0, b ≥ 1, λ > 0. (1.37)� (Hassell,1981) z�lÆ Hassell V℄
yn+1 =

λyn
(1 + ayn)b

, a > 0, b > 0, λ > 0. (1.38)

(Ricker,1954) z�lÆ Ricker V℄�
yn+1 = byne

−yn , (1.39)

(Beverton-Holt,1957) z�lÆ Beverton−Holt V℄�
yn+1 =

ryn
1 + yn

. (1.40)1,LE� 1.5 z�9Æ Logistic UB<
U (May,1977) z�lÆ�\{U�*Qf�}v.�l�,L{��N S(y) $}YB��
(1) * S(y) U���GÆ�̂  Compensatory ℄�
(2) * S(y) U?���O
���GÆ�̂  Allee W�℄�E Compensatory ℄z�D�9 F (y) = yS(y)�\G

(1a) * F (y) U���GÆ�lim
y→∞

F (y) = 0, ^ under− compensatory ℄�
(1b) * F (y) U?���O
���GÆ�lim

y→∞
F (y) = 0, ^ over− compensatory ℄�

(1c) * F (y) U���OÆ�lim
y→∞

F (y) = C > 0, ^ exact − compensatory ℄�(� 1.17)�(E BellowsV℄ (1.37)z�� 0 < b < 1D under-compensatory℄�� b > 1D over-compensatory℄�1 b = 1 D exact-compensatory ℄.+,�OÆ F (y)�,L%�=���X(1.4. i F (y) = yS(y) }	��wJ��B8 (1.36) �dN��+ {yn} ℄)	��wa	��u��`��&ÆU9g��a%lÆ ±∞�,L	�
 F (y) = λy(1 − y)(Logistic), F (y) = bye−y(Ricker), F (y) =
λy

1 + yb
(b > 1) "
, over-

compensatory ℄. �! 1.3 WzgpV
B1<6, ��

�yÆx)�F ��
�|,OB��nt�*ÆB��.
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� 1.17 �|zh F (y).(#):under-compensatory ^; ({):exact-compensatory ^;()):over-compensatory ^.

§1.6 V�:/}i
1. �l y′ =

(y + 2)(y − 5)

y − 4
ÆIG�>x� y(0) = 0, y(0) = 3.5 ÆZÆKda �

2. Xl y′ =
y3

y − 1
, y(0) = 2 ÆZÆ!�{E�E�

3. Xl y′ = y(1− y)− y

3y + a(1− y) ÆB����lB���
4. Xl y′ = y(1− y)2 + k ÆB����lB���
5. Xl y′ = y(1− y

50
)− ay

5 + y
ÆB����lB���

6. E Beverton-Holt V℄ yn+1 =
ryn

1 + yn
z�3 xn = 1/yn �K xn A�}YG
UB<
�Y
tZ\YG
<


 Beverton-Holt V℄�OZ�

7. �9 Bellows V℄ yn+1 =
λyn

1 + ybn
(b > 2),

a) Y�l$/B�� (>x7F �)�>x�B��℄�
b) ! Matlab �lF� λ pÆ�℄Zq��>�lB���

8. iS�� 1.4�
9. �9}�Z!V℄ (1.29)

y′ = g(y)− rc(y),\� g(y) A�m�Æ Logistic OZ�c(y) A�m�Æ Holling �℄ II �J (C1), (C2), (C3)��>
(1.29) ÆB��EFG�J= � 1.12zÆ%}��*ez�} g(y), c(y) Æ�J�S�ezFGyÆ�J�
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Ub9 `7.>�
§2.1 ��	�H;�kG
�B<
� 




x′ = ax+ by

y′ = cx+ dyu%%Y9' x(t), y(t), a, b, c, d ∈ R. <
��Z`(=r` – Q'_O�
d

dt

(
x

y

)
=

(
a b

c d

)(
x

y

)"
dY

dt
= A · Y, Y (0) = Y0, (2.1)E\��Y =

(
u

v

)
, A =

(
a b

c d

)
. (2.1) u%qg_OÆZ Y (t) = eλtV , Nt_O�) (2.1) ,L



AV = λV , 1 (λ, V ) � r` A Æ�bp��bQ'�$t�.b}IÆG
�glJ


�b<
�
λ2 − (a+ d)λ+ ad− bc = 0, (2.2)\� T = a+ d U A Æ� (trace), D = ad− bc U A Æ�3℄ (determinant), |� (2.2) 9 �

λ2 − Tλ+D = 0. (2.3)��, A Æ�bp�(2.1) ZÆ}�_O �
(a) λ1 6= λ2, K Y (t) = c1e

λ1tV1 + c2e
λ2tV2;

(b) λ1 = λ2, K Y (t) = c1e
λ1tV1 + c2e

λ2t(V1t+ V2), \� V1, V2 A� AV1 − λ1V1 = 0, AV2 − λ2V2 = V1.

λ1 6= λ2 Æ��&
 λ1, λ2 = α±iβ Æ�`
�I+,ZÆ�g_O�,L^h\ZÆ�
B1�}U35<
�ÆZ%3}<Q<O�℄?U�Pl� (solution curve), 1 t-xy xO3Æ�O (
t, x(t)

)
,
(
t, y(t)

)
.

t

0

x(t)

y(t)

0

t

y(t)

x(t)

y(t)

x(t)

0

t� 2.1 ~V46Hd=d [��P�(#)���[!-z�[�, ({)�_�[!-z�[�())��}[�
19
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� 2.2 ~V46Hd=d [�J��(#)���[!-z�[�, ({)�_�[!-z�[�())��}[�2�� (
x(t), y(t)

) �` x − y xO3}Y� ��Æq��\G x − y xO3|%q�Æ,�b`<
�Æ
l (phase portrait), x − y xO^ 
G: (phase plane). ZÆ�O�I�ÆQfW!,G
">G
Æ�y:�.U"<
��1U"Æ
 � (phase space)Uq�|E�E�I�Æ3�Xb�Yr` A Æ�b<
 (2.3) �x��}���! (T,D) Æp�x�I��� 
λ1 + λ2 = T, λ1λ2 = D, '�


(A) T > 0, D > 0, T 2 − 4D > 0, K λ1 > λ2 > 0;

(B) T < 0, D > 0, T 2 − 4D > 0, K λ1 < λ2 < 0;

(C) D < 0, K λ1 < 0 < λ2;

(D) T > 0, D > 0, T 2 − 4D < 0, K λ1, λ2 = α± iβ, α > 0;

(E) T < 0, D > 0, T 2 − 4D < 0, K λ1, λ2 = α± iβ, α < 0.\}B���<8�!T-D G:l (Trace-Determinant plane)�<Q�
D

T

A

B

C C

E

D

D

T

stable unstable

unstable unstable

� 2.3 ) - b,PzP��O|+/��b℄BHE T-D xO3"�<}Y~�,�\Y~�,zEÆ6\ T = 0 (A /
C, B / C mE), D = 0 (D / E mE)�� T 2 − 4D = 0 (B / E, A / D mE)�\Y6\G3�<Æ
(T,D) |+�I�/ (A)-(E) |<QÆF���U\Y6\GE T −D xO3U1Q%,���t��% (A)-(E) �<)�.gI��,LqlE T = 0 D�(2.1) %}�nG ax+ by = 0 Æx���1�}



21��= (0, 0) U (2.1) �}x���� D = 0, T > 0 D�(2.1) ÆI�%.�.Y�\�8�|q��!7���}��= (2.1) H%>x7�|Z
�� T 2− 4D = 0D�(2.1) Æq�^,��/^�℄mE�1/�m;lBÆI� (A)-(E) H=��
 
 

 
 

 
 

 
 

 
 

 
 

u

v

 
 

 
 

 
 

 
 

 
 

� 2.4 (2.1) �^J��(4#)�λ1 > λ2 > 0 G*�Y� (source # unstable node), (4{)�λ1 < λ2 < 0 *�Y� (sink #
stable node), (4))�λ1 < 0 < λ2 �� (saddle); (>#)�λ1 , λ2 = α ± iβ, α < 0 *��m (spiral sink # stable spiral), (>))�λ1, λ2 = α ± iβ, α > 0 G*��m (spiral source # unstable spiral)E/��℄I�z�E)�X��)�?lz�,L^7� (0, 0)  rX (stable)x����}-�U;rX (unstable)x����t�}Yx��)�Æ�JU�

T < 0, D > 0, (2.4)1F)�Æ�JU
T > 0, D > 0 " D < 0. (2.5)
O,L��
)�/F)�mEÆB\G�UB�5?Æ�<�

§2.2 ��n	�H;�k>G
xO:�Æ_O � 


x′ = f(x, y)

y′ = g(x, y).
(2.6),L}��9�0C (vector field) F (x, y) =

(
f(x, y), g(x, y)

) U R
2 → R

2 Æ�k��yg�\G+,$� (x0, y0) ∈ R
2, (2.6) %�}A� (

x(0), y(0)
)

= (x0, y0) ÆZ�}Yx�Z (x0, y0) ∈ R
2 A� f(x0, y0) = 0 � g(x0, y0) = 0. (2.6) E (x0, y0) ÆG
�<
 �

dY

dt
= J · Y, (2.7)



22\� J U Jacobian r`�
J =




∂f

∂x
(x0, y0)

∂f

∂y
(x0, y0)

∂g

∂x
(x0, y0)

∂g

∂y
(x0, y0)


 .*{E (x0, y0) Æ}Y02 U M
+$� (x, y) ∈ U , � (x, y)  kpÆ (2.7) ÆZ (

x(t), y(t)
) A�

limt→∞
(
x(t), y(t)

)
= (x0, y0), K^x�� (x0, y0) U)�Æ�GK^ (x0, y0) UF)�Æ��O	��,L\� <8�H!�3Æ)�
���E}�Æ'Dz^�3Æ�� Æ�rX (asymptotically

stable). \G�s,}5<
Æ���,L%�=G
)�
���X(2.1. i F = (f, g) : R
2 → R

2 }%K�'��(x0 , y0) }U9KQ��T, D } Jacobian �} J(x0, y0)�eMF+z�
(a) i T < 0, h D > 0, v (x0, y0) }U9,�KQ��
(b) i T < 0, D > 0 a D < 0, v (x0, y0) }U9g,�KQ��
(c) i T, D 6�N��w�,�G/&g J ���+2.1. �3h54�� 




x′ = 2x(1 − x

2
)− xy

y′ = 3y(1− y

3
)− 2xy

. (2.8)

(2.8) �KQ�6�)u� 



2x(1 − x

2
)− xy = 0

3y(1− y

3
)− 2xy = 0

.�Z��>	9KQ� (0, 0), (2, 0), (0, 3), (1, 1). g� 2.1 h Jacobian �}kÆ���(0, 0) }g,����(1, 1) }�g,�
S��# (2, 0), (0, 3) �},����x��.�G
�\l)x��MdI�Xb� )�9F�dx��Æ�Æ �a �,L��
(2.7)Ænullcline (isocline) Nx = {(x, y) ∈ R

2 : f(x, y) = 0} (x-nullcline), Ny = {(x, y) ∈ R
2 : g(x, y) =

0} (y-nullcline). }� Nx � Ny "U R
2 3Æ�G�1 f(x, y)� g(x, y)Æ4bG�
�'��l Nx∩Ny 1 (2.7)Æx��,��Q' (f, g)E R3��!�<QÆG(<Q�\GQ'W (f, g)��! R

2 3h.\yÆQ'<Q�Nullcline Æ3��� �Nx � R
2 3|%M
Q' (f, g)  rn<QÆ (↑ " ↓)�Ny� R

2 3|%M
Q' (f, g)  lx<QÆ (← " →)�1 Nx ∪ Ny N R
2 �V`*S�
~�,�f� g EIY�
Æ~�,zI�OF9Æ�Nx " Ny {$x��BV`}Y�
Æ�G(�E Nx Æ�
�G(3���!}Y�IÆÆG(<QQ'W<Q�↑�*
�↓�℄
�E Ny 3 ←�3
�→��
�1 R

2 3% Nx ∪Ny BV`Æ~�,_J�{��$}Y�IÆG(<Q (f, g) <Q�տ�3*
�ր��*
�ւ�3℄
" ց��℄
�� 2.1 zÆ<
ÆQ'<QH=��\�,La�9 x ≥ 0, y ≥ 0).Q'qQ��s�}UzÆIG�E}Y��=�\�h��x�I�Æg�Xb��(E (2.8) ÆQ'qQ�z�Nullclines  x = 0, y = 0, x + y = 2 � 2x+ y = 3�~LN�}SF�` A,B,C,D qY�
�,�*kp (x0, y0) ∈ C, 4% lim
t→∞

(
x(t), y(t)

)
= (0, 3); 1 (x0, y0) ∈ B, lim

t→∞

(
x(t), y(t)

)
= (2, 0); *

(x0, y0) ∈ A�K%-}�`�
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D

A

B

C

•

•

•

•

(1,1)

(0,0) (2,0)

(0,3)

 
 

 
 

 
 

•

•

• •(0,0) (2,0)

(0,3)

Γ
2Γ

4

Γ
1

Γ
3

� 2.5 (#)�(2.8) � Nullcline�z��/R(=RrR. ())�(2.8) �G:6`�z��R	�
(A1) (x(t), y(t)) b) B;

(A2) (x(t), y(t)) b) C;

(A3) lim
t→∞

(x(t), y(t)) = (1, 1).1x A N55q�"A� lim
t→−∞

(x(t), y(t)) = (0, 0). X��� 2.1�,Ll�A� (A3) Æq�s%}��1x�� (1, 1)�l5��1 lim
t→−∞

(x(t), y(t)) = (1, 1)
Æq�{s%I+Æ%��}��nA� (A3) Æq� (1, 1) Æ)�q� (Stable orbit), 1x (1, 1)�l5�Æ (1, 1) ÆF)�q� (Unstable orbit).~L{` )�5_ (Stable manifold) "F)�5_ (Unstable manifold). rW�n���MdQ'W�<
q�ÆXbez! Hartman-Grobman ���F95_ (Invariant Manifold) ���iS�\U �:�Æ%��z
<�Æ���,L\�FE�e�+x�2 D l5Æq��$�sÆB1�X�)�/F)�5_ÆXb�,L

2}I�ÆQ���H� 2.5 (
�E\YQ��z��T[Yx��Æq�# �z�}�A�
lim

t→−∞
(x(t), y(t)) = (x1, y1), lim

t→∞
(x(t), y(t)) = (x2, y2)Æq�^ �Tx�� (x1, y1) � (x2, y2) Æ�wq� (heteroclinic orbit) * (x1, y1) 6= (x2, y2), "^ �wq� (homoclinic orbit)* (x1, y1) = (x2, y2). �w/�wq��^ �Tq� (connecting orbits).E (2.8) zn (2, 0) � (0, 3) mE���}I+x��3"%}��wq�I�T�\Y�wq���^ B�q� (separatrix, r_ separatrice), � * (x0, y0) E Γ1((0, 0) →

(1, 1)) / Γ2(∞ → (1, 1))�1 (1, 1) Æ)�5_
3<�}�% lim
t→∞

(x(t), y(t)) = (0, 3), 1E Γ1

⋃
Γ2 =<�lim

t→∞
(x(t), y(t)) = (2, 0). +$�)�x�� (x1, y1) ,L��

B ((x1, y1)) = {(x0, y0) ∈ R
2
+ : lim

t→∞
(x(t), y(t)) = (x1, y1)}. (x1, y1) Æ5�q� (basin of attraction), K Γ1

⋃
Γ2 �}U (2, 0) � (0, 3) ÆB��G�\U FG,L^m B�q��(2.8)U}Yu%j)
 (bistability) Æ:���s,}5<
 (1.28). Γ3((1, 1)→

(2, 0)) / Γ4((4, 1)→ (0, 3)) {�^ B�q��� * (x0, y0) E Γ3

⋃
Γ4 3<�lim

t→∞
(x(t), y(t)) =∞, *

(x0, y0) E Γ3

⋃
Γ4 =<� lim

t→−∞
(x(t), y(t)) = (0, 0). }���Æ)�/F)�5_�^ B�q��\y,



24L+� 2.1 zÆ<
 (2.8) �h$)KfÆ�
B1�\YB1+}�35<
� (2.7) "��ba�̂m I�B1 (phase plane analysis). }�~&

(1) Nullcline .Q'W<QB1;

(2) x���Jacobian r`�)�
B1;

(3) ��B�q���w/�wq�B1;

(4) �|q�B1.

(2.7) Æ�|q�Uq{E T > 0 M
 (x(t), y(t)) A� x(t + T ) = x(t), y(t + T ) = y(t), ∀t ∈ R. E (2.8)ÆB1z,Laba) (1)-(3)��U,L��!Q'W<QB1knE R
2
+ Æ�|q�Æ{E
�E 2.5Wz,LN^6 (2.7) �|q�ÆB1<6�

§2.3 \x`�DD

/DoqmGN?�!HÆV℄N,Jr�o> Lotka(Lotka, 1920) ����go> Volterra(Volterra,1925)ÆV℄




x′ = ax− bxy,

y′ = −cy + dxy,
(2.9)\� a, b, c, d > 0. \U!F�ÆCGV℄ (predator-prey model), x(t) U.CGZ (prey) Æg'�y(t)UCGZ (predator) Æg'�E}Y�}+iz�CGV℄{^ U�Z – �9V℄ (consumer-

resource model), \G x(t) U�9�y(t) UU�Z�̂ }�ÆCGV℄U



x′ = xf(x) − h(x, y)
y′ = yg(y) + r(x, y),

(2.10)\� f, g B=U x, y Æ�$OZ;�h(x, y), r(x, y)  R
2
+ 3Æ>Lyg��<.CGZ_v�CGZ_
Æ
%�f � g ��� 1.4 WzÆ[�OZVO��*CGZr���,!�.CGZ1?{��.D	�� g(y) = −d >t g(y) = −d1 − d2y, 1 h � r Æ_O��A�

h(x, y) = kr(x, y), (2.11)1.CGZ_v
%/CGZ_

%`f1��9 (2.11) z h(x, y) !XH_O 
h(x, y) = φ(x)y, (2.12)\� φ(x) pU 1.4 Wz^6ÆCGZ��yg (predator functional response)�1CGZ+.CGZg'%l9���x�CGÆ.5�\G 1.4 WzÆ��yg"W!,\��E (2.11),(2.12) �9=ÆCGV℄ 




x′ = xf(x) − φ(x)y

y′ = yg(y) + kφ(x)y.
(2.13)E'Dz (2.13) hX.^ Rosenzwig-MacArthur CGV℄�(Rosenzwing-MacArthur, 1963), E3CS= 70 e��Rosenzwig, May �?0o>E��o�(Science) 3Æ3s>'�>) (2.13) Æ?0���h



25.go>E 70-80 e�Æ_%M (2.13) Ægo�>rW�
^?�1�,LNE 2.5 W+ (2.13) $KfB1�E\Y_%z�(2.13) _ 



x′ = ax(1− x

N
− φ(x)y

y′ = −dy + kφ(x)y,
(2.14)�z a, d,N, k > 0, 1 φ(x) U 1.4 Wzm� Holling �℄ II yg�!
,LqlE (2.13) " (2.14) Æ<
z�3 y  Xg�1

}5CGV℄ (1.29)�$,CGZ}�?U�|Z�Y�g'9�;C,V℄CGZÆ9���tE'ÆDE�E3���% y(t) UXg�E\}��= (1.29) U (2.13) Æ}Y$}0d�de�n)_( (2.13)ÆCGV℄�(Beddington, 1975)� (DeAngelis�1975)�9)(= Beddington-

DeAngelis V℄ 




x′ = rx(1 − x

k
)− mxy

a+ by + cx

y′ = −µy +
ǫmxy

a+ by + cx
.

(2.15)E (2.15) z3 a = 0, K<
9 




x′ = rx(1 − x

k
)− mx

b+ cx/y

y′ = −µy +
ǫmy

by/x+ c
.

(2.16)\U}}��,CGZ - .CGZg'1pÆCGV℄ (ratio-dependent model)(Arditi-Ginzburg, 1989).ECGV℄ (2.10) z�%Y?0}�}Y_v}Y_
�*%Y}�"EÆ h: (interaction) z_v�\yÆV℄^m l
V℄ (competition model), \G�s (2.10), ,L���}�l
V℄Z$



x′ = rf(x) − h(x, y)
y′ = yg(y)− r(x, y).

