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Chapter 1

Introduction

1.1 Existence and multiplicity of solutions

This book intends to introduce the readers to the existence, multiplicity,
and in particular, exact multiplicity of solutions to semilinear elliptic equa-
tion. Very often but not always, we will only consider positive solutions.
For simplicity of the presentation, we will limit us to the equation:

Au(z) + Af(u(z)) =0, in Q, (1.1)
when A is the Laplacian operator defined by Au = Y7 | 0%u/dz?, Q is

i
an open subset in R™, n > 1, A > 0 is a parameter, and f is a smooth
function if not otherwise defined. If 2 has a boundary 0f2, then we assume
that 0 is smooth, and satisfies the conditions usually required for linear
elliptic equation theory. On the boundary, we usually assume the Dirichlet

boundary condition:
u(z) =0, z € 0Q, (1.2)

but we will also consider the equation on the whole space R".

An equation like (1.1) can be solved analytically only in a very few
accidental examples if the domain is also a special one. Numerical solutions
to (1.1) would be very useful, but a good understanding of the existence and
multiplicity of solutions is needed to guide the numerical calculation. There
is no complete answer to the question of existence for general nonlinear
function f(u), but for most nonlinearities arising from applications, there
has been an answer for existence/nonexistence. The uniqueness of solution
can be shown for some particular cases, but for most nonlinear problems,
there are more than one solutions, and some results of multiplicity have also
been found in the last a few decades. The ultimate goal is to determine the
exact multiplicity of the solutions, which is rarely achieved. It is the goal
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of this book to give a systematic approach to these problems. In summary,
this line of questions is to attempt to obtain a complete description of the
solution set of the equation like (1.1), and when that is too hard to achieve,
a partial description with as much as possible information on the solution
set.

As a simplest possible example, let’s consider the linear equation:

A Ap =0 in
6+ Ao in Q (1.9
¢=0 on ON.
It is well-known that the operator —A has a sequence of eigenvalues:
D<A <A< A3 < A, < (14)

In particular, from Krein-Rutman Theorem, the principal eigenvalue \;
is simple, in the sense that the eigenspace is one dimensional, and the
eigenfunction ¢;(x) is of one sign for x € Q, thus it can be chosen as
positive. Thus (1.3) is solvable if and only if A = A\g, and it has a positive
solution only when A = A;. On the other hand, we could consider the same
equation on an unbounded domain, say R™:

A¢p+Ap=0, in R" (1.5)

When there is no any restriction on the solutions, one can easily find many
solutions of (1.5), for example:

c1 cos(vVAz;) + e sin(v/Az;), A > 0;
P(x) = 1+ comi, A =0; (1.6)
c1 exp(vV—Ax;) + ca exp(—v—Az;) A <0,
where x = (z1,- - ,x,), and ¢1, ¢y are constants. However, more often we

are only interested in the bounded solutions of equation. In that case, we
cannot find bounded solutions when A < 0 (use Liouville’s Theorem, see
[GT]), and for A > 0, we still have solutions:

b(z) = {Cl cos(VAz;) + e sin(vVAz;), A > 0;

1.7
C1, A=0. ( )

In fact, the spectrum of —A on the whole space is [0, 00), which is an ex-
ample of continuous spectrum. Finally we can only find positive solutions
when A = 0, and the solutions are u(z) = ¢; > 0. From this example, one
can see that solution set depends on the parameter A, and we will study
the phenomenon of bifurcation, which describes the changes of the solution
set when the parameter changes. Also when comparing the results for a
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bounded domain and an unbound one, we can find there are drastic differ-
ences between them, and this will be demonstrated in this notes. In Section
1.2, we use examples of ordinary differential equations to illustrate the basic
types of bifurcation. Solutions of equation (1.1) are steady state solutions
to a class of important evolution equations—reaction-diffusion equations.
We review the derivation of reaction-diffusion equations in Section 1.3, and
list several examples of reaction-diffusion equations in Section 1.4.

u

A1 A2 A3

Fig. 1.1 Bifurcation diagrams of linear and nonlinear problems: dashed lines represent
the solution set of linear problem, and the solid curves represent that of nonlinear one

1.2 Bifurcation

In a system of equations, if one or more parameters vary, then the quali-
tative behavior of the system may change. Such a change is called a bifur-
cation. In this book, we concentrate on the bifurcations of solutions to an
equation of form

f(Au) =0, (1.8)

where ) is a parameter. The number of solutions for the equation changes
when the parameter changes. For example, consider an ordinary differential
equation

d_P:ap (1_%>—K. (1.9)
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From simple algebra, we conclude that when K < alN/4, (1.9) has two
equilibrium solutions P;([, and when K > aN/4, (1.9) has no equilibrium
solution. This phenomenon can be depicted in Fig. 1.2.

K

Fig. 1.2 Bifurcation diagram of logistic equation with harvesting

This elementary example shows the basic ingredients of dynamical sys-
tems and bifurcation theory. The parabola curve on the diagram is called
the bifurcation curve, the parameter K is a bifurcation parameter, and the
diagram is called a bifurcation diagram. The point Ky = aN/4 is a bifur-
cation point since the number of equilibrium solutions (or the solutions to
an equation aP(1 — P/N) — K = 0) changes as K across K. Moreover,
the equilibrium PI}F is stable since all solutions with initial values near PI}F
tend to PI}Ir as t — oo, and Py is unstable.

The main task of this book is to determine the bifurcation diagrams of
some partial differential equations. We need to study the existence, multi-
plicity and stability of equilibrium solutions of some dynamical equations.
The bifurcation theory for ordinary differential equations or finite dimen-
sional dynamical systems has been well established. For detailed discus-
sions, see Chow and Hale [CH], Strogatz [Str], Wiggins [Wi] or other books
in dynamical systems. From the implicit function theorem, the necessary
condition for bifurcation is

f(Xo,u0) =0, fulAo,uo) =0, (1.10)
and in the following examples in this section, we always assume (1.10)
is satisfied. Here we list a few well-known generic bifurcations for future
reference.

Example 1.1. (Saddle-node bifurcation) The bifurcation in the example
above is called a saddle-node bifurcation. On the two sides of the bifurcation
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point, there are zero or two equilibrium solutions respectively. If there are
two equilibrium solutions on the left neighborhood of the bifurcation point,
the bifurcation is subcritical, otherwise it is supercritical (see Fig. 1.3.) The
conditions of a saddle-node bifurcation for a scalar equation u’' = f(\ u)
(A, u € R) are

f)\()\o, Uo) # O, and fuu(/\o,’u,o) 75 0. (1.11)

Fig. 1.3 (a) Subcritical saddle-node; (b) Supercritical saddle-node.

Example 1.2. (Transcritical bifurcation) A transcritical bifurcation occurs
if there are two equilibrium solutions on both sides of bifurcation point,
but there is only one at the bifurcation point. It occurs under the following
conditions:

Ix(Ao,u0) =0, fru(Ao,u0) # 0, and fuu(Ao,uo) # 0. (1.12)
It is not totally trivial to show there are exactly two curves of equilibrium
solutions crossing at the bifurcation point just under these conditions. It
would be easier if we assume that f(\ ug) = 0 for all A near A\g. We shall
discuss this problem in Section 3.3.

Fig. 1.4 Transcritical bifurcations

Example 1.3. (Pitchfork bifurcation) Pitchfork bifurcation is similar to
transcritical bifurcation, and it occurs if

f)\(/\()vuO) = ,fuu(/\O,'UJO) = 0,
FraNo,uo) #0, and fuuu(No,uo) # O.

In Chapter 3, we will formulate the infinite dimensional version of these

(1.13)

basic bifurcation theorems, and applications to semilinear equations will be
found in later chapters.
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Fig. 1.5 (a) Supercritical pitchfork; (b) Subcritical pitchfork.