(2.17)���l (2.8) pU (2.17) Æ}Y���%YF�}�mEÆl
U}�El
 (interspecies compe-

tition), �}�_JF�Y�Æl
 }�_l
 (intraspecies competition). }5 Logistic <
���%}�_l
Æ}YF�_O�1Y�g'O?F�,eY}�OZ�* (2.17) z f, g  m� Logistic℄�\G (2.17) :�9)}�El
�*&
)}�_l
�l
V℄Eh6o�%Y2|l
+\
�{To�%jPT{*
{m �!�*%Y}�"EÆ h:z_
�1




x′ = rf(x) + h(x, y)

y′ = yg(y) + r(x, y).
(2.18)\}�V℄ Æ�V℄"�%V℄ (cooperative model, mutualism model).���go> VolterraE 20 S= 20-30e�+\-�<
Æ�`_O%):�sn�}snÆ<
��}Z` 



x′ = x(a+ bx+ cy)

y′ = y(d+ ex+ fy),
(2.19)



26\� a, b, c, d, e, f ∈ R. '��l%Mgp�N (2.19) � �3|e-�<
�(2.19) ^ Lotka-Volterra<
��2}<
Æ}�_OU 



x′ = rf(x, y)

y′ = yg(x, y).
(2.20)+,CGV℄�,L�9 ∂f

∂y
(x, y) < 0 � ∂g

∂x
(x, y) > 0. \}_O^ KolmogorovCGV℄�=O,L�
�o9��V℄�Lotka E 1920 eÆ>'zp� (2.9) Qe)=O}Yj+Æ�o9�

A+X −→ 2X, X + Y −→ 2Y, Y −→ P, (2.21)\� A �<.CGZÆx*�X �<.CGZ�Y �<CGZ�P �<p�)ÆCGZ��9 A Æg' Xg�CGZp�; Xgp

 (2.9)�\�}Y$/�9pU�o9�
mA+ nB −→ C (2.22)5?Æ�`
� [A]m · [B]n `f1�\� [A], [B] B=U�o0x A,B Æg'"g%�m,n Ufeg�1 m Y A B�� n Y B B�M?\}9��m + n U\}9�ÆUg (order).E?0�oz2}XHBSU�z�9� (autocatalytic reaction)�z�5UE�o9��
g'F9Æ9�0�1�z�5UM?)$�}�o0V?�/;Æ�o0x��=}Y��% g'F5?9�Æ�o0x�}Y�z��o9���Z`

mA+ nB
k1−→ (n+ p)B, (2.23)\� m,n, p ∈ N. \}9��<Q 




A′ = −mk1A

mBn,

B′ = pk1A
mBn.

(2.24)* (2.23) zÆ9�U�dÆ�1
mA+ nB

k1
⇋
k2

(n+ p)B. (2.25)K9�ÆV℄ 



A′ = −mk1A

mBn +mk2B
n+p,

B′ = pk1A
mBn − pk2B

n+p.
(2.26)$,�3|+$/7��}Y�o9�ÆV℄.M��(Schnakenberg, 1979) �9�z��o9�

2X + Y −→ 3X, A −→ Y, X ⇋ B, (2.27)>�9 A � B 'fX'�K 


x′ = x2y − x+ b,

y′ = −x2y + a,
(2.28)\� x = [X ], y = [Y ], a = [A], b = [B].2%Y�sV℄U
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(a) �o> Prigogine  ℄Æ Brussel ol (Prigogine, 1978) !�o9�
A −→ X, 2X + Y −→ 3X, B +X −→ Y +D, X −→ E (2.29)	lÆ Brusselator V℄ 



x′ = a+ x2y − (b+ 1)x,

y′ = bx− x2y,
(2.30)

(b) �o> Gray � Scott(Gray-Scott, 1983, 1984) �9Æ�o9�
U + 2V −→ 3V, V

k−→ P (2.31)�D�9Xg' F Æ U .?)9��1�g'Æ U � V .�nl9���\yp






U ′ = −UV 2 + F (1− U),

V ′ = UV 2 − (F + k)V.
(2.32)E3O\Y�o9�V℄z�9�; (reaction rate) }n.�9 /I}M?9�Æ9�0g'`f1��t,L

Æ<
�z"Uw%.NO>G
N�EYY�J=9�;�`zYY9�0g'5?�}9��(Lengyel-Epstein, 1991) �9) CIMA �o9�

A
k1−→ X, X

k2−→ Y, 4X + Y
k3−→ P, (2.33)\� k1, k2  Xg�1 k3 = k4/(k5 +X2)��t,L%





x′ = k1 − k2x−
4k4xy

k5 + x2
,

y′ = k2x−
k4xy

k5 + x2
.

(2.34)h.?0t
&
}}* 5 (activator) �}}�w5 (inhibitor). (Gierer-Meinhardt, 1972) �l}}* - �w<
� (activator-inhibitor system)





a′ = ρa2/h− µaa+ ρa,

h′ = ρa2 − µhh+ ρh,
(2.35)\� a(t) U* 5�h(t) U�w5�ρa, ρh B=U%}�o0xV?;�1 µa, µh B=U%}�o0x�$iG;�* 5� a2 N*5%}�o0xÆV?�1�}Y<
z h−1 N�<)�w%!�,L�%Y��F�+iÆV℄Xf/W��r?�o> Hodgkin � Huxley E (Hodgkin-Huxley,

1952) sn	-M=hq	Æt
z�l}Yq9'>�yX�B<
��!�V
=hq	zÆ %�$ (action pontential). (FitzHugh, 1961) � (Nagumo, et. al, 1962) F�) Hodgkin-Huxley V℄��l) FitzHugh-Nagumo V℄ 


V ′ = V − V 3/3−W + I,

W ′ = a(V − bW + c),
(2.36)�z V (t) U<%X3Æ�$�W (t) U}Y�K9'�I U�u*Æ�V�a, b, c UfMg�



28 !
,L�
?�o�(Klausmeier, 1999) �>)ES|��3o0?ZÆV℄�



w′ = a− w − w n2,

n′ = wn2 −mn.
(2.37)\� w (t) UlÆg'�n(t) Uo0g'�a UOl'�m Uo0p�;, −w NUla5'�−wn2 NUl.o05�Æ'�wn2 Uo0?Z;��Oql,LÆ+lh.V℄{�9)�E95�,LE\�?�=\}�u�1	�V℄zÆ0xEÆ9�/%!�

§2.4 mGRn2t| (nondimensionalization)goV℄zÆ9' (variable) �Mg (parameter) "u%}Y'T (dimension)�1lJX'"9'Æg'/$/0�'mEÆh:�Er;�$wz%�Y$/0�'�Z% (L), x' (M), DE (T),�5 (I), "�o&% (Q), 0xÆ' (N) �5l
% (J). E?0}�V℄z�?0Y�ÆgZ{���`}Y$/0�' (S). \G}�V℄zÆX/9'Æ'T"U\Y$/0�'Æ	l'�+2.2. �3 Lotka-Volterra ���D



x′ = x(λ − ax− by),
y′ = y(µ− cx− dy).

(2.38)v:_(Mk��(5h5�_( (5 k� (5
t T λ T−1

x S1 a T−1S−1
1

y S2 b T−1S−1
2

µ T−1

c T−1S−1
1

d T−1S−1
2.;�Æ_(UU�hb[1 (�(5�{!.;)Z{ x M y �Zb��ZZ+ x M y �(5�#k��(5�g_(�(5M'+)u����b[ov)�q q �(5) dim(q)


(a) i z M t �(5) Z M T , v dz/dt �(5) ZT−1.

(b) i A = B, v dim(A) = dim(B).

(c) i A±B y7u)u
�v dim(A) = dim(B).g'Æ'T�.!�F�<
ÆXb�G5MgÆYg�,L��
tG
9���[9'�z�[9'Æ'T 1, 1x7'T (dimensionless). ,L�� 2.2 zÆ<
�vQ\}t
 —- >'T�
(nondimensionalization).



29�� s = λt,X = ax/λ, Y = dy/λ, K'�wi (s,X, Y ) z x7'T�$�'B"O6K

dx

dt
=

dx

dX

dX

ds

ds

dt
=
λ

a

dX

ds
λ =

λ

a
X(λ− λX − bλ

d
Y )



dX

ds
= X(1−X − b

d
Y ).�s�


dY

ds
= Y (

µ

λ
− c

a
X − Y ).3 A = b/d,B = µ/λ,C = c/a, K (2.38) �� � <8�H�,L&M! x, y 1> X,Y





x′ = x(1 − x−Ay),
y′ = y(B − Cx− y).

(2.39)���

t%)Y>'T�ÆG
9��7<
 (2.38) zÆ 6 YMgG5
.'T<
 (2.39) Æ 3 YMg�1[MgU7MgÆ���[<
 (2.39) %S5Mg�|�^'�%b}IB1�\Y��zÆ<6��!,|%�!zÆV℄�~Ægo7�U'TB1zÆ Buckingham π–���\�,LF$rWÆ>e�s�uie}=O��Æw�: *}YgoV℄H�<
z&w n Y0�g'�:��U9'{��XgMg
�1\ n Yg'"��! k Y#�Æ$/0�'<Q�\G7<
�
tG
9��� }�s&w n − k Y.'Tg'Æ[<
�Buckingham π– ��E�>3'i)\yÆ.'T�ÆG
9�Æ{E
��U\yÆ.'T�G
9���FU�}Æ�snZ��
t�4Æez�nJ��ÆG
9��

�4|ezÆ<
_O�+2.3. �3 Rosenzwig-MacArthur ev�D





x′ = Ax(1 − x

N
)− Bxy

C + x
,

y′ = −Dy +
Exy

C + x
.

(2.40)B8)u
1 (�(5h5a_( (5 k� (5
t T A T−1

x S1 N S1

y S2 B S1S
−1
2 T−1

C S1

D T−1

E T−1U�*(5X_[)
s = Dt, X =

x

N
, Y =

By

NA
,v (2.40) ��X) 




dX

ds
= aX(1−X)− aXY

b+X
,

dY

ds
= −Y +

dXY

b+X
,

(2.41)



30{! a = A/D, b = C/N, d = E/D. .;T�Z�^0U_[
s = At, X =

x

C
, Y =

By

CE
,v (2.40) Z�X) 




dX

ds
= X(1− X

k
)− mXY

1 +X
,

dY

ds
= −θY +

mXY

1 +X
,

(2.42)N
 k = N/C,m = E/A, θ = D/A.(2.41) M (2.42) �}.O Buckingham π– � �/(5)u�
'zu�zk�� fm:hl��(2.40) 
4�vsE$ N Mevz�%4 D u (2.41) 
�℄�(2.40) 

A M B u (2.41) s)U�� a. # (2.42) y (2.40) 
�evz	+wq4 A M\dJ�
� C �℄��uT'9:V f<�4� B M E �U) m.goV℄Æ>'T���F�<
�}�U+,}YKB<
%�
�'B1Æ�}I�
§2.5 H;�kRqNÆGJwOqz/�95<
�s�>G
35<
� (2.6) z5B���xx�ZÆ{E
�)�
l5�(s<
Æ�gXbF�KB�,L��nT�lx�Z��
xZÆ_O�m)B�Æ5?�+2.4. .;�3*(5X� Lotka-Volterra���D (2.38). g x−nullcline : x = 0, 1−x−Ay = 0M
y−nullcline : y = 0, B−Cx− y = 0��Z�Æ	9�E�KQ��(0, 0), (1, 0), (0, B), (

1−AB
1−AC ,

B − C
1−AC ).`) x M y }'9�_�(��Z.;	�3 x ≥ 0, y ≥ 0 �U��B8�	9KQ�6� x ≥ 0, y ≥ 0��EGW�jk� A,B,C. {!.;B� A M C, Z B )+Pk��B8hZ5'�U�+b�5�

(a) 1 − AC < 0, i C > A−1. � (2.38) 
�Z�Æ A M C +b}'9)u
�� f< xy �4��`� AC > 1 �a��R�|��.;r�)R�� (Strong Competition).

•

•0

1

A−1
•

C B

x

•

•

•0

1

A−1
•
C B

x

•� 2.6 mdW^ (2.38) � B !Nh�C���(#)�AC > 1��md, ())�AC < 1�,md�B8.;�Zf 2.6- ���>>�� (1−AB
1−AC ,

B−C
1−AC ) �+P�̀ ) 1 − AC < 0 h C > A−1,v>��	u A−1 < B < C 
�u�#� B = A−1 u>��l (0, B) �O�#� B = C u�>��l (1,0) �O�{R.;�Æ 2.6- ��+P ��H Jacobian �}kÆ�ZÆ� (0, B) u

B < A−1 u)g,��u B > A−1 u),�; �
� (1, 0) u B < C u,��u B > C ug,��#>��u A−1 < B < C }g,���wlm{�}" 2.1 
�5��,�G�?�
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y

x

•

• •

 
 

x

y

•

• •

 
 

x

y

•

•

•

•

 
 

x

y

•

•

• •� 2.7 mdW^ (2.38) �J��(#4)�B > max{C, A−1}; ()4)�0 < B < max{C, A−1}; (#>)�C < B < A−1; ()>)�A−1 < B < C.

(b) 1 − AC > 0, i C < A−1�{}Q�; (Weak competition)�U��B = C M B = A−1 f)>��y7�+P��
}>���uZs) A−1 > B > C, #S>��},���u A−1 > B > C u�'9^�KQ� (1, 0) M (0, B) �}g,����u�+P v 2.6- i�y,L$/��B1) Lotka-Volterra l
V℄ (2.38) Æ �a �B�Xb�n) AC = 1 Æ�����,L4\$Z�4�9
�,L�
Mg B =
µ

λ
, 10} y /0} x Æ�$OZ;Æ1p�\G,LÆB1nS� B < min{A−1, C}, 1 y Æ�$OZ;/ x I1SV�K y !|4�Ry�1 x �?{�|%ZZ 
 (1, 0)
�� B > max{A−1, C} D�K9m�y �?{ x �Ry�E B p,zEpD�:� %}Ya{x�Z��U+l
/
l
Æ��%|F��+l
Da{ZF)��:� jZXb�1
l
Da{ZU)�Æ�a{ZU�})�Æx�Z�\�QeÆB��x�
B1ÆQ%nS)?�ozÆ�;EHd6 (principle of competition

exclusion). \�\}6K.ZX *a{Z (x∗, y∗) A� x∗
1

+
y∗
B
≤ 1, Ka{UF�`Æ�l
4%}<!A�12}<Ry����
 x +

y

B
= 1 U�T%Y6\x�ZÆnG(�{pUn*l
M
%}��g'G5�\G}<4�N2}<xl
zkgl��\}6KU℄?$/r?0o> GauseE 1934 e�lÆ�t_E?0goz&%
���{%YYIw��wi\}�K�Lql3O� 2.4 zÆx��B�5?E (1, 0) " (0, B), x)�9 F)�Æ��^g��n�UEx��Æ Jacobian r` J Æa+O D = 0 Æ��tD J u%}Y1�bp�\}B�Æ�J{W!,}���"U"+��,LE
OUW�\lB�5?����J�E\%�5?�B�"U�<B��



32 2}�`ÆB��5?E Jacobian r`Æ( T = 0 Æ��* T = 0 1 D > 0�K J u%}+sf�bp�tD,L%�=���X(2.2. (Hopf oLX() jIk� λ ∈ R �K<4�



x′ = f(λ, x, y),

y′ = g(λ, x, y),
(2.43)qq f, g )%K�'J��i (2.43) hU�KQ� {(λ, x(λ), y(λ)) : |λ−λ0| < ε} x� x(λ), y(λ) %K�'�x(0) = x0, y(0) = y0, S Jacobian �} J(λ) = D(x,y)(f, g) ��~�) µ(λ)± iω(λ), 6�

(i) µ(λ0) = 0, ω(λ0) > 0;

(ii) µ′(λ0) 6= 0.B8 (2.43) u (λ0, x0, y0) 2�hU��M� {
(
λ(s), x(s, t), y(s, t)

)
: 0 < s < δ} N�M) T (s), S

lim
s→0+

λ(s) = λ0, lim
s→0+

T (s) =
2π

ω(λ0)
, lim
s→0+

(max
t∈R

(|x(s, t)− x0|+ |y(s, t)− y0|)) = 0.

� 2.8 (#)�λ < λ0, ({): λ = λ0, ())�λ > λ0+2.5. .;�5 Klausmeier�D (2.37)
�KQ�M�M�+P�KQ�h (a, 0), (w+, n+), (w−, n−),N
 (w±, n±) )
w± =

2m

M ±
√
M2 − 4

, n± =
M ±

√
M2 − 4

2
,u{!�M = a/m. 6` (w±, n±) 	u M ≥ 2 u�u�u M = 2 uU9S��+P%s�Jacobian �})�

J =

(
−1− n2 −2wn

n2 2wn−m

)
,�Z (a, 0) �},����N:d��~�) −1, −m. u (w±, n±) |.;h�

J(w±, n±) =

(
−Mn± −2w

Mn± − 1 m

)
,B8u (w−, n−) �|, i M > 2, v

Det(J) = m
( 2M

M +
√
M2 − 4

− 2
)
< 0,



33`��(w−, n−) u M > 2 u℄`)S��0U)<�u (w+, n+) �|
Det(J) = m

(
M
M +

√
M2 − 4

2
− 2
)
> m

(M2

2
− 2
)
> 0,i M > 2, u (w+, n+) |�

Tr(J) = −Mn+ +m = −M(M +
√
M2 − 4)

2
+m.1 h(M) = M

M +
√
M2 − 4

2
, vg[Q� h u M > 2 u%K�'� j M > 2, h′(M) > 0, B8�

m < 2 u Tr(J) < 0  (w+, n+) yÆs#�# m > 2 u��u(U� Mn > 2 x� Tr(J) = 0, #
(w+, n+) u M > Mn ,��
u 2 < M < Mn ug,��u M = Mn u�Det(J) > 0, T r(J) = 0,�Z�~)uhU �I<�|wmu M = Mn 2�hU /�~< α(M) ± iβ(M) x� α(M) =
Tr(J)

2 , [α(M)]2 + [β(M)]2 = Det(J), B8 α′(Mn) = 1
2

(
Tr(J)

)′
= − 1

4h
′(Mn) < 0, `� Hopf +P� �h�w�6��u Mn �hU��M�� (

M,w+(M), n+(M)
) +Py��

2 w

n

(w
+
,n

+
)

(w
−
,n

−
)� 2.9 Klausmeier W^ (2.37) �C���(#)�0 < m < 2; ())�m > 2.