1.3 Reaction-diffusion equations

Diffusion mechanism models the movement of individuals of a certain
species in an environment or media. The individuals can be very small
such as bacteria, molecules, cells, seeds, or very large objects such as in-
dividual or groups of animals, or certain kind of events like epidemics and
rumors. The particles reside in a region, which we call 2, and we assume
that  is an open subset of R™ with n > 1. We use the density function of
the particles P(t,x), where t is the time, and x € Q.

How do the particles move? A Chinese proverb is “People goes to high
place, water flows to low place”. It is a natural phenomenon that a sub-
stance goes from high density region to low density region. The movement
of P(t,x) is called the flux of the population density, which is a vector.
The “high to low” principle now means that, the flux always points to the
most rapid decreasing direction of P(t,x), which is the negative gradient
of P(t,x). This principle is called Fick’s law, and it can be represented as

I(t,z) = —d(z)V,P(t,z), (1.14)

where J is the flux of P, d(z) is the diffusion coefficient at = and V, is the
gradient operator.

On the other hand, the density of particles at any point may change
because of other reasons like birth, death, hunting, or chemical reactions.
We assume that the rate of change of the density function due to these
reasons is f(t, x, P), which we usually call the reaction rate. Now we derive
a differential equation using the balanced law. We choose any subregion O
of €, then the total population in O is fo P(t,z)dx, and the rate of change
of the total population is

%/{)P(f,x)dw. (1.15)

The net growth of the population inside the region O is

/ ft,z, P(t,z))dx, (1.16)
O
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and the total out flux is
/ J(t,z) - n(x)dS, (1.17)
20

where 0O is the boundary of O, and n(z) is the outer normal direction at
. Then the balance law implies

%/OP(WWC = _/aOJ(tax)'n(ib)dS—F/Of(t,:v,P(t,:v))d:v (1.18)

From the divergence theorem, we have

/ J(t,x)-n(x)dS:/ div(J(t, z))dx. (1.19)
80 o

Combining (1.14), (1.18) and (1.19), and interchanging the order of differ-
entiation and integration, we obtain

/O—apéi’z’dm /O [div(d(x) Vo, P(t, ) + f(t,z, P(t,z))] dv.  (1.20)

Since the choice of the subregion O is arbitrary, then the differential equa-
tion
OP(t,x)
ot
holds for any (¢,2). The equation (1.21) is a reaction diffusion equation.
For other ways of deriving (1.21) and related equations in mathematical
biology, chemical reaction theory, see Murray [Mu], Okubo and Levin [OL],
and Fife [F3].
The diffusion coefficient d(z) is not a constant in general since the en-

= div(d(x)VyP(t,z)) + f(t,x, P(t,x)) (1.21)

vironment is usually heterogeneous. (Indeed the diffusion coefficient can
even depend on the density itself, see [Mu; OL].) But when the region of
the diffusion is approximately homogeneous, we can assume that d(z) = d,
then (1.21) can be simplified to

oprP

o = dAP+ [(t.x.P), (1.22)

where AP = div(VP) Z 8 2 is the Laplacian operator. In classical

mathematical physics, the equat1on u; = Aw is called heat equation. So
sometimes (1.22) is also called a nonlinear heat equation. Conduction of
heat can be considered as a form of diffusion of heat.

While the spatial domain 2 can be the whole space R™, more realistic
domains are usually bounded. In most parts of this book, we assume that
) is a bounded smooth domain in R", i.e. {2 is a bounded open subset of
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R”, and the boundary of €2 is a differentiable manifold of dimension n — 1
with sufficient smoothness. For a differential equation like (1.22) to be well-
posed, certain boundary conditions need to be added. Typical boundary
conditions are

(Dirichlet) P(t,z) = ¢(z), = € OQ; (1.23)
(Neumann) V,P(t,z) -n(x) = ¢(z), = € 0 (1.24)
or (Robin) V,P(t,z) -n(x) + aP(t,x) = ¢(x), = € 0. (1.25)

In this book, we will only consider the homogeneous Dirichlet case in (1.2).
A solution u(z) of (1.1) is an equilibrium solution (time-independent
solution) of a reaction-diffusion equation:

QL) _ Al )+ M (u(e. 1), (1.26)
or a nonlinear wave equation:

2

TULD _ Avula, )+ M(ue. 1), (1.27)

which have been interesting subjects for many disciplines of sciences and
engineering. We will not discuss much about the dynamics of (1.26) or
(1.27) in this notes, but the readers can find such discussions in Hale [Hal],
Henry [He] and Smoller [Sm]. For the transparency of the presentation, we
limit our attention to only (1.1), but in applications, the equations may be
more complicated. For examples, (1.1) is the simplification of the following
equilibrium equations:

Au + ‘—/J(LL') -Vu+ Af(u) =0, (convection); (1.28)
Au+ Af(z,u) =0, (non-homogeneous reaction); (1.29)
" 0%u s
Z a;;(z) + Af(u) =0, (non-homogeneous diffusion);
ig=1 6:@6:@
(1.30)
A(D(u)) + Af(u) =0, (density-dependent diffusion); (1.31)
div(|VuP~2Vu) + Af(u) =0, p>1, (p-Laplacian), (1.32)
/ J(x —y)u(y)dy + \f(u) =0, (non-local interaction), (1.33)
Z a;Diu+ \f(u) =0, (higher order equation), (1.34)

l7]<k
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and the combinations of all above. Another generalization is on the num-
ber of variables (density functions), to the reaction-diffusion systems. Also
boundary conditions may not be standard. In this book, we will only con-
sider (1.1). Many results can be generalized to the equations list above,
sometimes even trivial, but some most elegant ones may not be easily gen-
eralized, or even impossible. On the other hand, in these more complicated
models, we usually try to discover the effect of these new structure, like
drifting, spatial heterogeneity, nonlinear diffusion, and nonlocal interac-
tions. We believe that the methods for (1.1) serve as the guide and the
model for these more complicated yet realistic equations.

1.4 Examples of reaction-diffusion equations

To motivate the studies of in the following chapters, we briefly introduce
a few well-known examples of nonlinear reaction-diffusion equations from
ecology, chemical reactions, and neuron conduction, etc. In the following,
we always assume that d > 0 is the diffusion coefficient.

(1) (Linear model) If the growth rate per capita is a constant, the diffu-
sive population grows obeying the Malthusian equation (Malthus 1798
[Ma]):

P, =dAP +aP, a>0; (1.35)
and Fourier’s law of heat transfer and Newton’s law of cooling give rise
an equation of the heat loss:

ht = dAh — k(h — ho), k>0, (1.36)
where hg is the constant temperature of the environment, and the con-
stant k measures the rate of converging to hg. These linear equations
are solvable with appropriate boundary conditions by the classic theory,
especially when the domain is special.

(2) (Logistic model) In 1838, Verhulst [V] first introduced logistic popula-
tion growth model P’ = aP(1 — P/N), where a > 0 is growth rate per
capita coefficient, and N > 0 is the carrying capacity. It was rediscov-
ered by Pearl, Lotka in early 20th century, and experiments of Gause in
1930s confirmed logistic type growth of bacteria population. In 1937,
Fisher [Fis] and Kolmogoroff, Petrovsky, and Piscounoff [KPP] derived
a diffusive logistic equation for the concentration P(z,t) of a dominant
gene over a spatial territory:

P,=dAP+aP(1—-P), a>0. (1.37)
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In 1953, Skellam [Sk] used (1.35) and (1.37) for the model of population
dispersal, which is the beginning of the study of biological invasion of
a foreign species into a new territory. Logistic equation imposes a limit
for the growth, thus it is more realistic than the unbounded Malthusian
growth.