Hopf B���

V^H�|q��M��|q�{E
Æ2}<6 Poincare-Bendixson �>�,L�\}�>}Y%!ÆJB,zE�=���X(2.3. �3K<4� (2.6). qq (f, g) %K�'�
(1) i Σ0 = {

(
x(t), y(t)

)
∈ R

2 : t ∈ R} } (2.6) �U9�ME��v Σ0 �DiWIU9KQ��
(2) i O ⊂ R

2 }U9��g�O 
gWIdNKQ��u O �^� ∂O m:9��>(o (f, g) �>
O Di�v O 
℄IU9�ME��

(3) i Σ1 = {
(
x(t), y(t)

)
∈ R

2 : t ≥ 0} } (2.6) �U9h�E��v� t→∞ u�Σ1 ℄`�&ÆZ5N
�U�(a) U9KQ��(b) U9�ME��(c) U9g_
/�
E�%}s�gO�
(4) (Dulac�v)�i O ⊂ R

2 }U9	%���g�B : O→ R}U9%K�'J�x� ∂(Bf)

∂x
+
∂(Bg)

∂yg_LSgR)/�v9hdN�ME�$^u O Di�
Poincare-Bendixson �>/=OÆ LaSalle F97���p�M!�X(2.4. �3K<4� (2.6), i O ⊂ R

2 }U9%���g�



34

(a) �u V : O → R }U9%K�'J��x� V (x, y) ≥ C, C ∈ R, S dN (2.6) �� (
x(t), y(t)

)
,

d

dt
V
(
x(t), y(t)

)
≤ 0;

(b) O  j (2.6) }g_��i (x0, y0) ∈ O, v� (x0, y0) y%��yÆu O 
.B8 j (x0, y0) ∈ O, � (x0, y0) y%��℄`�&Æ
{(x, y) ∈ O : V̇ (x, y) = 0},{!�V̇ (x, y) =

∂V

∂x
· dx
dt

+
∂V

∂y
· dy
dt

=
∂V

∂x
· f(x, y) +

∂V

∂y
· g(x, y).BE,L�|%Æ�>�!
� 2.3 zÆCGV℄�+2.6. \℄Z5� Rosenzwing-MacArthur ev�D�





x′ = x(1 − x

K
)− mxy

1 + x
,

y′ = −θy +
mxy

1 + x
,

(2.44),Ls�9 x ≥ 0, y ≥ 0. x�Z% (0, 0), (K, 0), (λ, Vλ), �z
λ =

θ

m− θ , Vλ =
(K − λ)(1 + λ)

Km
,\Ga{Z (λ, Vλ) E�}SFÆ�JU 0 ≤ λ ≤ K. � λ ≥ K D�(K, 0) U�q)�Æ�1+$�

(x0, y0) ∈ R
2
+, lim

t→∞

(
x(t), y(t)

)
= (K, 0). +, 0 < λ < K, '�xl

J(λ, Vλ) =




λ(K − 1− 2λ)

K(1 + λ)
−θ

K − λ
K(1 + λ)

0


\G�* 0 < λ < K, Det(J) =

θ(K − λ)
K(1 + λ)

> 0, 1 Tr(J) =
λ(K − 1− 2λ)

K(1 + λ)
, |� (λ, Vλ) E 0 < λ <

k − 1

2DUF)�Æ�E K − 1

2
< λ < K DU)�Æ�,L! Dulac �KiSE K − 1

2
< λ < K DE�}SFH%�|q (Hsu-Hubble-Waltman, 1978):3 h(x, y) = (

x

1 + x
)αyδ, �z α, δ ∈ R ��℄t Dulac �Kezn��\�,L=�<W�+,��Æ

α, δ ∈ R, �iS
∂(fh)

∂x
+
∂(gh)

∂y
≤ 0, (x, y) ∈ R

2
+.x1$�� 2.3 zÆ Dulac �K�

 (2.44) E K − 1

2
< λ < K DH%�|q�� tD (λ, Vλ) U)�Æ�|� (2.44) F{E�wq���\G℄t�� 2.3(3)�+,$� (x0, y0) ∈ R

2
+, x0 6= 0, y 6= 0, 4%

lim
t→∞

(
x(t), y(t)

)
= (λ, Vλ), 1 (λ, Vλ) U�qKd)�Æ�	�q�+FF�`U (0, 0), � (0, 0) UF)�X��(K, 0) U��
�})�q�E x- �3�E 0 < λ < K−1

2 D�(λ, Vλ) UF)�Æ�\G℄t�� 2.3, (2.44) E�}SF4%}Y�|q��,L{��! HopfB���
l�|q�{E
��|q�Æ�}
�)�
U}Y�^Æ+��+,
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� 2.10 (2.44) �C���
(2.44), (hrm, 1981) ℄?iS) 0 < λ < K−1

2 D, �}�|qUn (λ, Vλ) ��q)�Æ�
� (V'A�1986), (Kuang-Freedman, 1988) �N (2.44) �� Lienard <
��! Lienard <
�|q�}
iS) 2.44 �|q�}
�}LÆiS�!,^}�ÆCGV℄ (2.13).

 
 

 
 

•

� 2.11 (2.44) �J��(#)�(k − 1)/2 < λ < k; ())�0 < λ < (k − 1)/2.

2.44Æ�})��|q^ ��} (limit cycle), ~nS Rosenzwing-MacArthurCGV℄�V?)�fkÆ^��3eB�{��g� λ =
θ

m− θ , � K(eC`�) % B�Mg�\y� K < λ D��jFd"<�CGZR�1.CGZ?{�1 λ < K < 1+2λD��jP1�CGZ�.CGZ)�Ea{Z (λ, Vλ), �U K > 1 + 2λ D�\})�
.+F�)�
����|^�1a{x�Z^'�.�}  	u0}R���t�(Rosenzwing, 1971)^\}BS }�sYPP8 (paradox of enrichment).

§2.6 
/'W?�I�,35�k<
V℄ (2.6), ,L���9=e35�/V℄�




xn+1 = f(xn, yn)

yn+1 = g(xn, yn)
. (2.45)}YI�ÆG
��>�)�
�>��.M���U35�k:�ÆI�B1F`.�!
 (2.43), �t (2.45) ZÆ�qB1�!Æ_u�5�TI3(�}5V℄��*BS��hXE (2.45) zlB��t,LE\�s3Y���



36 +2.7. (Hardy-Weinberg &v) {}
F�Mo Hardy(Hardy,1908) M�FVs Weinberg (Wein-

berg,1908) �y�b`�T�X}�b[&v�b` (genetics) �Za7us1�U�a7D (phenotype)m�#{U6G}hb`D (genotype) ����g��a7D�b`D}g���:9b`D}g�+b` (Allele) �O#s�"hU�b`h'��+b` A M a, #b`Dh AA, Aa, aa k��AA M aar)��b`D (homozygote), Aa r)_�b`D (heterozygote). UU��b`DpmY
`�
�Z��a7D�uU9s1�_
�A9b`D�\":hg��hG{Us1�_�Z�sU�U�X}�B8.;�^� n �s1�{Ub`D��+b` A �\") pn, a �\") qn, v pn + qn = 1. hGqqGb\"��%4��`4}gW�lb`D�zJ}�
��B8 (pn, qn) 6�




pn+1 = p2
n +

1

2
· 2pnqn = pn

qn+1 = q2n +
1

2
· 2pnqn = qn

. (2.46)

(2.46) i} Hardy-Weinberg &v�:9�+b`ub`D
�\"�X}Xwg_��� (2.46) `�Æ�9U�
Æ�BE,LP9�z}Y�9�1[$�℄{ ;I��\G�9
AA, Aa, aa -$�℄{ ;B= S1, S2, S3, 1-$�℄ÆlBw; p2

n, 2pnqn, q
2
n. E\}�9=�(2.46) 9 � 




pn+1 =
(S1p

2
n + S2pnqn)pn

S1p2
n + 2S2pnqn + S3q2n

qn+1 = 1− pn+1

. (2.47)

(2.47) ^ Fisher-Haldane-Wright <
�U$��qozÆ$/<
�*�$$� A U�
 (dominant)
U", a(advantageous), \G S1 = 1, S2 = S3 = 1 + S, (2.47) �F� �
pn+1 = pn +

Spn(1 − pn)2
1− Sp2

n

, (2.48)* A U�
 (recessive) 
", a(advantageous), \G S1 = S2 = 1, S3 = 1 + S, (2.47) ` �
pn+1 = pn +

Sp2
n(1− pn)
1− Sp2

n

, (2.49)\� S U}Y�VÆfXg�$�� 2.4 �l {pn} U�Oj+ lim
n→∞

pn = 1, \nS"$$� A !|�� a�\� Hardy-Weinberg 6KU��F�Æ�
� 2.12 Fisher-Haldane-Wright =dRR�%�
�ud�(#)�(2.48), ())�(2.49)



37,Lql (2.47) �.(=�B<
ds<Q�
dp

dt
= p(1− p) (S1 − S2)p+ (S2 − S3)(1− p)

S1p2 + 2S2p(1− p) + S3(1− p)2
. (2.50)E (2.50) z�* S1, S2, S3 >Xds�K S1p

2 + 2S2p(1− p) + S3(1− p)2 ≈ 1, \G (2.50) 9 
dp

dt
= p(1− p)[(S1 − S2)p+ (S2 − S3)(1− p)]. (2.51)

(2.50) � (2.51) "��!�}UÆ<6B1�* S1 − S2 = S2 − S3 = S, K (2.51) �� Logistic <
�TI3\fU
Oz^6Æ9�Æ/ Fisher <
Æ�9�!
,L+s3Y?�ozXHÆ35>G
UB<
��Nicholson-Bailey 7?0 - w�V℄
(parasitoid-host model): 




Nn+1 = Nn exp (r − apn),
pn+1 = Nn

(
1− exp(−apn)

)
.

(2.52)E (2.52) z?)7?0Æ?Z+F��

 Beddington V℄�




Nn+1 = Nn exp
(
r(1 − Nn

K
)
)
,

pn+1 = Nn
(
1− exp(−apn)

)
.

(2.53)E 20 S= 90 e��(Constantino, Desharhais, Dennis, Cushing, 1997) �l}YF�QeODvi (flour

beetle) ÆV℄�





Ln+1 = βAn exp (−c1An − c2Ln),
Pn+1 = Ln(1 − δ1),
An+1 = Pn exp (−c3An) +An(1 − δ2),

(2.54)\� Ln U+igZ�Pn U|%^,+i/`imEÆgZ�An U`igZ�(2.54) ÆgpXs/Iwgt(�S}�x1�iS�)}�?�o�{��lB�*�
§2.7 V
:/}i

1. �9=eG
:��
dY

dt
=

(
a −1

1 0

)
Y, Y =

(
x(t)

y(t)

)
, a ∈ R,+,$� a ∈ R, Yx�:��℄.B���

2. �9(=:�� 


x′ = x(2 − x− y)
y′ = y(y − x2)

.Yx� x ≥ 0, y ≥ 0 �2I���l nullclines, x�Z�Jacobian r`�separatrix, ! pplane �lI��
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3. �9(=Æ�V℄� 



x′ = ax(1 − bx+ cy)

y′ = dy(1− ey + fx)
.	l}�A.'T<
��

4. �>Æ�V℄ 


x′ = x(1 − x) +Axy

y′ = y(B − y) + CxyÆ �a �B�BS��lx�ZÆB���
5. �9 Schnakenberg �o9�<
 



x′ = x2y − x+ b

y′ = −x2y + a
.

(a) �lx�Z�sn�)�
�
(b) ! Matlab �l (a, b) MgxO3x�Z)��F)�ÆB\�G�
(c) * a = 2b, �l Hopf B���! MatCont x�B�<Q�.�|q�B���
(d) iS<
ÆZ%\�x1iS�x�ZF)�U�<
%��|q��(�Q�(x+y)′ = a+b−x)

6. <k� 2.5 Æ�>: `GiS m < 2 D<
H%�|Z�
(a) iS<
ÆZ%\�
(b) Y! pplane, MatCont 5B^.Xs�



US9 i%$VlF
§3.1 %WmGÆ/ (diffusion) U0x (��"B�) E�Eq?Æ_O��("�l��7��n�Æ/M0xxg%UÆ�<B/
g%�Æ�<�Æ/U}Y0�t
1>�ot
�10xÆ
xEq�t
zF5?9��|�\}t
{FU~`'�E<%?0oz�Æ/.Qe }}� Æq?<O�0x�\}_O\<<%X�!H.snÆÆ/BSU"q	t
 (heat transfer)�Æ/<
�$0�^�: (conservation law) � Fick 6K�
�9 D  }�E�2�1 D ⊂ R

n U}Y~�,�9 u(t, x)  }}0xEDE t D�$v x �pÆM% ("g%) yg�M%yg}�\y���+, ∀x ∈ D��� (On)  }�&w x Æ~02�
 On ⊃ On+1, m(On)→ 0(n→∞)�\� m(On) On Æ�' (Q%)�\GM%yg u(t, x) = lim
n→∞

0xEOnzÆ'
m(On)

�\�,LF<n\}+FUGrW{E��+,�.g+�\}��U��Æ�\�0xÆ'��UY�g'�"x'�"�}$/0�'�\G+,$� O ⊂ D �2�E O zÆ'U
U(t) =

∫

O

u(t, x)dx.,L�9 U(t) zDE5?Æ9��EI�yg�d}Æ�J=�
dU

dt
=

d

dt

∫

O

u(t, x)dx =

∫

O

∂u

∂t
(t, x)dx.2}<O�U(t) Æ9���$0xx O Æ6\�b�lx��\G

dU

dt
= −

∫

∂O

J(t, x) · n(x)dS,\� J(t, x) U0xE6\� x 3ÆQ_
' (flux)�\U}YQ'�1 n(x) U� x Æ�$�6Q'�\G�− ∫
∂O

J(t, x) · n(x)dS �<)x O Æ�J5) O Æ0xÆ�
'�\�U U(t) ÆO?'�$/%��� ∫

∂O

J(t, x) · n(x)dS =

∫

O

div(J(t, x))dx.\G,L

=+0�^�:
∫

O

∂u

∂t
(t, x)dx +

∫

O

div(J(t, x))dx = 0.� yg ut(t, x) − div(J(t, x)) E$��2 O 3Æ'B" 1�|�}�� 1�\G,L

$/^�<

∂u

∂t
(t, x) + div(J(t, x)) = 0. (3.1)

Fick 6K (Fick’s law) pU�0x$Ug%p5Q�g%p�Ægo_O�,Ll�+,}Yyg u :

R
n → R�u Æp=O!	Æ<QUL�% (gradient) <Q�|� Fick 6KU

J(t, x) = −d∇xu(t, x). (3.2)
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40\� ∇x U+ x B'Æ�%�N (3.1) � (3.2) IX��
�! div(∇u) = ∆u�,L

(=Æ/<

∂u

∂t
= d∆u(t, x), t > 0, x ∈ D, (3.3)�z�

∆u =
∂2u

∂x2
1

+
∂2u

∂x2
2

+ · · · +
∂2u

∂x2
n

=

n∑

k=1

∂2u

∂x2
kU Laplace x��d UÆ/:g (diffusion coefficient)�Æ/<
��!.}�}Æ<O	l��}"Æ/<
 ��1 D = (a, b)�}Y�E�" D = R

n�Ig��*N R �/� EXU ∆x ÆW��0x{.Y�� �����E R ÆW�3z&	>
",(02�3 u(t, x)  DE t DEW� x pÆ��Yg��9IY��Q""Q(	ÆQ;z 1

2
�K

u(t+ ∆t, x) =
1

2
u(t, x−∆x) +

1

2
u(t, x+ ∆x), (3.4)\� ∆t U	>}vÆDE�� ∆t � ∆x "�VD�,L! Taylor `ON (3.4) zÆ'Q~�p



u(t+ ∆t, x) = u(t, x) +
∂u

∂t
(t, x)∆t+UUN

u(t, x±∆x) = u(t, x)± ∂u

∂x
(t, x)∆x +

1

2

∂2u

∂x2
(t, x)(∆x)2 +UUN.$ (3.4) .�=UUN1


∂u

∂t
(t, x) =

(∆x)2

2∆t

∂2u

∂x2
(t, x).\����=UUN.<
%��Æ�JU

∆t→ 0, ∆x→ 0, lim
∆t,∆x→0

(∆x)2

∆t
= d > 0.\G,L*

}"Æ/<


∂u

∂t
(t, x) = d

∂2u

∂x2
(t, x). (3.5)\}�	<OU$,z&DI (random walk) ÆQf�\���`U Brown A ÆÆ}}}"_O�*N R 3ÆW��` R

n 3ÆW��,L{���	 n "�E3ÆÆ/<
 (3.3)�*��Q""Q(	ÆQ; p 6= q(p+ q = 1)�K,L�


∂u

∂t
(t, x) = d

∂2u

∂x2
(t, x)− u0

∂u

∂x
(t, x), (3.6)\�

u0 = lim
∆t,∆x→0

(q − p)∆x
∆t

.

(3.6) UÆ/u5<
 (diffusion-advection equation)�u0 �<��z}Yg�<Qu5Æv%�!
,LqlÆ/:g d Æ'T L2T−1(L  Z%�T  DE)�d Æ�V�$IwQ
�}� d z&%�^xÆ9�19��
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§3.2 �1��\x&'�(0xÆq?F_�26\�M�,L���9E��E R
n zÆq?�Æ/<
Æ$/Z (fun-

damental solution) A� 


ut = d∆u, t > 0, x ∈ R

n,

u(0, x) = δ0(x), x ∈ R
n,

(3.7)\� δ0(x) U Dirac-Delta yg�1m�yg
δa(x) =




∞ x = a,

0 x 6= a,

∫

Rn

δa(x)dx = 1.$t�B<
�> (Fourier 9�) ��
 (3.7) ÆZ
u(t, x) =

1

(4πdt)
n
2
e−

|x|2

4dt . (3.8)�!$/Z{��
kp+� 



ut = d∆u, t > 0, x ∈ R

n,

u(0, x) = u0(x), x ∈ R
n.

(3.9)ÆZ
u(t, x) =

1

(4πdt)
n
2

∫

Rn

e
−
|x− y|2

4dt u0(y)dy. (3.10)Æ/<
Æ$/Z{��!.}<O	l�2}Y%!Æj�Uu!�}WÆ random walk ÆL6� 5NM!Q;>d1�,L�9�=+��*}Y��x O �l5�EIY�$DE_Q""Q(�}I�\GE n I�
�
 m �Æ�`
%.��\Y+����, n � m Æ�j
��U�'��l\Yt
	u}Y_(3vBH (binomial distribution) Æ�/Q;BH:

P (n,m) = 2Cmn (
1

2
)n,\� P (n,m) UE n v
v� O � m Y�$ÆQ;, 0 ≤ m ≤ n. $Q;>zÆz\+F���l, 3vBHEfo�
Z  zp 0, <U 1 ÆfoBH (Normal distribution):

f(x) =
1√
2π
e−x

2/2.TI3,L���
 n = 1 DÆ$/Z�Uzp 1, <U √2Dt ÆfoBHyg�1<U� √2Dt Æv%O?nS)Æ/NM%BHz��.+,$/ZÆ�>��!,?0Æ) (biological invasion)Æ+�. \�,L�z�9�E"g n = 2DÆ��. �}Y[0}b)}Y�jzM%ÆkNp��`U}Y δ yg, 1[0}EM%�DOZaG
, |�,L% Malthus ℄Æ/<
:






∂u

∂t
= d(

∂2u

∂x2
+
∂2u

∂y2
) + au, t > 0, (x, y) ∈ R

2,

u(0, x, y) = Mδ(0,0)(x, y), (x, y) ∈ R
2,

(3.11)



42\� a > 0 U�$OZ;, M U[0}kN�'. \G (3.11) ÆZ 
u(t, x, y) =

M

4πdt
eat−

x2+y2

4dt , (3.12)1\}0}Æ�g qgOZ ∫

R2

u(t, x, y)dxdy = Meat. (3.13),L��% kNDO0}” St” Æ�2a (0, 0) �, |��2!k 0, 1EDE t > 0, O0}” St” �2 }Y!k R(t) Æ8. ,L�9\}�2�JÆ?0g'N| M , K
∫

R2−BR(t)

u(t, x, y)dxdy = Meate−
R2(t)
4dt = M,\y



R(t) =
√

4adt, A(t) = 4πadt2. (3.14)\� A(t) UO0}�hÆ)Æ�2O'. \Y�2!k� √4ad Æv%Æ�. \}XsE 1951 e.
(Skellam, 1951) !��9*J�.b (muskrat) Ei�Æ/Æv%.eE 1905 1909 1911 1915 1920 1927O' (km2) 0 5400 14000 37700 79300 2016009 3.1 R^5DHE=S&Xa��! (3.14) �gt
�, �
 ad ≈ 32.15, \G.b{E�2ÆO�v% R′(t) =

√
4ad = 11.34 (`�/e). �s<6.!
Q� 0{E�2Æ�V9�. �Oql�M%�D, qgO��hFW�, �\}<6�Uds\l)�`Æ:�.