(Allee effect) In the logistic equation the growth rate per capita
g(P) = k(1 — P/N) is a strictly decreasing function with respect to
the population density P, which considers the crowding effect. For
some species, a small or sparse population may not be favorable, since
for example, mating may be difficult. This is called Allee effect after
American ecologist Allee [All]. Mathematically g(P) will not have max-
imum value at P = 0. If the growth rate per capita g(P) is negative
when P is small, we call such a growth pattern has a strong Allee effect.
Typical example growth rate f(P) = Pg(P) is

f(P)=kP (1 - %) (% - 1) , (1.38)

where 0 < M < N, M is the sparsity constant and NV is the carrying ca-
pacity. If the growth rate per capita g(P) is smaller than the maximum
but still positive for small P, we call such a growth pattern has a weak
Allee effect. An example is the function in (1.38) with M < 0 < N (see
[SS3]). The corresponding reaction diffusion equation is
P P

P, =dAP +aP (1_N> <M_1) , (1.39)
where a > 0, N > —M > 0. Ecological model with Allee effect is one
example of equation with bistability. Allen-Cahn equation [AC] (or real
Ginzburger-Landau equation) describing the dynamics of binary alloy
shares similar bistable feature:

ur = dAu + au(l — u)(1 + u), (1.40)

and equation with cubic nonlinearity like (1.38) also appears in
the FitzHugh-Nagumo model of neuron conduction (FitzHugh [Fiz],
Nagumo et.al. [Nag]).
(Harvesting) In the population model considered above, effect of
harvesting can be added if the population is the victim to preda-
tion/harvesting. Ignoring the dependence of harvesting on the temporal
and spatial changes, we consider only the dependence of harvesting on
its own density:

P, = dAP + aP (1 - %) — h(P), (1.41)
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h(P) can be a constant to have a constant yield harvesting when a
harvesting quota is fixed, or it can be a constant effort harvesting, in
which the rate of harvesting is proportional to the population density:
h(P) = kP. Holling [Ho] suggested a few forms of h(P), which is called
the functional response to the predator. The typical harvesting rate
h(P) is, type (I): h(P) = hP, if 0 < P < ¢, and h(P) = he, when
P > ¢; type (II): h(P) = bP/(1 + cP) or h(P) = b —be~°F; or type
(III): h(P) = bP?/(1 + cP?), here b, c > 0. The common feature is the
saturating harvesting rate by the predator when prey is abundant. In
(1.41), the choice of harvesting function h(P) can be many of predator
response functionals defined by ecologists, see for example Turchin [Tur]
for as many as 20 choices.

(Autocatalytic chemical reaction) Autocatalysis is the process that a
chemical is involved in its own production, and it is a simple and impor-
tant mechanism to provide feedback control in many biological systems
(see [Mu]). An isothermal autocatalytic chemical reaction can be writ-
ten as

A+pB — (p+1)B. (1.42)

Let b(z, t) be the percentage of the autocatalyst B in the reactor. Then
the percentage of reactant A is a(z,t) = 1 — b(z,t), and the reaction
rate is kab? = k(1 — b)bP, where p > 1 is the order of the reaction
with respect to the autocatalytic species. Then the reaction can be
described by

by = dAb+ k(1 — b)bP, k> 0. (1.43)

Notice that for quadratic reaction (p = 1), we rediscover the logistic
equation. The origin of autocatalysis can be traced back to Lotka [Lo].
More on autocatalytic chemical reaction can be found in Gray and Scott
[GS].

(Combustion model) Combustion is an extremely rapid exothermic
chemical reaction. A full fluid mechanical and chemical kinetic system
can be derived. If we assume that there is only one chemical species,
and it is non-compressible with constant density, then a renormalized
temperature function 6(z,t) satisfies

0; = dAO + dexp(0), (1.44)

where ¢ > 0 is the Frank-Kamenetski parameter. (1.44) is the solid fuel
ignition model. Its steady state solutions satisfy Gelfand equation:

dAu+ Aexp(u) =0, z € Q, (1.45)
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and a perturbed Gelfand equation is
dAu + Xexp(u/(1+¢eu)) =0, =€ Q. (1.46)

More can be found in Bebernes and Eberly [BE], and in 1963 Gelfand
[Ge] first studied the solutions to (1.45).

(Activator-inhibitor in pattern formation) In 1952, Turing [Tu] sug-
gested that different diffusion rates of two chemical can destabilize a
uniform equilibrium which is stable with respect to spatial uniform
perturbation, and it implies the formation of spatial heterogeneous pat-
terns. Such diffusion induced instability requires the two chemicals to
be a pair of an activator which promotes or activates its own forma-
tion and an inhibitor which inhibits its own formation. One concrete
example of Turing type equation is Gierer-Meinhardt system [GM]:

up = diAu —u+uP /vl v =doAv—v+u" /o7, (1.47)

where all parameters are positive except s being non-negative. For the
parameters in Turing instability ranges, the system is approximated
by its shadow system as do — oo, and the steady state solutions of
the shadow system can be further approximated by a scalar semilinear
equation:

dAu —u +uP =0, (1.48)

for p > 1. Survey papers of Ni [Ni3; Ni4] are the best source and
reference for this model. Equation (1.48) also arises from several prob-
lems in mathematical physics. One is a model of charged Bose gas
by Dyson [Dy] (see also Lieb and Solovej [LiS]), and the other comes
from studying the solitary waves of nonlinear Klein-Gordon equation
or Schrodinger equation, see Strauss [Stra).
(Emden-Fowler equation) Stars form from collapsing clouds of gas and
dust. The equilibrium state of the stellar structure is governed by
several physical laws. Let r be the radius of a 3-dimensional star from
the center, let p and P be the density and pressure at r, and let M(r)
be the total mass of radius r. Then the conservation law of mass and
hydrostatic law gives

% = 47r?p, 4wr2% = —(i—i\/[. (1.49)

We also assume that for some positive constants K,

P =KpO+h/, (1.50)
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Then with a change of variable p = u” and some rescaling, we find that
the equilibrium configuration of polytropic and isothermal gas spheres
is given by the equation

Au+ MY =0, (1.51)
for some v, A > 0. (1.53) is known as the Emden-Fowler equation
in astrophysics (see Emden [Em] and Fowler [Fo]). Chandrasekhar

[Cha] contains a more comprehensive description of the model. Chan-
drasekhar theory of stellar collapse makes a variant of (1.53)

Au+ A2u + u?)*? =0, (1.52)

see Lieb and Yau [LiY]. Another extension of (1.53) is the Hénon
equation [Hen]:

Au + Nz|'u” = 0. (1.53)

It is also worth mentioning that the solutions of (1.53) are the steady
state solutions of Fujita equation of parabolic type [Ful:

ur = dAu+uP, p>1, (1.54)

which plays an important role in studying the blow-up phenomenon of
nonlinear parabolic equations.

More general equation of temperature (or density) evolution of the
plasma takes the form (see Wilhelmsson and Lazzaro [WL]):

oT
YT dV(T°VT) + kTP, (1.55)
for positive constants , k, p. Some self-similar solutions of (1.55) satisfy
V(T°VT) — kyT + kTP = 0, (1.56)

and a change variable yields the semilinear equation:
Au — ksuP + kqu? =0, (1.57)

where k; > 0 and ¢ > p > 1. Notice the similarity of (1.57) to (1.48).

(Buckling problem) An elastic rod is straight in its natural state. It
remains straight if a small compressive thrust is applied to its ends.
But if the thrust is slowly increased beyond a certain critical value,
then the rod will bend and it assumes a buckled state. This process
is called buckling, and Euler was the first one to calculate the critical
buckling load. A simplified model of buckling state can be formulated
as follows: suppose that the length of the elastic column is normalized
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sothat 0 < z <1, §(z) is the angle between the tangent to the column’s
axis and the x-axis, and X is a parameter proportional to the thrust.
Then 6(z) satisfies

0" +Asinf =0, 0<z<1, 6(0)=0(1)=0. (1.58)

Here the modulus of elasticity and the area moment of inertia are as-
sumed to be constants; and both ends of the column are fixed (other
boundary conditions are also possible). More models of elasticity can
be found in Antman [Ant].