R′(t) =
√

4ad \JT{��!a�Z (traveling wave) Æj���. �9 n = 1 DÆ Malthus <

ut = duxx + au, t > 0, x ∈ R,*ZÆ_O u(x, t) = v(x− ct), K v(z) A�
dv′′ + cv′ + av = 0, z ∈ R.� v(z) 4gU}YfZ, �t c ≥
√

4ad. (* c <
√

4ad, Z4�9�). *,L�!V�v c =
√

4ad, �
Z
v(z) = c1e

√
az + c2ze

√
az.� v(z) ≥ 0, \G c2 = 0, |� v(z) = c1e

√
az. 1” a�Z”  

u(t, x) = c1e
√
a(x−

√
4adt).\}<6nS3OXsÆ��
, �D{(8lV℄Æ�E, \}a�ZU.\Æ. 
O,L�! LogisticOZ�� Malthus OZ�Zx\}+�.
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§3.3 5Bti�\JO�O,}Y?0}�? E�~8� (habitat). ~8�"U%\Æ, �t,L���9~8�U R
n zÆ�
~�2 D. ~8�6\��U�AÆ, ,L�9E6\3 u = 0. K






ut = d∆u+ au, t > 0, x ∈ D,
u(0, x) = u0(x), x ∈ D,

u(t, x) = 0, t > 0, x ∈ ∂D,

(3.15)\� ∂D U D Æ6\. $B�9'6 u(t, x) = U(t)V (x) �






U ′(t) = kU(t), t > 0,

d∆V (x) + aV (x) = kV (x), x ∈ D,
V = 0, x ∈ ∂D,K λ = (a− k)/d U Laplace x�Æ�bp, A�




−∆V (x) = λV (x), x ∈ D,

V (x) = 0, x ∈ ∂D,
(3.16)$�bp�>�l (3.16) %}+�bp 0 < λ1 < λ2 ≤ · · · ≤ λn ≤ · · · → ∞. TI3 �
�>ez, ,L^6}Y^}�ÆX> (iSH (K|x, 2009)).X(3.1. �3 




−∆u(x) + c(x)u(x) = λu(x), x ∈ D,

u(x) = 0, x ∈ ∂D,
(3.17){! c(x) } D m�%KJ�. v

(1) (3.17) ��~�) {λi(c) : i ≥ 1}, λi(c) < λi+1(c), lim
i→∞

λi(c) =∞.

(2) λ1(c) }U9	�~�, i� λ = λ1(c), (3.17) ���s}U*�, SgU9�J� ϕc1(x) > 0 ys.

(3) (Courant-Fischer)

λi(c) = max
Si

min
u∈Si

Rc(u) = min
Si−1

max
u⊥Si−1

Rc(u).1
Rc(u) =

∫
D(|∇u|2 + c(x)u2)dx∫

D u
2dx

,{! S1 } W 1,2
0 (D) d\ i - *��s. (W 1,2

0 (D) ℄uT<�o)�=+, c(x) ≡ 0, 1 (3.16) Æ��, ,LN�bp��byg9 (λi, ϕi). \G (3.15) �$ Fourier2gZ

u(t, x) =

∞∑

i=1

cie
(a−dλ1)tϕi(x), (3.18)



44�z ci =
∫
D u0(x)ϕi(x)dx, * ∫

D ϕ
2
i (x) = 1,

∫
D ϕi(x)ϕj(x)dx = 0(i 6= j). $ (3.18) �l, * a < dλ1, K� t→∞, u(t, x)→ 0, ∀x ∈ D; * a > dλ1, u(t, x) U.\Æ. �t a = dλ1 ���` (3.15) Æ}YB��.� a U�$OZ;, }���`Xg, 1~8� D �`z���j"#�S41{V. x��

3.1-(3) �l* D1 ⊂ D2, K λ1(D1) > λ2(D2). �(� n = 1, D = (0, lπ) D, (3.16) 9`



−V ′′ = λV, x ∈ (0, lπ),

V (0) = V (lπ) = 0,
(3.19)��bp λi(l) = i2/l2, �byg ϕi(x) = sin(ix/l). \G� l O�D, λi(l) GV. _�#�F)O?h|!�, N0.�O7\yÆ��~8��� }!. ?0o>L^m ~8�B-� (habitat

fragmentation). go3���EDE t D`~8� Dt 1 Dt zDEGV. \GEkN
� Dt ��|� λ1(Dt) < a/d, u(t, x)F�Ry (t→ 0),�xY}D� t = t0, λ1(Dt0) = a/d
� t > t0 
 λ1(Dt) > a/dKt0}NRy, 1ME (3.15) z%G
OZ.I+� λ1(D) = a/d Æ~8� D ^ !V?{�E (minimal patch size). ���}�bp�V��, D Æ3�_
. *3�_
�=F�D (1(�UTd8_), K!V?{�E�.~8�Ænk�<Q��(+,}"�_ (3.19)��Z
Æ!V?{�Enk 
l =

√
d

a
.p
}�ÆU�!V?{�EÆQf��,6\�JÆn��*6\�JU Neumann �J (.
'�no

flux)
∂u

∂n
= ∇u · n = 0. (3.20)KE$��2 D 3�t}�"�?{�� �bp+�





−d∆V = λV, x ∈ D,
∂V

∂n
= 0, x ∈ ∂D

(3.21)Æ�}�bp 0��}�byg C 6= 0��J (3.20) �#�?0}�ÆIYY�"F`ol~8��\GfÆOZ; a M
}��g'aqgOZ�1+,




ut = d∆u+ au, t > 0, x ∈ D,

u(0, x) = u0(x), x ∈ D,
∂u

∂n
(t, x) = 0, t > 0, x ∈ ∂D,

(3.22)ÆZ u(t, x)�*E D 3+<
'B�

d

dt

∫

D

udx =

∫

D

∂u

∂t
dx

=

∫

D

(d∆u+ au)dx = d

∫

∂D

∂u

∂n
dS + a

∫

D

udx = a

∫

D

udx,\G� ∫

D

u(t, x)dx = eat
∫

D

u0(x)dx.



45+, Dirichlet 6p�J�1 (3.15) zÆ�J�+,IY6\� x�∂u
∂n

< 0�|�� a Fd�D�0}�Ry�2}YXgÆ6p�JU Robin �J
∂u

∂n
= −au, x ∈ ∂D. (3.23)\}�JÆw�U�}�Y�Æl~8� D ÆYg/6\3ÆM%`f1�\^, Dirichlet 6p (�JÆl) � Neumann 6p (xFÆl) mE�\-}6\�J{����}�Z`

S
∂u

∂n
+ (1 − S)u = 0, x ∈ ∂D. (3.24)\� 0 ≤ S ≤ 1�\}�J&
) Dirichlet(S = 0)�Neumann(S = 1) � Robin(0 < S < 1) -��J�,LqlE Robin �J=�!V?{�EÆQfU%��Æ�u�8x (n = 1 ��) 4%9��

§3.4 j&%WmGÆ�:�E (3.1) Æ<
�	z�,L�90xÆ'ÆP9s�`x6\l)I`�\U}Ys0�t
�*,LBE{�90xE�2_JV?"U�Æt
�\G$/^�: 
∫

O

∂u

∂t
(t, x)dx +

∫

O

div(J(t, x))dx −
∫

O

f(t, x, u)dx = 0,1$/^�<
 
∂u

∂t
(t, x) + div(J(t, x))dx = f(t, x, u). (3.25)\� f(t, x, u)  EDE t��E$v x�M% u Æ�J=ÆOZ;�0xÆV?�U�U}Y�o (9�) "?0 (l?"p�) t
�E Fick 6K=�(3.25)` }Y9�Æ/<
 (reaction-diffusion equation)

∂u

∂t
(t, x) = d∆u(t, x) + f(t, x, u). (3.26)�}UzÆ>i���JY����9�y9�Æ/<
�1
∂u

∂t
(t, x) = d∆u(t, x) + f(u). (3.27)E\}U,Ls�9!�TÆ Fisher-KPP <
�1 Logistic Æ/<

ut = d∆u + au(1− u

N
). (3.28)\Y<
!HE 1937 e�$?0�qo> Fisher(Fisher,1937) �l�t�3Y�Tgo>�1$l)}Y�zÆgo_% (Kolmogoroff, Petrovsky, Piscounoff, 1937)�Fisher Æ�	pU$, 2.6 WzÆ Fisher-

Haldane-Wright <
��UBE u(t, x) Æw�UE�E$v x pÆY�$$�Æ1��}|h\Æ+�U}Y"$$�NyE�E3�K��F$$��\�,Ls�9 D = R
1 
 N = 1 Æ���

ut = duxx + au(1− u), t > 0, x ∈ R. (3.29)<
Æa�Z (traveling wave) A�: u(t, x) = v(x − ct)�\� c  ���v�\G v(z) A�
−cv′ = dv′′ + av(1− v),



46��� X�B<
�
v′ = w, w′ = − c

d
w − a

d
v(1 − v). (3.30)$I�B1�
 (3.30) %%Yx�Z�(0, 0), (1, 0)�E%�pÆ Jacobian r` 

J(0, 0) =



 0 1

−a
d
− c
d



 , J(1, 0) =



0 1
a

d
− c
d



�t�(1, 0) �U}Y���1E (1, 0) p�Tr(J(1, 0)) = − c
d
< 0, Det(J(1, 0)) =

a

d
> 0�|� (0, 0) U)�Æ��U�T 2 − 4D =

c2 − 4ad

d2
�� f"L�� c ≥

√
4ad D�(0, 0) U}Y)�X��1� c <

√
4adD�(0, 0) U}Y)�?l�

 
 

 
 

−0.2 0 0.2 0.4 0.6 0.8 1 1.2

−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

• •

 
 

 
 

−0.4 −0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

••

� 3.1 bA[C2{�J��[�H: a = d = 1, (4#) c = 2.1 EJ�; (4)) c = 0.3 EJ�; (>#) c = 2.1 EgbA[`Æ; (>)) c = 0.3 E:�bA[`Æ.xI�B1�l�+, ∀c > 0��� (1, 0) ÆF)�q�}�Z 
 (0, 0)�1\U}Y�T (0, 0) �
(1, 0) Æ�wq���E (0, 0) U}Y)�?lD�\}q�Æ v- p��ULÆ�\FI� v Æ0����1 c ≥

√
4ad D�v- p� f�\y�,L

)X(3.2.  jd\ c ≥

√
4ad�)u (3.29) �u(UU9Fd� u(t, x) = v(x− ct)�6��
0 < v(z) < 1, v′(z) < 0, lim

z→−∞
v(z) = 1, lim

z→∞
v(z) = 0.I	�

(i) }��n�a�ZF`��OZl�Fisher-KPP <
�}���OZlÆZ :� c =
5√
6
D�v(z) =

1

(1 + k exp(− z√
6
))2

, \� k U$�fXg� (Ablowitz, Zeppetella, 1979.)
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(ii) E�3Æ�>z�,L�9 c > 0�x1

���GÆa�Zx"Q(q?�*�9 c < 0�K,L�

���Oa�Zx(Q"q?�
(iii) c =

√
4ad ^ !V�v (minimal wave speed)�	�\� 3.2 WzG
<
Æ�a�Z�}u�TI3�(Kolmogoroff, Petrovsky, Piscounoff, , 1937) iS)+,kp u0(x) = 1, x ≤ 0, u0(x) = 0, x > 0�<
 (3.29) ÆZZ ,}Yv% √4ad Æa�Z�1!V�vU0xq?Æ�Iv%�

§3.5 VT:/}i
1. � ut = duxx Æ_( u(t, x) = v(

x√
t
) ÆZ�>xz	lÆ/<
Æ$/Z�

2. �9=+�/t
�9x n = 0 D, %}Y��E x = 0 p�EI}DE�$�\Y��	
"P"(P0$ÆQ;z p�E7pF ÆQ; 1 − 2p�Y+E n I
���E x = m ÆQ; .5�−n ≤ m ≤ n�\}Q;BH/Æ/<
Æ$/Z%FG�:�
3. �9<







ut = uxx + au, 0 < x < lπ, t > 0,

u(0, x) = u0(x), 0 ≤ x ≤ lπ,

ku(t, 0)− (1− k)ux(t, 0) = 0,

ku(t, lπ) + (1− k)ux(t, lπ) = 0.

.�Z u(t, x) x.\
�, 0 ÆB�� a = a0�>�l!V?{�EÆ�V l�
4. �




y′′ + 2y′ + ky = 0, 0 < x < π,

y(0) = y(π) = 0
.Æ�bp��byg�

5. Allen-Cahn <

ut = duxx + u(1− u)(1 + u), t > 0, x ∈ R,%}Y�v 0 Æa�Z�{` �
�Z�(standing wave)�� d = 1 DÆ
�Z�1 u(x) A�
u′′ + u− u3 = 0, x ∈ R, u(±∞) = ±1.

6. �9u% Allee W�Æ9�Æ/<
�
ut = duxx + u(1− u)(u− a), t > 0, x ∈ R,\� 0 < a < 1�YB1<
a�ZÆ{E�}
�>�l�v c�
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7. �9�=Æ/<
�




ut = duxx, t > 0, x ∈ (0,∞),

vt = dvxx, t > 0, x ∈ (0,∞),

wt = dwxx, t > 0, x ∈ (0,∞),

u(t, 0) = v(t, 0) = w(t, 0), t > 0,

ux(t, 0) = vx(t, 0) + wx(t, 0), t > 0,

u(0, x) = u0(x), v(0, x) = v0(x), w(0, x) = w0(x), x ∈ (0,∞).Y�<
ÆZ1Z ("}Y�`Z)�



Ud9 i%$VlFQpM)9
§4.1 Banach !�*�o�,L�f}Y��. * X U}YG
�E (linear space)�1+,$� x, y ∈ X , % x + y ∈ X ; +,$� k ∈ R, x ∈ X , % kx ∈ X , 
{E}Yyg ‖ · ‖: X → R M

(i) ‖ x ‖≥ 0, ‖ x ‖= 0 �
a� ‖ x ‖= 0;

(ii) ‖ a · x ‖=| a | · ‖ x ‖;

(iii) ‖ x+ y ‖≤‖ x ‖ + ‖ y ‖;K (X, ‖ · ‖) ^ }YG
J:�E (normed linear space). ‖ x ‖ ^ x Æ:g (norm). }YJ:�E^ �-Æ (complete), *�EzÆ$� Cauchy j+4%Z �+�}Y�-ÆG
J:�E^ 
Banach �E (Banach space).

1. * X,Y U%Y Banach �E�g : X → Y U}Y�7 (map), \G g .^ G
Æ (linear), *
(i) +,$� x, y ∈ X , g(x+ y) = g(x) + g(y);

(ii) +, k ∈ R, x ∈ X , g(kx) = kg(x).x X 
 Y ÆG
�7,�9 L(X,Y );

2. +, x0 ∈ X , g E x0 U�kÆ (continuous)�*+,$� ε > 0, {E δ > 0, � ‖ x− x0 ‖X< δ D, %
‖ g(x)− g(x0) ‖Y< ε;

3. g E x0 �U Fréchet ��Æ (Fréchet differentiable), *{E A ∈ L(X,Y ), +,$� ε > 0, {E δ > 0,M
� ‖ x− x0 ‖X< δ D, % ‖ g(x)− g(x0)−A(x − x0) ‖Y< ε.\� ‖ · ‖X � ‖ · ‖Y B=U X � Y Æ:g.2}��
��U: g E x0 �U Gáteaux �� (Gáteaux differentiable), *+,$� h ∈ X ,

lim
t→0

‖ g(x0 + th)− g(x)− tA(h) ‖Y
t

= 0.* g U Fréchet ��Æ, 4U Gáteaux ��Æ. EXH�!z, %Z�=F�. ^.��
_'�M?>G
;yB1RK.

§4.2 x`!�!XHÆ Banach �EU R
n, n ≥ 1. E%F" Banach �E3, [}:gU�AÆ. ,LEt�B<
snzX!Æyg�E"U Banach �E, B+s(=: * Ω U R

n z}Y%\�2
u%l�6\,

1. C0(Ω̄) = {f : Ω̄→ R, fEΩ̄3I}��k};
49
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2. Ck(Ω̄) = {f : Ω̄→ R, Dif ∈ C0(Ω̄), 0 ≤ i ≤ k}; \� k ≥ 1, k ∈ N " k =∞, Dif U f Æ i U��t	g. Ck(Ω̄) Æ:gU
‖ f ‖Ck(ω̄)=

∑

0≤i≤k
max
x∈Ω̄
| Dif(x) | .

3. Ck,α(Ω̄) = {f ∈ Ck(Ω̄), supx,y∈Ω,x 6=y
| Dkf(x)−Dkf(y) |

| x− y |α <∞}, Ck,α(Ω̄) Æ:gU
‖ f ‖Ck,α(Ω̄)=‖ f ‖Ck(Ω̄) + sup

x,y∈Ω,x 6=y

| Dkf(x)−Dkf(y) |
| x− y |α ,

Ck,α(Ω̄) ^ Hölder �E (Hölder space).+,_(
△u = f (4.1)Æ<
, ,L% Schauder e8; +,$� f ∈ Cα(Ω̄), (4.1) %�}Z u ∈ C2,α(Ω̄) 


‖ u ‖C2,α(Ω̄)≤ C ‖ f ‖Cα(Ω̄), (4.2)\� C a��, Ω.* f ∈ Cα(Ω̄), �� supp f = {x ∈ Ω̄ : f(x) 6= 0}  f Æj℄, (support). * supp f ⊂ Ω, K^
f u%`j, (compact support). +, 0 ≤ k ≤ ∞, 0 ≤ α < 1,

Ck,α0 (Ω̄) = {f ∈ Ck,α(Ω̄) : supp(Dif) ⊂ Ω, 0 ≤ i ≤ k}

4. Lp(Ω) = {f Lebesgue�',
 ∫
Ω
| f(x) |p dx <∞};

L∞(Ω) = {f Lebesgue�',
 | f(x) |<∞n}Y1Q,}; �:gB= :

‖ f ‖Lp(Ω)=

(∫

Ω

| f(x) |p dx
) 1

p

; ‖ f ‖L∞ (Ω) = essmaxx∈Ω̄ | f(x) | .+, u ∈ L1(Ω), ,L���� u Æ+	g (weak derivative), * u, v ∈ L1(Ω), +,$� φ ∈
C∞

0 (Ω), % ∫

Ω

u
∂φ

∂xi
dx = −

∫

Ω

vφdx,K^ v U u + xi Æ+t	g, v =
∂u

∂xi
.UU	g��s��. \G

W k,p(Ω) = {f ∈ Lp(Ω) : Dif ∈ Lp(Ω), 0 ≤ i ≤ k},�:g 
‖ f ‖Wk,p(Ω)=

∑

0≤i≤k
‖ Dif ‖Lp(Ω) .��iS Ck,α(Ω̄) U C∞(Ω) E:g ‖ · ‖Ck,α(Ω̄) =Æ3&, W k,p(Ω) U C∞ E:g ‖ · ‖Wk,p(Ω) =Æ3&. \G,L{���� Ck,α(Ω̄) � W k,p(Ω) Æ�,; Ck,α0 (Ω̄) U C∞

0 (Ω) E ‖ · ‖Ck,α(Ω̄) =Æ3&�W k,p
0 (Ω) U W k,p E ‖ · ‖Wk,p(Ω) =Æ3&.
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W k,p(Ω), W k,p
0 (Ω) "U Sobolev �E ( Sobolev space). _( (4.1) Æ<
{��E Sobolev �E
B=�Z, 1 Lp e8. * p ≥ 2, +, f ∈ Lp(Ω), {E�}Æ u ∈ W 2,p(Ω) A� (4.1) 


‖ u ‖W 2,p(Ω)≤ C ‖ f ‖Lp(Ω), (4.3)+, Dirichlet 6p+� 



△u = f, x ∈ Ω,

u = 0, x ∈ ∂Ω.
(4.4)�yÆ Höldere8� Lp e8{A�,
 f ∈ Cα(Ω̄),K u ∈ C2,α

0 (Ω̄); f ∈ Lp(Ω̄),K u ∈W 2,p(Ω)∩W 2,p
0 (Ω).!
,L% Sobolev �)��:

1. (s kp < n, \G W k,p(Ω) `�)
 Lq(Ω), 1 ≤ q ≤ np

n− kp ;

2. (s kp = n, \G W k,p(Ω) `�)
 Lq(Ω), 1 ≤ q <∞;

3. (s kp > n, \G W k,p(Ω) `�)
 Cα(Ω̄), 1 ≤ q ≤ np

n− kp , �z




α = k − n
p , (sk − n

p < 1;

α ∈ [0, 1), (sk − n
p = 1;

α = 1, (sk − n
p > 1.}YXHX>U Rellich ���W 1,2

0 (Ω) `�)
 L2(Ω).,L{�f: * A ∈ L(X,Y ), +,$�%\, B ⊂ X , A(B) U`Æ, \G^ A  x X 
 Y Æ`x�; }Y�A�� : 9 A ∈ L(X,Y ), +,$�%\ X zÆ�+ {xn}, {A(xn)} % Y zÆZ �+.BE,L�9�7 F : R ×X → Y , \� X  C2,α
0 (Ω) "Z W 2,p(Ω) ∩W 1,p

0 (Ω), Y  Cα(Ω̄) "Z
Lp(Ω), �� 

F (λ, u) = △u+ λf(u), (4.5)K F Æ}v�3vt	g 
Fλ(λ, u)[τ ] = τf(u), Fu(λ, u)[w] = △w + λf ′(u)w,

Fλλ[τ1, τ2] = 0, Fλu[τ, w] = τf ′(u)w, Fuu[w1, w2] = λf ′′(u)w1w2.	�+, g : X → Y , 3U	gU L(X,L(X,Y )) Æ}YG
�7, 1
L(X,L(X,Y )) ∼= L(X,X, Y )|�3U	g���` X 3Æ}YjG
�7.