The sample equations given here certainly do not exhaust all possible ex-
amples. But from the diversity of the nonlinear equations, one can conclude
that it is worthwhile to classify these nonlinearities into categories by their
mathematical properties, which will streamline the studies to the nonlinear
equations. In Chapter 5, we will make some definitions of function classes.



Chapter 2

Preliminaries

In this chapter, basic analytical methods for the equation

{Au—i-/\f(u)—(), in Q,

2.1
u =0, on 09, 21

are introduced. Many results are from standard textbooks of partial differ-
ential equations and functional analysis, thus they are given without proofs
but references are given for the source. The properties of linearized opera-
tor associated with (2.1) are discussed in Section 2.1; in particular, we show
that the linearized operator is a Fredholm operator with index zero when
defined in appropriate Sobolev or Hélder spaces; variational methods for
the existence of solutions to (2.1) are reviewed in Section 2.2; and in Section
2.3, the maximum principles for the linearized elliptic operator are recalled
and several useful variants are also given for applications later; in Section
2.4 we apply the maximum principle to prove the symmetric properties of
positive solutions of (2.1) by using the celebrated moving plane method;
the monotone methods for the existence of solutions to (2.1) based on the
maximum principle are given in Section 2.5; and we conclude in Section
2.6 with some necessary conditions on f(u) for the existence of positive
solutions of (2.1).

2.1 Linearized operator

Let © be a bounded domain in R™ with smooth boundary 0f2 so that the
elliptic regularity theory is valid. We use the notation of Sobolev spaces
WHhP(Q), WP (Q) and LP(Q) for k € N and 1 < p < o0o; and we use || [|x.p
and || - ||, as the norms in W*P?(Q) and LP(2). We also use (-,-); and
(-,-) as the inner products of W*2(Q) and L?(2) respectively. Pioncaré’s

15
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inequality states that for any u € W, *(9),
lu(z)|Pde < C/ [Vu(z)Pde, (2.2)
Q Q

where C' is a positive constant only depending on p and 2. We also use
the notation of Holder spaces C**(Q), CE&*(Q), C*(Q) and CE(Q) for
ke NU{0} and a € (0,1]; and we use || - |[|cr.« and || - ||gx as the norms
in Ck2(Q) and C*(Q).

We consider some basic properties of Laplacian operator A. For some
later propose we consider a more general operator L.(u) = —Au + c¢(z)u
where c(z) € L*°(£), and here we assume 9% is of C? class. For all u €
Cs°(Q), Le(u) is well-defined. Considered as an operator on the Hilbert
space L?(Q2), L. is densely defined and symmetric since (L.u,v) = (u, Lov)
for all u,v € C§°(Q) from Green’s theorem and integration by parts. The
operator L. is associated with a quadratic form:

be(u,v) = /Q[Vu(x) -Vo(z) + c(z)u(z)v(z)]de, (2.3)

in the sense that (L.u,v) = b.(u,v). Then b, is closable on C§°(Q), and
the domain of its closure in L?(Q) is the Hilbert space W, *(Q). Let ¢o =
[le(2)]]oo- Then

be(u,v) = be(u,v) + ¢ /Q u(z)v(x)dz (2.4)

is positive in the sense that there exists § > 0 such that by (u,u) > 6] |ullf o
for any u € VVO1 2(Q) From Riesz representation theorem, for any f €
L2(Q), there exists a unique u; € W, *(Q) such that bNC(uf,U) = (f,v).
Moreover uy € W22(Q) from the elliptic regularity theory. Then from Lax-
Milgram theorem, there exists a linear self-adjoint operator A4 : W22(Q) N
Wy2(Q) — L2*Q) such that bo(u,v) = (Au,v), and A is bijective with
a bounded inverse. A is the Friedrichs extension of L. + c¢gl, so in the
following we do not distinguish between L.+ col and A. In particular,
when ¢(z) = 0, we have Ly = —A : W22(Q) N W, 2(Q) — L*(Q) is self-
adjoint and invertible.