§4.3 #x`Y**qNY*%)�3Æ4-lJ, ,L��^6 Banach �EzÆ�yg���B���.



52X(4.1. i X,Y, Z ) Banach �s, U ⊂ Z ×X } (λ0, u0) �U9.n. q F : U → Y }U9%K�'ep, F (λ0, u0) = 0 S Fu(λ0, u0) }U9�Iep, i Fu(λ0, u0) }	pM6p, S F−1
u (λ0, u0) : Y → X}h�9GÆ�. v�u λ0 u Z 
�U9.n A, u0 u X 
U9.n B, x� jdN λ ∈ A �u(U u(λ) ∈ B 6� F (λ, u(λ)) = 0 S u(·) : A→ B }%K�'�, u′(λ0) : X → Y �^)

u′(λ0)[ψ] = −[Fu(λ0, u0)]
−1Fλ(λ0, u0)[ψ].

•

λ
0 λ

u

u
0

(λ, u(λ))

•

λ
0 λ

u

u
0

(λ(s),u(s))

� 4.1 ~Z[Ne��HY
 (#) �zh��. ()) �Y�C�.�yg��nS}Y<
ÆZ*U>��Æ (1G
�x�U�dÆ),
 Z = R,KZÆ,� {(λ, u)}U}��G, ��. λ Mg�. \G,L=O�9 Fu(λ0, u0) F�dÆ��. <
U
F (λ, u) = 0, λ ∈ R, u ∈ X, (4.6)\� F : R×X → Y , X � Y U Banach �E. ,L�9 F (λ0, u0) = 0,

(F1) dimN(Fu(λ0, u0)) = codimR(Fu(λ0, u0)) = 1, 
 N(Fu(λ0, u0)) = span{w0}.\� N(L) � R(L) B=UG
�7 L : X → Y Æ1�E�p2�� R(Fu(λ0, u0)) ."g 1, K{E
Y 3ÆG
;y l ∈ Y ∗ (Y Æ+j�E) M


u ∈ R(Fu(λ0, u0))�
a�〈l, u〉 = 0,\� 〈l, u〉 U Y ∗ � Y EÆ+jh:. \G,L%X(4.2. (/�WoLX( Saddle-Node Bifurcation Theorem) i U } (λ0, u0) u R ×X 
�U9.n, F : U → Y }%K�'ep. F (λ0, u0) = 0, F u (λ0, u0) 6� (F1) M
(F2) Fλ(λ0, u0) 6∈ R(Fu(λ0, u0)).v
(1) i Z } span{w0}u X 
d\U9f�s�B8 (4.6)u (λ0, u0)2���EsU�[9 {(λ(s), u(s)) =

(λ(s), u0 + sw0 + z(s)) :| s |< δ}, N
 s 7→ (λ(s), z(s)) ∈ R× Z }%K�'�, λ(0) = u0, λ
′(0) = 0,

z(0) = z′(0) = 0.
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(2) i F u (λ0, u0) 2� u $��', v λ(s) u λ = λ0 $��', S
λ′′(0) = −〈l, Fuu(λ0, u0)[w0, w0]〉

〈l, Fλ(λ0, u0)〉
./x3�X�B���|QQÆZ,Xb��yg���s,"U�GXb, sU�X���zÆ�G.6$ λ Mg�. TI3* λ′′(0) 6= 0, K+, λ0 Æ}Y�P02, (4.6) E (λ0, u0) Md�}%%YZ. *

F �A�
(F4’) Fλ(λ0, u0) 6∈ R(Fu(λ0, u0)).\G λ′′(0) = 0, F E (λ0, u0) Md%}YC�Xb. Eb}I	gÆ�J=, _(� 1.6 ÆC�B��5?. !
,L%�=ÆB���.X(4.3. ("4� �oLX( Transcritical or Pitchfork Bifurcation Theorem) i U } (λ0, u0) ∈

R×X �U9.n, F : U → Y }U9$�%K�'ep,  jdN (λ, u0) ∈ U , F (λ, u0) = 0. u (λ0, u0),

F 6� (F1) M
(F3) Fλu(λ0, u0)[w0] 6∈ R(Fu(λ0, u0)).q Z } span{w0} u X 
�U9f�s, v (4.6) u (λ0, u0) 2���QK)'�[9: u = u0 M
{(λ(s), u(s)) = (λ(s), u0 + sw0 + z(s) : s ∈ I = (−ε, ε)}, λ 7→ (λ(s), z(s)) ∈ R × Z }%K�'�, x�
λ(0) = λ0, z(0) = z′(0) = 0 S

λ′(0) = −〈l, Fuu(λ0, u0)[w0, w0]〉
2〈l, Fλu(λ0, u0)[w0]〉

. (4.7)i (F4’) 6�, v λ′(0) = 0. {uhG F u (λ0, u0) 2�k��', v λ(s) )$��', S
λ′′(0) = −〈l, Fuuu(λ0, u0)[w0, w0, w0]〉+ 3〈l, Fuu(λ0, u0)[w0, θ]〉

3〈l, Fλu(λ0, u0)[w0]〉
,N
 θ 6�

Fuu(λ0, u0)[w0, w0] + Fu(λ0, u0)[θ] = 0.E�� 4.3 z* λ′(0) 6= 0, \G}Y�<B�5?; * λ′(0) = 0 1 λ′′(0) 6= 0, \G}Y�RB�5?. �U%Za�mp "%}�x7Z�G/}�>x7Z�GIPR.�� 4.2� 4.3\l) 1.2W�B�BSÆg�Qe. \%Y��Æ\}_O℄?E 70e� (Crandall-

Rabinowitz, 1971,1972)zlB,iS�MH3e'D" (Shi,2009). ,L^P�,~L+9�Æ/<
 (�)Æx�ZB�Æ�!.

§4.4 N8/j&%WmGRqN,L�9�=_OÆ Fisher-KPP <
�m_OÆx�Z<
:




−∆u+ c(x)u = au− uf(u), x ∈ Ω,

u = 0, x ∈ ∂Ω,
(4.8)
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λ

y

λ

y

� 4.2 ~Z[Ne[-Y
 (#) �=C�. ()) �SC�.E\��c(x) ∈ C0(Ω̄), a > 0, f(u) ∈ C2(R+) A� f(0) = 0, f ′(u) ≥ 0, 
 lim
u→∞

f(u) =∞. +,^}�Æ<
� 


−∆u = f(x, u), x ∈ Ω,

u = 0, x ∈ ∂Ω,
(4.9)* u U (4.9) ÆZ�
 fu(x, u) ∈ C0(Ω̄), K u +�, (4.9) Æ)�
��$=OÆ�b<
x��




−∆φ− fu(x, u)φ = µφ, x ∈ Ω,

φ = 0, x ∈ ∂Ω.
(4.10)$�� 3.1, (4.10) %}+�bp µi(u), A� µi(u) ≤ µi+1(u), lim

i→∞
µi(u) = ∞. (s µ1(u) > 0, ,L^ uU (4.9) Æ)�Z (stable), GK u UF)�Æ (unstable). ,LT=�ie�z���X(4.4. �3 (4.8), �^ a0 = λc ) −∆ + c(x) ��A�~� (v� 3.1)�v�

(1) � a ≤ a0 u�(4.8) �(U*0�) u = 0;

(2) � a > a0 u�(4.8) h(U�� ua(x)�z u = 0 #/N�*0�
��g {(a, ua) : a > a0} ⊂
R× C2,α

0 (Ω̄) }%K�'[9�S ua(x) Cj a N8�w�ua(x) } (4.8) �,���

a

(λ,u
a
)

u

•
a

0 � 4.3 (4.8) �C�R	�



55�� 4.4 %�.F�ÆiS<6 (Brezis-Kamin, 1992)�,L
��yg���B��>ÆM!�><��}I: � a ≤ a0 D�(4.8) Æ>LZ4 0�$�� 3.1 �l� 


−∆φ+ c(x)φ = λφ, x ∈ Ω,

φ = 0, x ∈ ∂Ω,
(4.11)%!V�bp λc1(= a0) ∈ R, 
I�Æ�byg φ1(x) > 0, x ∈ Ω. �9 u U (4.8) Æ>LZ�N (4.8) b� φ1 E Ω 3'B��DN=e φ1 A�Æ<
b� u E Ω 3'B�




−∆φ1 + c(x)φ1 = a0φ1, x ∈ Ω,

φ1 = 0, x ∈ ∂Ω.
(4.12)%'BIG�℄t Green `O�

∫

Ω

(∆u · φ1 −∆φ1 · u)dx =

∫

Ω

(
∂u

∂n
φ1 −

∂φ1

∂n
u)dx = 0,|�

a

∫

Ω

uφ1dx−
∫

Ω

uf(u)φ1dx = a0

∫

Ω

uφ1dx.� f(u) ≥ 0, u ≥ 0, φ1 > 0, |� a ≥ a0, 
 a = a0 �#� u ≡ 0.�3I�a = a0 U}Y�<OB���
u = 0 U (4.8) Æ}Yx7Z�,L�� F : R×X → Y ,

F (a, u) = ∆u− c(x)u + au− uf(u), (4.13)E\��u ∈ X ≡ C2,α
0 (Ω̄), \G F U3v�k��Æ�


Fu(a, 0)[φ] = ∆φ − c(x)φ+ aφ, φ ∈ X. (4.14)E a = a0D�Fu(a, 0)[φ] = 0%�}Z φ1 > 0�F�9Xg:g
��t dimN
(
Fu(a, 0)

)
= 1, spanN

(
Fu(a, 0)

)
=

{φ1}, * h ∈ R
(
Fu(a, 0)

)
, K{E v ∈ X M


∆v − c(x)v + a0v = h, (4.15)E (4.15) Æ%&b� φ1 'B
 ∫
Ω hφ1dx = 0. 2}<O$ Fredholm �>l�* ∫

Ω hφ1dx = 0, K (4.15)%Z v. |� R
(
Fu(a, 0)

)
= {h ∈ Cα(Ω̄) :

∫
Ω
hφ1dx = 0}, �t F A� (F1). !
,Lwi (F3),

Fλu(a0, 0)[φ1] 6∈ R
(
Fu(a, 0)

)
, � ∫

Ω φ1 · φ1dx 6= 0, |�,L��!�� 4.3 
 F (a, u) = 0 E (a0, 0) MdÆZ, {(a, 0) : λ ∈ R} � {(a(s), u(s)) : |s| < δ} M
 a(0) = a0, u(s) = sφ1 + sz(s), z(0) = 0, 

a′(0) =

∫
Ω
f ′(0)φ3

1dx

2
∫
Ω φ

2
1dx

> 0. 	��� 4.3 zÆ;y 〈ℓ, ψ〉 = ∫
Ω
φ1ψdx, 1 Fuu(a0, 0)[ψ1, ψ2] = f ′(0)ψ1ψ2. \y� 0 < s < δ D�a(s) > a0, 1 u(s) = sφ1 + sz(s) > 0, � z(0) = 0�4zD�V}YÆ δ
��t}Y�<OB�E a = a0 5?�* s ∈ (0, δ)

(
λ(s) > a0

)
, u(s) UfZ�* s ∈ (−δ, 0)

(
λ(s) < a0

)
, u(s) ULZ��-I�(4.8) Æ$�fZU)�Æ�
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+

−

00

� 4.4 F (a, u) = (a0, 0) Ne��=Ck,L	�* u U (4.8) Æ>LZ�KE Ω 3 u ≡ 0 " u > 0�\�$�8<
+p7�iS (H�/U)�* u U (4.8) ÆfZ�K u U=+�b<




−∆ψ + c(x)ψ1 = aψ − f(u)ψ + µψ, x ∈ Ω,

φ = 0, x ∈ ∂Ω
(4.16)Æ}Y�bygM µ = 0. � �}�bpU�}u%f�bygÆ�bp�|� (4.16) Æ�}�bp

µ∗
1 = 0. D�9 (4.8) ÆG
�<
�\� u U (4.8) Æ}YfZ�





−∆ψ + c(x)ψ = aψ − f(u)ψ − f ′(u)uψ + µψ, x ∈ Ω,

φ = 0, x ∈ ∂Ω,
(4.17)$�� 3.1, (4.17) Æ�}Y�bp µ∗∗

1 A�
µ∗∗

1 = min
ψ∈W 1,2

0 (Ω), ψ 6=0

∫
Ω

(
|▽ψ|2 + c(x)ψ2 − aψ2 + f(u)ψ2 + f ′(u)uψ2

)
dx∫

Ω ψ
2dx

≥ min
ψ∈W 1,2

0 (Ω), ψ 6=0

∫
Ω

(
|▽ψ|2 + c(x)ψ2 − aψ2 + f(u)ψ2

)
dx∫

Ω ψ
2dx

,

= µ∗
1 = 0,�tfZ u U)�Æ��qI�+,$� a1 > a0, |% (4.8) ÆfZ+, a ∈ [a0, a1] U}u%\Æ�	� u A� −∆u = u
(
a − c(x) − f(u)

)
, x ∈ Ω. $�9 lim

u→∞
f(u) = ∞ �
+, a ∈ [a0, a1], {E

u1 > 0 M
 u > u1 D f(u) > a1 + ||c(x)||C0(Ω̄). \GE a ∈ [a0, a1] DfZ u A� 0 < u(x) ≤ u1. GK
max
x∈Ω̄

u(x) = u(x1) > u1, K −∆u(x1) < 0, \/ u E x1 p}
!�pE-��/I�XfiS�$�3Il�� a ∈ (a0, a0+δ)D�(4.8)%}YfZx 0ZB�V?�$�-Il$�fZU)�Æ��t>���1 Fu(a, u)U�dÆ��tE$�fZ (a, u)Md�℄t�� 4.1�Z,XbU}�l��G�



57�� Σ  (4.8)ÆfZ,��1 Σ = {(a, u) : a > a0, (a, u)U(4.8)ÆZ}. 3 Σ1  Σ Æ&w�3IzB��GÆ�
Bj��� a2 = sup{a > a0 : {E(4.8)ÆZ(a, u)EΣ13}. K Σ1 = {(a, ua) : a0 < a < a2} U}�l��G�� Σ1 qJEI}� (a, ua) "Ul��G�,LiS ua h, a �O�TI3�E (4.8)z+ a �	
�





−∆
∂ua
∂a

+ c(x)
∂ua
∂a

= a
∂ua
∂a
− f(ua)

∂ua
∂a
− f ′(ua)ua

∂ua
∂a

+ ua = 0, x ∈ Ω,

∂ua
∂a

= 0, x ∈ ∂Ω,"ZF�Æn�L(
∂ua
∂a

) = ua, L U (4.17) zM Lψ = µψ Æ�7�x�-Il L Æ�}�bp µ∗∗
1 > 0,K$
O�iSÆ+p7��l ∂ua

∂a
> 0, � ua > 0. * a2 < ∞, lim

a→a−2

ua(x) = u∗(x) {E�*� �qI�u∗(x) U%\Æ�%�OÆ Schauder e8�iS u∗ ∈ C2,α
0 (Ω̄) \G (a2, u∗) U a = a2 Æ}YZ�u∗ > 0. \G$�yg����� 4.1
, (a2, u∗) {E Σ1 3
�.<kt:t a2 + δ2 > a2. \/ a2Æ��E-��t a2 = ∞. !
* (4.8) %n) Σ1 ��ÆZ (a, ua), a > a0, &��!�yg��iS

(a, ua) 
,}�l��G Σ2, Σ2 �.t:t a ∈ (a0,∞), � (4.8) E a = a0 pa% 0 Z�|� Σ2 4/
Σ1 ���|� Σ = Σ1 = {(a, ua) : a > a0} U}�l��G�tt�� 4.4 i2�I	�
(1)  )F�iS�,L�9 f ∈ C2(R̄+). I;3EiSz,Lsez f E u = 0 3v��1�M!�� 4.3. ,LM!Æ�� 4.3 {1 (Crandall-Rabinowitz, 1971) Æ�/�J=
�\�s�9 FU}v�k���Fλu E (λ0, u0) {E1���U\yF`
l>x7Z�GU C1 Æ�{pH%

(4.7). *M!\Y�JS+Æ�<B����se f ∈ C1(R̄+), ,L&��iS�� 4.4�n)h,�GE a = a0 Æl�

�� �yg��ÆM!aez f ∈ C1(R̄+). E\}�J=�Σ1 En
a = a0 ��}�&Ul�Æ�!
�>ts�9 f ∈ Cα(R̄+), 0 < α < 1, ,L&�

�yÆ
Σ1 ⊂ R× C2,β

0 (Ω̄), 0 < β < α. �UtD Σ1 a �k�G�ZÆ{E
ez!9B6"��<6iS��}
{ez!�}<6�
(2) �� 4.4 Æ�!CBm;�}Y�!�H 4.5 Wz+l
"CGV℄Æx�ZB�Æ�>�2}Y�!D+ Fisher-KPP <
� 




∆u+ au− uf(u) = 0, x ∈ Ω,

u = 0, x ∈ ∂Ω,"Z 



∆u+ λug(u) = 0, x ∈ Ω,

u = 0, x ∈ ∂Ω,
(4.18)\� ug(u) U}YE 1.4 Wz��Æm� Logistic OZVO�1 g(0) > 0, g(u) ���G�{E

u0 > 0 M g(u0) = 0 " g(u) > 0, u ∈ (0,∞) 1 lim
u→∞

g(u) = 0. �( g(u) = 1 − u(Logistic),

g(u) = −1 +
b

(1 + au)p
, (a, p > 0, b > 1) (Hassell, Beventon-Holt), g(u) = −1 + ae−u, (a > 1) (Ricker,

Nicholson’s blowflies), g(u) =
1− u
1 + cu

, (c > 0) (G0%F�food-limited) ���	� (4.18) >F/ (4.8)�A�� Mg λ xReY>G
N���� 4.4 ÆiS����Y�
 (4.18), s%3YVP 1��u�<W4%#9�



58X(4.5. �3 (4.18), q g ∈ C1(R̄+), g(0) > 0, g u (0,M) m�u�g(M) = 0. v1 λ0 =
λ1

g(0)
, {! λ1} (3.17) ��U�~��B8

(1) � λ < λ0 u�(4.18) �(U*0�) u = 0;

(2) � λ > λ0 u�(4.18)h(U�� uλ(x)�z 0#/N�*0�
��g {(λ, uλ) : λ > λ0} ⊂ R×C2,α
0 (Ω̄)}%K�'[9�S uλ Cj λN8�w�uλ(x)} (4.18)�,��� �h� λ > λ0, ||uλ||C0(Ω̄) ≤M .

§4.5 K%WR�<?�DRqNE 2.5 WzÆ Lotka-Volterra l
V℄�ÆQ =e9�Æ/<
��




ut = d1∆u+ u(1− u−Av), t > 0, x ∈ Ω,

vt = d2∆v + v(B − Cu− v), t > 0, x ∈ Ω,

u(t, x) = v(t, x), t > 0, x ∈ ∂Ω,

u(0, x) = u0(x) ≥ 0, v(0, x) = v0(x) ≥ 0 x ∈ Ω,

(4.19)\� u(t, x), v(t, x)U%Yl
+\E�2 Ω3ÆM%yg��2�~8�
ΩÆ6\UF'}Æ (hostile)��t% Dirichlet 6p�\�,LsF�> (4.19) Æx�Z�3 λ = d−1
1 , µ = d−1

2 , K (4.19) Æx�ZA�




∆u+ λu(1− u−Av) = 0, x ∈ Ω,

∆v + µv(B − Cu− v) = 0, x ∈ Ω,

u = v = 0 x ∈ ∂Ω,

(4.20)

(4.20) %�=S�Æx�Z�(0, 0), (u, 0) ℄�(0, v) ℄�\� (u, 0) ℄A� v = 0, u A�




∆u + λu(1− u) = 0, x ∈ Ω,

u = 0 x ∈ ∂Ω.
(4.21)\G℄t�� 4.5, <
 (4.21) E λ > λ1 D%�}fZ uλ, {(λ, uλ, 0) : λ > λ1} U (4.20) Æ!x7Z

(semi-trivial solution) �G��sÆ�(0, v) ℄ZzÆ v A�




∆v + µv(B − v) = 0, x ∈ Ω,

v = 0 x ∈ ∂Ω,
(4.22)x1E µ > λ1/B D%�}fZ vµ,B , �t {(µ, 0, vµ,B) : µ > λ1/B} U (4.20) Æ2}!x7Z�G�=OÆB1,L� λ  �zB�Mg��t+, λ ∈ R, (4.20) E λ < λ1 D%%Yx�Z (0, 0), (0, vµ,B) (*

µ > λ1/B), E λ > λ1 Dn\%Y��% (uλ, 0). !x7ZÆQ��H� 4.5. )=OÆ�>, ,Lx�� 3.1 �
 λ1(c) U (3.17) Æ�}�bp, $ Courant-Fischer 9B7�,* c1(x) ≥ c2(x) K λ1(c1) ≥ λ1(c2) 
*E}Y>LQ%,3 c1(x) > c2(x), K λ1(c1) > λ1(c2). ,LBE�9!x7Z+, (4.20) Æ)�
. ^}��n, +,





∆u+ f(u, v) = 0, x ∈ Ω,

∆v + g(u, v) = 0, x ∈ Ω,

u = v = 0, x ∈ ∂Ω,

(4.23)
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λ
1

λ

(uλ,0)

(0,vµ)

(0,0)

(u,v)

� 4.5 (4.20) �"z8[R	��G
��b<
 



∆φ+ fuφ+ fvψ = −ηφ, x ∈ Ω,

∆ψ + guφ+ gvψ = −ηψ, x ∈ Ω,

φ = ψ = 0, x ∈ ∂Ω,

(4.24)* (4.24) |%�bp η "u%fIJ, KZ (u, v) U)�Æ, GKUF)�Æ.�!
 (4.20), ,L%




∆φ + λ(1− 2u−Av)φ − λAuψ = −ηφ, x ∈ Ω,

∆ψ + µ(B − Cu− 2v)ψ − µCvφ = −ηψ, x ∈ Ω,

φ = ψ = 0, x ∈ ∂Ω,

(4.25)� (u, v) = (uλ, 0) D, (4.25) 9 




∆φ+ λ(1 − 2uλ)φ− λAuλψ = −ηφ, x ∈ Ω,

∆ψ + µ(B − Cuλ)ψ = −ηψ, x ∈ Ω,

φ = ψ = 0, x ∈ ∂Ω,\G�3Y<
nS ηi = λi(µ(Cuλ − B)), � ψ > 0 |� η1 = λ1(µ(Cuλ − B)). $�� 4.5, uλ E
λ ∈ (λ1,∞) 3���O, �t η1 = h(λ) ���O, A�

lim
λ→λ−

1

h1(λ) = λ1(−µB) = −µB + λ1 < 0,

lim
λ→∞

h1(λ) = λ1(µ(C −B)) = −µB + µC + λ1.	�* (η1, ψ1) $�3Y<
�l, K φ1 �$�}Y<
Zl. \G (uλ, 0) Æ)�
%�=�`:

1. * µ <
λ1

B
, K (uλ, 0) +,$� λ > λ1 U)�Æ;
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2. * µ >
λ1

B

 C > B, " λ1

B
< µ <

λ1

B − C 
 C < B, K{E�} λ∗ > λ1 M
 (uλ, 0) +,
λ1 < λ < λ∗ UF)�Æ, +, λ > λ∗ U)�Æ;

3. * µ >
λ1

B − C 
 C < B, K (uλ, 0) +,$� λ > λ1 UF)�Æ.��� (u, v) = (0, vµ,B) D, )�
$<





∆φ+ (λ− λAvµ,B)φ = −ηφ, x ∈ Ω,

φ = 0, x ∈ ∂Ω,x�, \G η1 = λ1(λAvµ,B − λ) ≡ h2(λ) = λ1 + λ(AK − 1), \� K = K(µ,B) = max

∫
Ω
vµ,Bφ

2dx∫
Ω φ

2dx
.

h2(0) = λ1 > 0, �t h2(λ) Æ��
�x,UG K(µ,B) > A−1. '�l� K(µ,B) h, µ � B "U�OÆ, �t
1. � K(µ,B) > A−1, (0, vµ) �U)�Æ;

2. � K(µ,B) < A−1, K{E�} λ∗ > 0 M
 (uλ, 0) +, 0 < λ < λ∗ U)�Æ, +, λ > λ∗ UF)�Æ.�?
§4.6 Turing <sY�{qN�?
§4.7 Ve:}i

1. iS�n : Lp(Ω)→ R, n(f) =
∫
Ω
|f |pdx�� p > 1 DU Frechet ��Æ�>�l�	g�\� Ω ⊂ R U%\l��2�

2. (1).YX
}Yyg f ∈ C1,α([0, 1]), α ∈ (0, 1)��F
, C2([0, 1])�
(2).YX
}Yyg f ∈ W 1,2((0, 1))��U f /∈ C1([0, 1])�

3. 9 f, g ∈ C∞(R)��� F : C2,α
0 (Ω̄)→ Cα(Ω̄)  

F

(
u

v

)
=

(
div(v∇u + f(u))

div(∇g(v))

)
,Y� F(u,v)

[
φ

ψ

] � F(u,v)(u,v)

([
φ1

ψ1

]
,

[
φ2

ψ2

])�1 F + (u, v) Æ}U�3Ut	g�
4. �9�% Holling II ℄C!NÆ9�Æ/<
Æx�Z<
�





∆u+ λ(u − u2 − au

1 + u
) = 0, x ∈ Ω,

u = 0, x ∈ ∂Ω,



61\� λ > 0, 0 < a < 1, Ω U}Y%\l��2�X
fZx u = 0 B�l�ÆB�� λ >x��B�<Q�
5. �9�u5NÆ9�Æ/<
�




u′′ + 2u′ + λu(1 − u) = 0, x ∈ (0, π),

u(0) = u(π) = 0,iS�{E λ0 > 0M
<
E λ ≤ λ0 D.fZ�1E λ > λ0 D%�}fZ uλ�
 {(λ, uλ) : λ > λ0}U R× C2([0, π]) z}�l��G�
6. �9�=�+^Æ�CGV℄x�Z<
�





u′′ + au− buv = 0, 0 < x < π,

v′′ + buv − av = 0, 0 < x < π,

u(0) = u(π) = 0, v(0) = v(π) = 0,�z a, b > 0�
(1). �>X�B<
��u′ = au− buv, v′ = buv − av ÆI��
(2). X
<
�|%x7Z�!x7Z�
(3). A!G
9��w = u+ v, z = u− v�N<
�� }Y[<
��>iS[<
��A,}YÆqUX�B<
�
(4). A!+p7� (�/U) �	l<
�fZÆ\�
(5). A!B��>"�}<6b}Isnt<
� ("/m�AÆqU�B<
)�

7. �9 ut = uxx+ f(u), t > 0, x ∈ R�\� f(u) =






u, 0 < u <
1

2
,

1− u, 1

2
< u < 1

�1�Wryg�(tent function),�<
a�ZÆ��`O�
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Uv9 3�le
§5.1 m2mGR�B1*}YF�Æ�'B#9�U\yÆÆ�* f ∈ C0

(
[a, b]

)
∩ C2

(
(a, b)

)
, f(a) ≥ 0, f(b) ≥ 0, f ′′(x) E

(a, b) 3 L�K f(x) E (a, b) 3�, 0. \pU3U�8<
Æ�A0( (maximum principle)Æm_�+p7�UG
�>G
t�B<
Æ}Y�z_u� )F�ie�iS�,LaEt�9G
�Bx� Lc = −∆ + c(x). �.Xs���m
^}�Æ3U>tUU�8℄�Bx��=OÆ+p7�U�.gt�B<
RKz%Æ�,L\�sU�!1FiS�u�iSH (Evans, 1998), (Gilbarg-Trudinger, 1983), (Han-Lin, 1997).X(5.1. q Ω ) R
n 
Uh�%��g�n ≥ 2��^

Lcu = −∆u+ c(x)u, u ∈ C2(Ω), (5.1){! c(x) ∈ L∞(Ω), c(x) ≥ 0, x ∈ Ω. i j u ∈ C2(Ω) ∩ C0(Ω̄),





Lcu(x) = 0, x ∈ Ω,

u(x) ≥ 0, x ∈ ∂Ω,
(5.2)v5+�5s#�

(1) �jf�o 
u(x) ≥ 0, x ∈ Ω;

(2) �Rf�o 
i�u x∗ ∈ Ω x� u(x∗) = 0, v u(x) ≡ 0, x ∈ Ω̄;

(3) �Hopf^�b 
i�uU9W Br ⊃ Ωx� x∗ ∈ ∂Br∩∂Ω,S jdN x ∈ Br, u(x) > u(x∗),B8 jdN6� ν·n(x∗) > 0�)>�n(x∗)} x∗ Cj ∂Br �	+#&>
�lim
t→0

sup
u(x∗)− u(x∗ − tν)

t
< 0;i u ∈ C1(Ω̄), v ∂u

∂n
(x∗) < 0.

c(x) Ufyg\}�JE�!zFw���=O,L��}Y��=\}FwUFezÆ�=OÆ��nS�sz++p7�`��\G
+p7�� Hopf 6\��{"`��1\F��, c(x) ÆI��X(5.2. i u ∈ C2(Ω) ∩ C0(Ω̄) 6� (5.2), S u(x) ≥ 0, x ∈ Ω, v�
(1) 5+'z�U℄s#�u(x) > 0, x ∈ Ω a u ≡ 0, x ∈ Ω;

(2) i u(x) > 0, x ∈ Ω, ^� ∂Ω } C2,α ��u ∈ C2(Ω) ∩ C1(Ω), �u x∗ ∈ ∂Ω x� u(x∗) = 0, B8
∂u

∂n
(x∗) < 0.><�N c(x) BZ fJ�LJ c(x) = c+(x)− c−(x). \G −∆u+ c+(x)u ≥ c−(x)u ≥ 0, x ∈ Ω. \G℄t�� 5.1 Æ (2) � (3), ��z|eXs`��	�* ∂Ω U C2,α Æ�K Hopf 6\��zÆ_J��JpEIY6\�`��
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•
n

B
r

� 5.1 Hopf 7℄��R	�� �� 5.2 ÆX>�,L.e�=+�
+p7�. Hopf 6\����t* u ∈ C2(Ω) ∩ C0(Ω̄)A� (5.2), K% u(x) ≥ 0, x ∈ Ω�,L^ Lc E Ω 3A�+p7��BE,LiS}Y1�� 5.1 Pb)Æ+p7��X(5.3. q Ω } R
n (n ≥ 2) 
�U9h�%���g�̂ � ∂Ω } C2,α ��B8i λ1(c) > 0�vf�o s#�i λ1(c) = 0, S�u u ∈ C2(Ω) ∩ C0(Ω) 6� (5.2), v u = cφ1, {! φ1 } d λ1(c) ��~J��><�?�9 λ1(c) > 0. *+p7�F`��\G{E u ∈ C2(Ω) ∩ C0(Ω) A� (5.2), �U{E

x ∈ Ω M
 u(x) < 0. \G�,� {x ∈ Ω : u(x) < 0} Æ}Y�
Bj Ω1. 3 φ1 U Lc E Ω 3+� λ1(c)Æ�byg�E Ω1 3+ φ1Lcu− uLcφ1 'B�>�! Green `O�,L

�
−
∫

∂Ω1

φ1
∂u

∂n
ds =

∫

Ω1

(
φ1Lcu− λ1(c)uφ1

)
dx. (5.3)\G� φ1 > 0, ∂u

∂n ≥ 0, K (5.3) "& ≤ 0�1$ φ1 > 0, Lcu > 0, λ1(c) > 0 
 u < 0 l (5.3) (& f�\y

}YE-��t+p7�`��BE,L�9 λ1(c) = 0, \G�OÆiS&���

 (5.3). �O`�Æ�JU u = ∂u
∂n E Ω1 3� 0, 
 Lcu E Ω1 3� 0�\y$�� 3.1 zÆ Courant-Fischer 9B`O�λ1(c,Ω) ≤ λ1(c,Ω1) ≤ 0,1�9 λ1(c) = 0 �
 λ1(c,Ω) = λ1(c,Ω1) = 0. �U\ynS Lc E Ω 3%�byg_ φ > 0, x ∈

Ω1, φ = 0, x ∈ Ω \ Ω1, \/�� 3.1 zf�bygÆ�}
E-��t u > 0, 1 (5.3) + Ω = Ω1 &`�nS Lcu ≡ 0, x ∈ Ω, 1 u = cφ1.,L���
�� 5.3 zz� λ1(c) > 0 1�� 5.1 zz� c(x) ≥ 0 Æ�Jz+�,L�=OÆ���\l�� 5.3 Æ}Y�!�{Eh)�� 4.4 iSzÆ}YI��+5.1. \A� 4.4 
�)u (4.8). u� 4.4 ��>�kh
� jdN (4.8) ���.;�>) λ1(c) > 0, {u9GÆ�) L∗ = −∆ + c − a + f(u) + f ′(u)u. u�>��0h
�.;�Æ
L∗(

∂ua

∂a ) ≥ 0, x ∈ Ω, ∂ua

∂a = 0, x ∈ ∂Ω. B87u<�� 5.3, g λ1 > 0 �� ∂ua

∂a ≥ 0, x ∈ Ω.BE,L�+p7��!
>G
�8℄<
�



65X(5.4. q f ∈ C0(Ω̄× R), u ∈ C2(Ω) ∩ C1(Ω̄) 6�5�)u�




∆u+ f
(
x, u(x)

)
≥ 0, x ∈ Ω

∂u

∂n
(x) ≤ 0, x ∈ ∂Ω.i u(x0) = max

x∈Ω̄
u(x), v f

(
x0, u(x0)

)
≥ 0.><�?�9 x0 ∈ Ω, \G� x0 U u(x) Æ+�p��K ∆u(x) ≤ 0, |�$ ∆u + f(x, u) ≥ 0 �
 f

(
x0, u(x0)

)
≥ 0. D�9 x0 ∈ ∂Ω, ,L��9i6iS�* f

(
x0, u(x0)

)
< 0, K$ ∂Ω Æl�
�l{E}Y� Br ⊂ Ω, 
 ∂Br ∩ ∂Ω = {x0}. 1$ f Æ�k
�f(x, u(x)) E Ω _ L�\y ∆u(x) > 0,
 u(x) ≤ u(x0), x ∈ Br, \G$�� 5.1 (3), ∂u

∂n (x0) > 0, \/���9E-��t x0 ∈ ∂Ω {%
f
(
x0, u(x0)

)
≥ 0.,L	�
�� 5.4 �!, Neumann 6p+� ( ∂u∂n = 0), " Dirichlet 6p+�ÆfZ ( ∂u∂n ≤ 0).

§5.2 ��v�,L�! 5.1 WzÆ+p7��+9�Æ/<
�<
�Æx�Z%l��u� (a priori esti-

mate).+5.2. �3Z5KQ�)u�




∆u+ f(u(x) = 0, x ∈ Ω

u = 0, x ∈ ∂Ω.
(5.4){! f ∈ Cα(R̄+), α ∈ (0, 1), i u > M, f(u) < 0. v j (5.4) �dN*0� u�Z5'z�U℄s#�(1) u ≡ (x) = 0, x ∈ Ω; (2) 0 < u < M, x ∈ Ω. {�Zg� 5.2 M� 5.4 �>��\� 5.4 	�>) u(x) ≤M , 
Rf��o �� u(x) < M .+5.3. �3Z5 Neumann -��





∆u+ f(u(x) = 0, x ∈ Ω

∂u

∂n
= 0, x ∈ ∂Ω.

(5.5)i f ∈ Cα(R), α ∈ (0, 1), S f )�uJ��B8 (5.5) ��℄)p��{�Z{R�>�i u } (5.5) �d\��v)uu Ω md+��
0 =

∫

Ω

(
∆u+ f(u)

)
dx =

∫

∂Ω

∂u

∂n
ds+

∫

Ω

f
(
u(x)

)
dx =

∫

Ω

f
(
u(x)

)
dx,`�i u(x) g}p��f(u(x)) u Ω m℄`_L�# f(u) )�uJ��̀ �
"hU9/ * � *u0 ∈ Rx� f(u0) = 0, # f(u)(u − u0) < 0, u 6= 0, B8 u(x1) = max

x∈Ω̄
u(x) > u0, 
 f

(
u(x1)

)
< 0, {l� 5.47!�̀ � u(x) 	E}p���+5.4. �3 Lenyel-Epstein CIMA XM(d�KQ�)u�






∆u+ a− u− 4uv

1 + u2
= 0, x ∈ Ω

∆v + u− uv

1 + u2
= 0, x ∈ Ω

∂u

∂n
=
∂v

∂n
= 0, x ∈ ∂Ω.

(5.6)



66.;�>�i (
u(x), v(x)

) } (5.6) ����v
a

5 + 4a2
< u(x) < a, 1 +

(
a

5 + 4a2

)2

< v(x) < 1 + a2, x ∈ Ω̄.1 u(x0) = max
x∈Ω̄

u(x), B8g� 5.4 ��
a− u(x0)−

4u(x0)v(x0)

1 + u2(x0)
≥ 0,{R u(x0) < a, S 1 + u2(x) < 1 + a2. 1 v(x1) = max

x∈Ω̄
v(x), B8g� 5.4 ��

u(x1)−
u(x1)v(x1)

1 + u2(x1)
≥ 0,�Z v(x) ≤ 1 + u2(x1) < 1 + a2. 1 u(x2) = min

x∈Ω̄
u(x), B8g� 5.4�dfÆ −u
��

a− u(x2)−
4u(x2)v(x2)

1 + u2(x2)
≤ 0,`�

a < u(x2)

(
1 +

4u(x2)v(x2)

1 + u2(x2)

)
≤ u(x2) (1 + 4v(x2)) ≤ u(x2)

(
1 + 4a2

)
,�Z u(x2) >

a

5 + 4a2
. �T1 v(x3) = min

x∈Ω̄
v(x), v�

u(x3)−
u(x3)v(x3)

1 + u2(x3)
≤ 0,�Z v(x3) ≥ 1 + u2(x3) > 1 +

(
a

5 + 4a2

)2

.+,h.BIÆ?0��oV℄�<
ÆZ.�j��J|Fw�\yÆ?we8U��Æ�{��!�sÆ<6

�,LDs}��+5.5. 



d1∆u+ u(1− u

K
)− muv

1 + u
= 0, x ∈ Ω

d2∆v − dv +
muv

1 + u
= 0, x ∈ Ω

∂u

∂n
=
∂v

∂n
= 0, x ∈ ∂Ω.

(5.7)i (u, v) } (5.7) �*0��.;�>�
0 < u(x) < K, 0 < v(x) <

K(d1d+ d2d)

d2d
, x ∈ Ω̄.gRf�o �� u(x) > 0, v(x) > 0. q u(x0) = max

x∈Ω̄
u(x), v

1− u(x0)

K
> 1− u(x0)

K
− mv(x0)

1 + u(x0)
≥ 0,



67`� u(x) < K. y (5.7) 
'9)u:p��
0 = ∆(d1u+ d2v) + u(1− u

K
)− dv

≤ ∆(d1u+ d2v) + u− dv

≤ ∆(d1u+ d2v) + u+
dd1

d2
u− d(d1u+ d2v)

d2

≤ ∆(d1u+ d2v) +K

(
d2 + dd1

d2

)
− d(d1u+ d2v)

d2`�i d1u(x1) + d2v(x1) = max
x∈Ω̄

(
d1u(x) + d2v(x)

)
, vg� 5.4(dfÆ −(d1u+ d2v)),

d1u(x1) + d2v(x1) ≤
(d2 + dd1)K

d
,`� v(x) <

(d2 + dd1)K

d2d
.

§5.3 m2�mGR[��mf�9�=�8℄<
� 



∆u+ f(u) = 0, x ∈ Ω

u = 0, x ∈ ∂Ω,
(5.8)\� f ∈ C1(R). 9 p > n, K℄t Sobolev �)���W 2,p(Ω) ⊂ C(Ω̄). * φ ∈ W 2,p(Ω), ∆φ + f(φ) ≥ 0E Ω z3�pp`��φ(x) ≤ 0 E ∂Ω 33�pp`��K φ U (5.8) Æ}Y�� (subsolution �

lower solution)��sÆ* ∆ψ + f(ψ) ≤ 0 E Ω z3�pp`��ψ(x) ≥ 0 E ∂Ω 33�pp`��K
φ ∈W 2,p(Ω) U (5.8) Æ}YZ� (supersolution � upper solution). ,L%�=$/���X(5.5. i f ∈ C(R), ∂Ω ) C2,α DW��u (5.8) �U9m� ψ MU95� φ, x� ψ(x) ≥ φ(x), u Ω
jU||s#. 1 m = min

x∈Ω̄
φ(x), M = max

x∈Ω̄
ψ(x), q�u K > 0 x� dN u1, u2 ∈ [m,M ], u1 > u2,.;h

f(u1)− f(u2) ≥ −K(u1 − u2),B8 (5.8) h� u M u x� ψ(x) ≥ u(x) ≥ u(x) ≥ φ(x), S u M u +b} (5.8) u φ l ψ �s����M�A��T
}�i w } (5.8) ��S6� ψ ≥ w ≥ φ, v u ≥ w ≥ u.,L�%�=�z
x�X(5.6. q p > n,

(1) i ψ1, ψ2 ∈ W 2,p(Ω), Ω1 = {x ∈ Ω : ψ1 > ψ2} M Ω2 = {x ∈ Ω : ψ1 < ψ2} } Ω D�DW�Zn,B8i ψ1 M ψ2 �} (5.9) �5�, v max{ψ1, ψ2} T}5��i ψ1 M ψ2 �} (5.9) �m��v
min{ψ1, ψ2} T}m�.

(2) i u M u +b}� 5.5 
�Æ��AM����B8 u M u �}V,���i (4.12) ��U�~�)*0.



68 �� ?? � 5.6 ��ÆiSH (K|x, 2009). ,L�=OÆ��nS\Y��Æ}Y�!.+5.6. �35<��_wq�D:





△u+ λuf(u) = 0, x ∈ Ω,

u = 0, x ∈ ∂Ω.qq f(u) )j Allee BdD, i f(0) > 0, �u u2 > u1 > 0 x� f ′(u) > 0, u ∈ [0, u1); f
′(u) < 0,

u ∈ (u1, u2]; f(u2) = 0. i�^
f(u) =





f(u1), u ∈ [0, u1],

f(u), u ∈ [u1, u2],
f(u) =





f(0), u ∈ [0, u3],

f(u), u ∈ [u3, u2].
(5.9){! u3 }(U6� f(u3) = f(0) ��, B8 u M u �}*wJ�, `�� 4.5 �ZdfjZ

f = f(a f) � (5.9), .;�Æ� f = f u, (5.9) ��g)
Σ =

{
(λ, uλ) : λ >

λ1

f(u1)

}
; (5.10)# f = u u, (5.9) ��g)

Σ =

{
(λ, uλ) : λ >

λ1

f(0)

}
; (5.11)B8 jj Allee BdD f �)u (5.9), )u�h���s��g ∑ �Knu Σ M Σ �s.

f

f

f

u

Σ

Σ

Σ

λ

u

λ
1
/f(u

1
)

•
λ

1
/f(0)

•� 5.2 , Allee X�. (#) f � f 0 f �i;; ()) C��.|wm, i (λ, u) } (5.9) Z f )*9G<�U9��, B8 u }




△u+ λuf(u) = 0, x ∈ Ω,

u = 0, x ∈ ∂Ω,
(5.12)�U95�, # u2 } (5.12) �U9m�, g� 5.4 � u < u2, `�� ?? dfÆ (5.12) �>)u uM u2 shU9��. #� 4.5 
Y	�> (5.12) h(U�� uλ. `� u ≤ uλ ≤ u2. `�dN (5.9) ��� u ≤ uλ. � u ≥ uλ. {\ 2.52- i. �\j Allee BdD�)u (5.9) u λ0 =

λ1

f(0)
|�+P}�-�� (i λ′(0) < 0).



693=ZÆ#6{���m
<
�Æ��. �9





△u+ f(u, v) = 0, x ∈ Ω,

△v + g(u, v) = 0, x ∈ Ω,

u = v = 0, x ∈ ∂Ω.

(5.13),L��
(a) *+, u ≥ 0, v ≥ 0,

∂f

∂v
(u, v) ≥ 0,

∂g

∂u
(u, v) ≥ 0;K (f, g)  �%℄ (cooperative) Æ;

(b) *+, u ≥ 0, v ≥ 0,

∂f

∂v
(u, v) ≤ 0,

∂g

∂u
(u, v) ≤ 0,K (f, g) Ul
℄ (competitive) Æ.	�
�%℄{^ 
��O?, l
℄{^ 
��G5.� (f, g) U�%℄D, (u, v) � (u, v) ^ (5.13) Æ3Z�=Z, *





△u+ f(u, v) ≤ 0, x ∈ Ω,

△v + g(u, v) ≤ 0, x ∈ Ω,

△u+ f(u, v) ≥ 0, x ∈ Ω,

△v + g(u, v) ≥ 0, x ∈ Ω,

u ≥ 0, v ≥ 0, u ≤ 0, v ≤ 0, x ∈ ∂Ω.1� (f, g) Ul
℄D, (u, v) � (u, v) ^ (5.13) Æ3Z�=Z, *




△u+ f(u, v) ≤ 0, x ∈ Ω,

△v + g(u, v) ≤ 0, x ∈ Ω,

△u+ f(u, v) ≥ 0, x ∈ Ω,

△v + g(u, v) ≥ 0, x ∈ Ω,

u ≥ 0, v ≥ 0, u ≤ 0, v ≤ 0, x ∈ ∂Ω.,L	�
E�%℄V℄z, (u, v) � (u, v) ���#�����, 1l
V℄z, (u, v) � (u, v) ��#��, �4g�D��.X(5.7. i (f, g) }O Daz��D�, (u, v) M (u, v) }U hm�^�m,5�. B8�u (5.13) �U9� (u, v) x�
u ≥ u ≥ u, v ≥ v ≥ v.



70 +5.7. .;��3 4.5 �
O�H���l����D:





△u+ λu(1− u−Au) = 0, x ∈ Ω,

△v + µv(B − Cu− v) = 0, x ∈ Ω,

u = v = 0, x ∈ ∂Ω.

(5.14)i λ > λ1, µ >
λ1

B
, v (uλ, 0) M (0, vµ,B) } (5.14) �U VK'�. g[Q� (u, v) = (uλ, vµ,B) M (u, v)}U m5�, `� (5.14) �u� (u, v) 6�

uλ ≥ u ≥ 0, vµ,B ≥ v ≥ 0.
wlm, (uλ, 0) M (0, vµ,B) [r
6�{UC4. `�{Rt	�m5�
9h;y*K'�..;\℄ p'+)u� (2.38), � C < B < A−1 uhU9,�>��, `�.;�>{R�>�� j (5.14) f`s#. q ϕ1 } 



−△ϕ = λϕ, x ∈ Ω,

ϕ = 0, x ∈ ∂Ω.�:dj λ = λ1 ���~J�, S ‖ ϕ ‖∞= 1. .;f`Z (u, v) = (uλ, vµ,B) )m�, #5�)
(εϕ1, εϕ1), {! ε > 0 }9��p�. g[Q� j u M v �)u�`6�. .;qq C < B < A−1, `�

1−AB = k1 > 0, B − C = k2 > 0.B8
△(εϕ1) + λ(εϕ1)(1 − εϕ1 −AVµ,B)

≥εϕ1[λ− λ1 − λε− λAB] = εϕ1[λ(k1 − ε)− λ1];

△(εϕ1) + µ(εϕ1)(B − Cuλ − εϕ1)

≥εϕ1[µB − λ1 − µC − µε] = εϕ1[µ(k2 − ε)− λ1].B8.;L\ 0 < ε < min{k1, k2},
λ >

λ1

k1 − ε
, µ >

λ1

k2 − ε
.v (uλ, vµ,B) M (εϕ1, εϕ1) s)U m5�, i\ ε =A, B8 uλ ≥ εϕ1, vµ,B ≥ εϕ1. <�� 5.8, (5.14)hU9�� (u, v). ��>�, .;	HS

C < B < A−1, λ >
λ1

1−AB , µ >
λ1

B − C .{U�G�Z� up'+4�
h,�>��u, 	S�l4�|A (\℄ λ = 1/d1, µ = 1/d2), B8
Dirichlet ^�-�Th�
�>��. � 3.3 ��Dg�, T�Z�~)�Zn Ω ��� (λ ��A) u,B8)u (5.14) h�
jp'+)u��.!
,Lql3=Z<6}�F!E Neumann 6p+�U� �=ÆXs.X(5.8. q Ω ) R

n 
U9h��Zn.
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(1) i u } 



∆u+ f(u) = 0, x ∈ Ω,

∂u

∂n
= 0, x ∈ ∂Ω,�U9,��, v u ℄)p��. (Casten-Holland, 1978; Matano, 1979)

(2) i u } 



∆u+ f(u, v) = 0, x ∈ Ω,

∆v + g(u, v) = 0, x ∈ Ω,

∂u

∂n
=
∂v

∂n
= 0, x ∈ ∂Ω,�U9,��, S (f, g) }O Da��D�, B8v (u, v) ℄)p��.

(Kishimoto, Weinberger, 1983).�s,�� 5.6, +,�%℄"Zl
℄<
�, $3=Z<6

ÆZt5U!)�Æ. �t��
5.8 nS, +, Neumann 6p+�, !3=Z<6

ÆZE��2D4�UXgZ, {pHFG��).�U3=Z\}oLÆ}Yb}I�!E�.+�z�U�%!Æ.

§5.4 Fx�mGR�B1*{4�1*+,X�B<

du

dt
= f(u), f ∈ C1(R).�9A� u(0) = u1, u(0) = u2 Æ%YZ u1(t) � u2(t), \G* u1 > u2, K u1(t) > u2(t). \}1S7�U$X�B<
ZÆ�}
�
. +,9�Æ/<
, ,L%�=1S7�:X(5.9. q QT = Ω × (0, T ), Ω } R

n 
U9h�DWZn, T > 0. q u1(t, x), u2(t, x) ∈ C2,1(QY ) ∩
C0(QT ), | ui |, | ∇ui | u Q mU�h�, f ∈ C1(R× R

n). �^ Q �H1^�)
ΣT = (Ω× {0}) ∪ (∂Ω× (0, T )).i
u1(t, x) ≤ u2(t, x), (t, x) ∈ ΣT , (5.15)

∂u1

∂t
−∆u1 − f(u1,∇u1) ≤

∂u2

∂t
−∆u2 − f(u2,∇u2), (t, x) ∈ QT . (5.16)B8 j (t, x) ∈ QT , u1(t, x) < u2(t, x).iS�H (Smoller,1994),(Aronson-Weinberger,1978).% }YF��!, ,L�9 Neumann 6p=Æ Fisher-KPP <
:+5.8. �3 




ut = △u+ u(1− u), t > 0, x ∈ Ω,

∂u

∂n
= 0, t > 0, x ∈ ∂Ω,

u(0, x) = u0(x) ≥ 0, x ∈ Ω.

(5.17)



72q u0(x) ∈ C0(Ω), u0(x) ≥ 0, u0(x) 6≡ 0. )u��Æi�uG�vUU{��,h (Henry,1981). q u(t, x)) (5.17)��, v u(t, x) 
nu t ∈ (0, δ) m�u. 1 u1(x) = u0(δ/2, x), vg� 5.9 � u1(x) > 0, x ∈ Ω

(gl u(t, x) ≡ 0 �\|). q 0 < m ≤ u1(x) ≤M, x ∈ Ω, �3Z m )x��� um(t, x) MZ M )x��� uM (t, x). i um(t, x), uM (t, x) �u, B8Z u1(x) )x��� ũ(t, x) 6�
um(t, x) < ũ(t, x) < uM (t, x), (t, x) ∈ QT .# um(t, x), uM (t, x) wlmgW�j x, i um(t, x) = um(t), uM (t, x) = uM (t, x). # um(t, x) M uM (t, x)}

du

dt
= u(1− u) (5.18)+b}Z m M M )x���. `) um(t, x), uM (t, x)  �h t > 0 �u, S

lim
t→∞

um(t) = lim
t→∞

uM (t) = 1.`� ũ(t, x) T t > 0 �u, S limt→∞ ũ(t, x) = 1  x ∈ Ω U�s#. gH1)u��(UG�
u(t, x) = ũ(t− δ/2, x), �Z limt→∞ u(t, x) = 1  x ∈ Ω U�s#.� (5.8) ÆL6+,�%℄"l
℄Æ9�Æ/<
�{��,�U�t�B<
ÆZ/X�B<
ÆZ%1S�U%qF
. ,L�3=ZÆQf�m
n0℄<
:�9 




ut = ∆u+ f(u), t > 0, x ∈ Ω,6p�J, t > 0, x ∈ Ω.

(5.19)\� Ω:��U R
n zÆ%\�2, {��U R

n /;. ,L�� u(x)  (5.19)Æ}Y=Z* δu+f(u) ≥
0, x ∈ Ω(* Ω  %\Æ
6\�J u = 0, ,L�z� u ≤ 0, x ∈ ∂Ω. 3Z u ���s��.X(5.10. i u} (5.19)�U95�,v (5.19)Z u)x��� u(t, x) us t	�mt,S limt→∞ u(t, x)}�j u � (5.19) �AKQ� (i u(t, x) h�).

Proof. $ ∆u + f(u) ≥ 0 �l ∂u

∂t
(0, x) ≥ 0. �t{EVÆ t0 > 0 M
 t ∈ [0, t0], u(t, x) ≥ u(x), x ∈ Ω.3 v(t, x)  




vt = ∆v + f(v), t > 0, x ∈ Ω,

v(0, x) = u(t0, x), x ∈ Ω,/(5.19)%I�Æ6p�J.ÆZ. K$�� 5.9,

v(t, x) > u(t, x), t > 0, x ∈ Ω.� kp u(t0, x) ≥ u(x). $<
�}
, v(t, x) = u(t + t0, x). �t u(t + t0, x) > u(t, x), 1 t0 ��$�V. �KM!\}>inS
u(t2, x) > u(t1, x), t2 > t1, x ∈ Ω.* u(t, x) %\, K u∗(x) = limt→∞ u(t, x) ��{E
E Ω Æ$�`�,Z U}uÆ. ��iS\yÆZ ��E C2(Ω) (��+), \nS u∗ ∈ C2(Ω). �tA�x�Z<
, $1S7�l u∗ U�, u Æ!Vx�Z.



73+5.9. .;�3^�sm� Fisher-KPP )u:



ut = ∆u+ u(1− u), t > 0, x ∈ R

n,

u(0, x) = u0(x) ≥ 0, x ∈ R
n.

(5.20)�`�;&}f`f" 5.8 !�\|)&, ilp�\|. { jm�9h-�, 
i u0(x) u�i+Zn)/, B8ix u(t, x) )�, infx∈Rn u(t, x) f`}/. `�gEZU9��p�)5�. q ϕ1 )




∆ϕ+ λϕ = 0, x ∈ B1,

ϕ = 0, x ∈ ∂B1��U�~J�, ϕ1 > 0. .;�� ϕ1 }W r�. �^ u(x) = εϕ1(x), x ∈ B1; u(x) = 0, x 6∈ B1. v<�� 5.6 �
��>, u(x) }U95�S u(t0, x) > u(x) i ε ��Ah jA9 t0 > 0. <�� 5.9,

u(t+ t0, x) > v(t, x), {!} v(t, x) Z u(x) )x�� (5.20) �, <�� 5.10 , v(t, x) Cj t 	wS�&j�j εϕ1 �A�KQ� u∗. 0U)<`)��(UG, v(t, x) ℄`}W r�, `� u∗ T}W r�.
} ∆u+ u(1− u) = 0, x ∈ R
n z) u = 1 #9hW r���. `� u∗(x) = 1. {R
1 ≥ lim

t→∞
u(t, x) ≥ lim

t→∞
v(t, x) = u∗(x) = 1.
}�\{!��&gU�}U��, v(t, x) > u∗(x) ≡ 1 ��&QK}ssU9W r, �
jFd��Hu. �Z�>x���) c = 2 } Fisher-KPP )u��Ad� (v�kx).�� 5.10 Æ�!�� z� (5.19) Æx�ZÆ�>, O� 5.9 z>x7x�ZF{EM
ZÆ �a � F�. <
ZÆa �s,X�B<
, y�a�ZÆ{EM
Z UEeY�E�IIBÆ.En0<
�K'DzS�z�$ÆU Fujita <
 (Fujita, 1964):

ut = ∆u+ up, t > 0, x ∈ R
n, (5.21)\� p > 1. +,F�Æ p p, (5.21) %F�ÆKda , �(E%FDE){; Z 
1; Z 
x�Z�� (Wang, 1993; Gui, Ni, Wang 1992,2001). ,LE\�F.�>. }�?0�o�z�9�Æ<


ut = ∆u+ up(1− u), t > 0, x ∈ R
n (5.22)" 




ut = ∆u+ upv, t > 0, x ∈ R

n,

vt = ∆v − upv, t > 0, x ∈ R
n,

(5.23)%�s Fujita <
Æ �a (� p >
n+ 2

n− 2
D), 1*�s, Fisher-KPP <
* p <

n+ 2

n− 2
. �=U

(5.22) E p >
n+ 2

n− 2
Dx�Z u = 0 � u = 1 u%j)�
 (Shi-Wang, 2006).

§5.5 Vw:/}i
1. * u U 




∆u+ f(u) = 0, x ∈ Ω,

u = 0, x ∈ ∂Ω,



74 Æ}Y>LZ. �z f A� f ∈ C1(R+), f(0) = f(M) = 0. f(u) > 0, u ∈ (0,M); f(u) < 0, u > M .iS: 0 < u(x) < M, x ∈ Ω.

2. * (u, v) U�Æ/Æl
<
 (5.14) Æ}YfZ, \G4% λ > λ1, µ >
λ1

B

 0 < u(x) < uλ(x),

0 < v(x) < vµ,B(x), x ∈ Ω.

3. �9 Klausmeir V℄Æx�Z<
 (a > 0,m > 0):






d1∆w + a− w − wn2 = 0, x ∈ Ω,

d2∆n+ wn2 −mn = 0, x ∈ Ω,

∂w

∂ν
=
∂n

∂ν
= 0, x ∈ ∂Ω,

(\� ∂/∂ν �<6\6Q	g) Y�	<
�x�ZÆ?we8.

4. �9 Schnakenberg V℄Æx�Z<





d1∆u+ u2v − u+ b = 0, x ∈ Ω,

d2∆v − u2v + a = 0, x ∈ Ω,

∂u

∂n
=
∂v

∂n
= 0, x ∈ ∂Ω,Y�	<
�x�ZÆ?we8.

5. �9 Fisher-KPP <
 



∆u+ u(1− u) = 0, x ∈ Ω,

∂u

∂n
= 0, x ∈ ∂Ω.* u U<
Æ>LZ, iS u(x) ≡ 0 " u(x) ≡ 1.

6. �!�� 4.5 iS ∆u+ u(1− u) = 0, x ∈ R
n H%n u = 0 � u = 1 �Æ�+^Z.

7. �9 Fisher-KPP <
Æ Dirichlet 6p+�:






ut = ∆u+ λu(1− u), t > 0, x ∈ Ω,

u(t, x) = 0, x ∈ ∂Ω,

u(0, x) = u0(x) ≥ 0, x ∈ Ω.iS:

(1) * λ < λ1, K+,$� u0(x) ≥ 0, lim
t→∞

u(t, x) = 0;

(2) * λ > λ1, K+,$� u0(x) ≥ 0(6≡ 0), lim
t→∞

u(t, x) = uλ(x), <
Æ�}fx�Z (H�� 4.5).
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B1)g℄
§6.1 DoqmG Hamilton �k F��H�,La�9xO:�:




x′ = f(x, y), t > 0,

y′ = g(x, y), t > 0,
(6.1)

(6.1) .^ }Y Hamilton :��*{E}Y`'yg H : R
2 → R M


∂H

∂y
= f(x, y),

∂H

∂x
= −g(x, y)`��1 Hamilton :�_(

x′ =
∂H

∂y
, y′ = −∂H

∂x
(6.2)

Hamilton :�u%\yÆ
x�* (x(t), y(t)) U (6.2) Æ}YZ�K H(x(t), y(t)) ≡ c, t ≥ 0��t|%ZÆq�E H(x, y) Ælx�G (level curve) 3�EG
:�zs%���z\�`U Hamilton :��
 
 

 
 

 
 

x

y
 
 

 
 

 
 

x

y

� 6.1 zPHd Hamilton ;
�J�. (#) x′ = y, y′ = −x, H(x, y) = x2 + y2; ()) x′ = −y, y′ = −x, H(x, y) = x2 − y2

Hamilton :�%(=
x�
1. m) (6.1) U Hamilton :�Æ�KU�* ∂f

∂x
= −∂g

∂y
�K (6.1) U Hamilton :��

2. * (x0, y0) U:� (6.2) Æ}Yx���K Jacobian r` 
J(x0, y0) =

(
Hxy Hyy

−Hxx −Hxy

)
.�t Tr(J) = 0, Det(J) = −H2

xy +HxxHyy�� Det(J) > 0 D�(x0, y0)  z\℄�|%q�"U�|q��� Det(J) < 0 D�(x0, y0)  ���%��zÆ Hamilton ℄:� 


x′ = y,

y′ = −f(x),
(6.3)

75



76�`'yg H(x, y) =
1

2
y2 +

∫
f(x)dx�1 (6.3) �A,3UX�B<


x′′ + f(x) = 0. (6.4)2}�^m;Æ:� 



x′ = g(y),

y′ = −f(x),
(6.5)�`'yg H(x, y) =

∫
g(y)dy +

∫
f(x)dx�Hamilton :�nTlBE?0�!zS {H�,Lss}��!h�Æ Lotka-Volterra CG:�




x′ = ax− bxy,
y′ = −cy + dxy,

(6.6)\� a, b, c, d > 0�jT (6.6) Æq��A,
dy

dx
=
y(dx− c)
x(a− by) .N<
'B�
: a ln y − by = dx − c lnx+K��z K  Xg�|� (6.6) U Hamilton :�.

 
 

 
 

 
 

x

y

� 6.2 (6.6) �J�.<
 (6.4) U9�Æ/<
 ut = uxx + f(u) Æx�Z<
��t+ (6.3) ÆI�B1��$�+9�Æ/<
x�Zsn�+6.1. i f(u) = u(1− u)�v Fisher-KPP )u�u R m�h�*0KQ��h u = 0, u = 1�N��h��u −R < x < R �s)��# jR Allee BdD f(u) = u(1− u)(u − a), 0 < a <
1

2
�����,1J"�z)p�� u = 0, u = a M u = 1 #�h/V"Yb u = a ���M��Zh u = 0 �,�/g,�2E d��
E���
E��^)U9 R m� rr-��Tr) ground-state solution�
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u

v

••

 
 

 
 

 
 

u

v

•• •

� 6.3 (6.3) �J�. (#) f(u) = u(1 − u); ()) f(u) = u(1 − u)(u − a), 0 < a < 1/2

� 6.4 (6.4) �a�?Yh[. �	#�&℄�34�g[�	{��}[�	)�,_DF[\YZÆ{E�X�n0<
Æ1S7���� 5.8�5.9 ��Qe9�Æ/<

ut = uxx + u(1− u)(u− a), t > 0, x ∈ RÆZÆKb
��

§6.2 zW�k{h^�k*+,<
� (6.1)�{E}Y Lyapunov yg V (x, y), V : R
2 → R M
:

dV

dt
((x(t), y(t)) ≤ 0,\� ((x(t), y(t)) U (6.1) Æ$�q��K,L^ (6.1)  yU~j (dissipative system).+,}Y Hamilton :����}Y�b  �N��� }Y~/:���(�� (pendulum) <


θ′′ +
µ

m
θ′ +

g

L
sin θ = 0 (6.7)� µ = 0 D�(6.7) U}Y Hamilton :���� µ > 0 D�(6.7) ` }Y~/:��\�`'yg 

V (θ, θ) =
1

2
(θ′)2 − g

L
cos θ�}��`Æ~/:�Uf\~j (gradient system). <
� (6.1) U�%:��*{E H : R

2 → RM

x′ = −∂H

∂x
, y′ = −∂H

∂y
. (6.8)
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• • •

θ

ω
 
 

 
 

 
 

θ

ω

•• •

� 6.5 ��=d�J� (#) µ = 0; ()) µ > 0.���%:�U~/:��� dH(x(t), y(t))

dt
= −

(∂H
∂x

)2 −
(∂H
∂y

)2�E~/:�z`'yguZq��G��tF�`%�|q���1 Poincare-Bendixson�>����F��!
,Lql Hamilton :��~/:���%:����} �}`'yg H(x, y) I+�Æ-Y:��E}YlxO H(x, y) = c 3�Hamilton :�ÆQ'W��ElxO�<Q��%:�Q'W��ElxO6<Q�L�%<Q
�1~/:�^,%ZmE��t Hamilton :�'f`'��%:�`'�!	<OG5�1}�Æ~/:�`'G5SC�
H(x,y)=C

dissapative

gradient

Hamilton

� 6.6 .�;
�R.

§6.3 j&%WmGDRC28|�9(=Æ/<

ut = d∆u, t > 0, x ∈ Ω, (6.9)



79,L��:� ` 
E0(u) =

1

2

∫

Ω

|∇u|2dx,K
dE0(u)

dt
=

∫

Ω

∇u · ∇utdx = −
∫

Ω

ut ·∆udx+

∫

∂Ω

ut · ∇u · ndS

= −1

d

∫

Ω

u2
tdx+

∫

∂Ω

ut
∂u

∂n
dS,*6p�J Neumann Æ�1 ∂u

∂n
= 0�K

dE0(u)

dt
= −1

d

∫

Ω

u2
tdx. (6.10)*6p�J Dirichlet Æ�1 u = 0�K ut|∂Ω = 0�|��(6.10) {`��:� `�U.~/Æ��s��+,9�Æ/<






ut = d∆u + f(u), t > 0, x ∈ Ω,

u(0, x) = u0(x), x ∈ Ω,

u(t, x) = 0, t > 0, x ∈ ∂Ω,

(6.11),L��
E(u) =

1

2

∫

Ω

|∇u|2dx−
∫

Ω

F (u(x))dx, u ∈ W 1,2
0 (Ω), (6.12)\��F (u) =

∫ u

0

f(v)dv�	��E : W 1,2
0 (Ω) → R U}Y�k��;y�* f u%}�Æl�


(Rabinowitz,1986)�\G E E u pÆ Fréchét 	g DE ∈ L(W 1,2
0 (Ω),R) �� 

DE(u)[w] = lim
t→∞

E(u+ tw) − E(u)

t

=

∫

Ω

∇u · ∇wdx −
∫

Ω

f(u)wdx

= −
∫

Ω

(∆u+ f(u))wdx.�t* DE(u) = 0�K u A� ∆u+ f(u) = 0, ∀u ∈W 1,2
0 (Ω)�1 u U<
 (6.11) Æ}Y+x�Z�$�8<
fK
�>, � f Ul�Æ, K+x�Z"Uh�Æx�Z. \y�qX (6.11) Æx�Z���� qX E(u) Æ/\� (critical point)�2}Y^}�Æ`'8xU�9 u(t, x) U (6.11) Æ}YZ�\Gu�Zq�Æ	g 

dE(u(t, x))

dt
=

∫

Ω

∇u · ∇utdx−
∫

Ω

f(u(x)) · utdx

= −
∫

Ω

(∆u + f(u)) · utdx

= −
∫

Ω

u2
tdx ≤ 0,



801 E U (6.11) Æ}Y Lyapunov yg�E\}��=�(6.11) U}Y~/:��TI3�dE
dt

(u(t, x)) ���` E u�q�v%<Q ut Æ�%5�1
dE

dt
(u(t, x)) = DE(u(t, x))[ut(t, x)].�t�(6.11) *U}Y�%:��\}Xb+, (6.11) Æsn����Æ%!�
O,L���
E�.��=�(6.11) ÆZ}�Z 
}Yx�Z��tx�Z,Æx�9
>X�z�jS���(6.11) ��Z`

du

dt
= ∇E(u),\� du

dt
,∇E(u) "U W 1,2

0 (Ω) Æa,�E (W 1,2
0 (Ω))∗ zÆ5u��t�\U}Y�.�"�E W 1,2

0 (Ω) I�EÆ�%:��\}L6Esn�8℄<
 (1<
 (6.11)) Æx�ZD�EB_&���z%!�.^ �"56�(heat flow)�E=}Wz�,LNM�}Y^?m;Æ
B��9\�+��
§6.4 IÆ[-�k9 X  }Y�-Æ%'�E�"Z F��H�}Y Banach �E�X 3Æ}Y.�Z,~j
(continuous dynamical system)U}Y�7 T : R

+ ×X → X�M
 T (t) : X → X Æ�� T (t)x =

T (t, x), t ≥ 0, A��
(i). T (t)x �k�∀t ≥ 0, ∀x ∈ X ;

(ii). T (0) = I, �$�7;

(iii). T (t+ s) = T (t)T (s), ∀s, t ≥ 0.�s�������/ �:� (discrete dynamical system)T : Z
+×X → X , Z  eg,��,LE\�s�9�k �:��%Y'D{� T (t) ^ }Y!5 (semiflow)�+, ∀x ∈ X���x x l5Æfq� (positive orbit) U γ+(x) := {T (t)x : t ≥ 0}�Lq� (negative

orbit) U γ−(x) := {T (t)x : t ≤ 0}�x��3�l�Lq�FH
�}��t�� Γ−(x)  |%Lq�Æ,��\G�}Y
t x Æ�qq� (global orbit) pU γ(x) := γ+(x)
⋃
γ−(x)�9 Γ(x) U
t x Æ�qq�,��+, X Æ�, B�,L���s��� γ+(B), γ−(B), γ(B),Γ−(B),Γ(B)�+,}Y�, B ⊂ X�ω− +F, (ω-limit set) � α− +F, (α-limit) Æ��B= 

ω(B) =
⋂

t≥0

Cl
( ⋃

s≥t
T (s)B

)
,

α(B) =
⋂

t≤0

Cl
( ⋃

s≤t
T (s)B

)
.\��Cl(A) U A Æ3&�*}Y,� J ⊂ X A� T (t)J = J, t ∈ R, K^ J  }Y;6� (invariant

set). * T (t)J = J, t ∈ R
+, K^ J  }Y=;6� (positively invariant set). * J ⊂ X A�

lim
t→∞

dist
(
T (t)K, J

)
= 0, K^ J U K Æ{!� (attract set). 5�,{���� �+, J Æ$}02

U , {E t0 ≥ 0 M
+ t > t0, T (t)K ⊂ U . (%Y'D^
}�� point dissipative). (s L ⊂ X 
 L U~/;}Y02Æ5�,, K^ L U}Y{!K (attractor). |%\Y L 5�Æ02Æ>, L Æ{



81!+ (basin of attraction). * L Æ5�2U X , K^ L UP�{!K (global attractor). 5��}�UF9,�}YXHÆF9,%�x�� (equilibrium), 1 γ(x) = {x}. ,LNx��Æ,�9 E(T )��|Z
(periodic solution), 1{E T0 > 0 M
 T (T0)x = x, γ(x) = {T (t)x : 0 ≤ t ≤ T0}.9 T U} �:��*{E}�kyg V : X → R (^ Lyapunov yg) M
�
(i) V

(
T (t)x

)
≤ V (x), t ≥ 0, x ∈ X ;

(ii) * V
(
T (t)x

)
= V (x), t ≥ 0, K x ∈ E(T ),K^ T  }f\~j (gradient system). *1S\}��/ 6.2 WzÆ���~^Td,\�Æ~/:��\��zÆ��U�X(6.1. i T }U9���$4���E� γ+(x0) }: ���i γ+(x0) }��
�v ω(x0) ⊂ E(T ).^}�Æh, ω- +F,ÆX>U�X(6.2. i γ+(x0) }: ���B8 ω(x0) }U9*���%�g_g�S ω(x0) 3b γ+(x0).x\%Y���l�*�%:� T a%�/ÆF�
Æx��,�K ω(x0) �U}Yx���+,X�B<
" R

n 3Æ�} �:��*~�u%�%:�Xb�K�.��= ω- +F,U}�Yx���q�Æ`
E%F" �:�zaeiSq�U%\Æ�
§6.5 Fx�mGR|"L�9=e Neumann 6p+��





ut = duxx + f(x, u), t > 0, x ∈ (0, 1)

ux(t, 0) = ux(t, 1) = 0,

u(0, x) = u0(x),

(6.13)E\��f ∈ C2. \G��iS (6.13) ��) X = W 1,2
(
(0, 1)

) zÆ}Y �:��
+, X zÆ%\, B, *{E}YDE t > 0 M
 T (t)B U%\Æ�K T (t)B UI+`Æ�$�s 6.3 WzÆ Lyapunovyg�1
E(u) =

d

2

∫ 1

0

[u′(x)]2dx−
∫ 1

0

F
(
x, u(x)

)
dx,E\� F (x, u) =

∫ u
0
f(x, t)dt, =e��`� (Zelenyak,1968).X(6.3. )u (6.13) �^��$4�}U9��4��S�

(i) i γ+(x0) }U9h�E��v ω(x0) }U9	KQ��
(ii) i (6.13) ��h�}h���v�uU9��^Æ3b� Af . i�hKQ�}*!X��i 0 g}9GXÆ���~�
�v

Af =
⋃

x∈E
Wu(x),i Af }�hKQ�hNg,�2E�
g�



82 ,L��+^�Æ Fisher-KPP <
 ��+6.2. �35�-��




ut = uxx + λu(1− u)(1 + u), t > 0, x ∈ (0, π)

ux(t, 0) = ux(t, π) = 0,

u(0, x) = u0(x) ∈ X.

(6.14)|wm{}j*�M
=�'���_O� Allen-Cahn )u�*9G< f(u) = u − u3, u u > 0 u)
Logistic D�u(x) = ±1 } (6.14) �'9,�p�KQ��u = 0 }g,�KQ��g�0x
�\|o g[��� jdN u0(x) y%���6��∀δ > 0, �u tδ > 0, x� t > tδ u�−1− δ ≤ u(t, x) ≤ 1 + δ.{}`)i |u| > 1 v f(u) < 0. {�>)��h�G�<�� 6.3, dNE���&�U	9KQ��U9��^Æ3b��u�`�3b���?gKQ�gO��?����35�KQ�)u�




u′′ + λu(1 − u)(1 + u) = 0, 0 < x < π

u′(0) = u′(π) = 0.
(6.15)<��	x�+P� �λn = n2 (n = 1, 2, · · · ) } (6.15) �+P��#�Z�>:9+P�}am+Px�u+P� λ′′(0) > 0; � λ = λn +Py��KQ��jU9^Æ%�+� Σn, Σn = {(λ, u±λ ) : λ > n2},N
 u+

λ (0) > 0, u−λ = −u+
λ , u±λ (x)u (0, π)mQh n9/��u+P� λ = λn 2��u±λ (x) = ±s cos(nx)+6~<; Σn m�:9��}*!X��N Morse ��) n (Morse ��}9GXÆ� φxx +λf ′(u)φ ���~�9�)�B8KQ��+P h5�

u=1

u=−1

41 9
u=0

� 6.7 (6.15) [�C��B8 (6.14) �3b��?T$^T{)�� n2 < λ < (n + 1)2 u�(6.14) QKh 2n+ 3 9KQ��3b�WI�h{CKQ�hN�s�_
E�. i'9KQ� u1 M u2 � Morse ��) k < m, v�u� u2 Æ u1 �(U_
E�. 3b��?v5 ���qlt�B<
snz�O3O��\yd��JÆ�qB��5��Æ�4��U>X{HÆ. �Uh.+�z�&���

�z}JBÆXs.
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• • •
−1 0 1

••

•

•

•

−1 0 1

u+
λ

uλ
−� 6.8 (6.14) �6��Y
. (#)�0 < λ < 1; ())�1 < λ < 4.+,U"�2 Ω 3Æn0<
:





ut = d∆u+ f(x, u), t > 0, x ∈ Ω,6p�J (Dirichlet" Neumann), t > 0, x ∈ Ω.

(6.16),LE 6.3W�h�
 (6.16)u%_( (6.12)Æ Lyapunovyg� �:���E X = W 1,p
0 (Ω) p > nz���
+,$� X zÆ%\, B, {E t0 > 0M
* T (t)B U%\Æ�K T (t)B UI+`Æ. �t�� 6.1, 6.2 ���!E (6.16) 3. �U (6.16) Æx�Z,��`1}"�_KB
.. ����,L%�X(6.4. )u (6.16) �^��$4�}U9��4�.

(1) i (6.16) ��}h��, v�3b� Af �u;

(2) i�u M > 0 x� uf(x, u) < 0, | u |> M , v (6.16) ��}h��;

(3) :9h�E��&ÆU9	KQ�, iZ5�w�Us#:

(3a) f }�2J� (Simon,1983));

(3b) Ω ) R
n 
	+W (Haraux, Polaćik,1992);

(3c) �hKQ�� Morse �� ≤ 1(Hale, Raugel,1992).��ql,L��s�9<
 (6.16) ÆfZ. $�/UÆ+p7�, * f(x, 0) >≥), x ∈ Ω̄, K
u0(x) ≥ 0 �#� u(t, x) > 0, t > 0 x ∈ Ω. ,L��E X Æf� X+ 3�9 (6.16), �sÆ��&����!. E\}��=, *<
 (6.16) Æ>Lx�Z���o���, f�zÆ5������.�eQel�.�( Neumann 6pÆ Fisher-KPP <
Ef�zÆ5��U u = 0, u = 1 �~LmEÆXg�wq�. E (Ouyang-Shi,1998,1999)� (Shi,2009) z, � Ω  R

n z�$�D, (6.16) Æ>Lx�Z�����B, K5��{����x�.+6.3. �3�hR Allee Bd�(d�l)u





ut = ∆u+ λu(1 − u)(u− a), t > 0, x ∈ Bn,
u(t, x) = 0, t > 0, x ∈ ∂Bn,

u(0, x) = u0(x) ≥ 0, x ∈ Bn.

(6.17)



84 vg (Ouyang-Shi,1998) ��G�u λ∗ > 0 x� (6.17) u λ < λ∗ u�(U*0KQ�) u = 0; �
λ > λ∗ uQKh 3 9*0KQ� u+

λ > u−λ > 0, N
 u+
λ M 0 },��. |wm u±λ �}W r�, {}<� (Gidas-Ni-Nirenberg, 1979) ��?�G. �T<�	��$4��U9�G (Jiang-Liang-Zhao, 2004)�ZT�� X+ +7ski+:

X+ = B0 ∪B+ ∪B−,N
 B0 M B+ +b} u = 0 M u = u+
λ �3bn, # B− } u−λ �,�2E, B− } X+ 
U9k*�)

1 �2E.
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