The inverse B = (L. + col)™' = L2(Q) — W22(Q) N W, 2(Q) is a
compact symmetric operator from L?(Q) to L?(f2), since the embedding
from W, *() to L*(Q) is compact from Rellich theorem. From Hilbert-
Schmidt theorem, the spectrum of B is a collection of countable many
points {7n;} such that n; > na > -+ >n; > n41 > -+ and lim; oo 1; = 0,
and each null space N(B — ;1) is finite dimensional from Riesz-Schauder
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theory for compact operator. For the operator B—nl, we have the Fredholm
alternatives: the equation (B —nl)¢ = f is uniquely solvable if i # 7;, and
when 7 = n;, then (B —nl)¢ = f is solvable if and only if (f, ) = 0 for all
¥ € N(B —nil).

The spectral properties of L. can be easily obtained from that of B =
(Le + col)™1, since Lo = \¢ if and only if B¢ = (XA +co) 1. Let \; =
n; 1 _ ¢y. Then the spectrum of L. consists of a sequence of real numbers
{Ai} such that A\ < Ao < -+- < A\ < Ajp1 < -+ and lim;_, A; = co. For
A\ # )i, the equation (L. — A )u = f is uniquely solvable for any f € L?*(Q)
and the solution u € W22(Q) N Wy *(€2). For each eigenvalue A = \;, the
eigenspace N (L. — \;I) is finite dimensional. The equation (L, —A;I)u = f
is equivalent to (B—n;I)u = — B f, and the eigenspace N (B—mn;I) is same as
N(L.— X\I), thus the solvability condition of the equation (L, — A;I)u = f
is equivalent to

0=(=Bf,¢) = —(f, Bo) = =(f,m¢) = —ni([, d), (2.5)

for any ¢ € N(B—mn;I) = N(L.— X\I). In particular, we have showed that
dimN (L. — \I) = codimR(L. — \;I), and

R(L,— \I) = {f € L2(Q) : / fodz =0, Vo € N(L, — AJ)} . (26)
Q

Therefore we can conclude that for any A € R, Lo — A\l = —A+[c(x) — AT :
W22(Q) N Wy ?(Q) — L(Q) is a Fredholm operator of index zero.

The spectral properties and Fredholmness of L. also hold for other
spaces. Suppose that there exist Banach spaces X and Y such that
X CY C L*(Q), such that

e Y is continuously embedded into L?(Q2), X is compactly embedded into
Y,and L. : X — Y is continuous.

e (Elliptic regularity) If f € Y C L?*(Q), then the solution u of (L. +
col)u = f satisfies u € X, and there exists a positive constant c(p)
such that

llullx < c@IIfly- (2.7)

The invertibility of L. +col in L?(€2) and the elliptic regularity imply that
L.+ col : X — Y is bijective and it has a continuous inverse. Since the
embedding of X into Y is compact, then (L. +col)™! : Y — Y is compact.
Here we use B, = (L. +c¢ol) |y and By = (Lo +col) ™t 12(q)- Because B,
is compact, the operator B, — nl is a Fredholm operator with index 0 for
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any 7 € R. On the other hand, for any n € R, N(By —nl) D N(B, — nl)
and R(Bs —nI) D R(B, — nlI). Hence we have

codimR(Bs —nI) < codimR(B, — nI)
=dimN (B, —nl) < dimN (B — nl).

But codimR(By — nI) = dimN(By — nl) since Bs — nl is a Fredholm
operator with index 0. Therefore we must have N(Bs —nl) = N(B, —nl)
and codimR(Bs—nlI) = codimR(B,—nI). This implies that for any A # \;,
L.u = f is uniquely solvable for any f € Y and the solution u € X; for
A = \;, the eigenspace N (L. — M) in Y is identical to the one in L?(Q),
and it is easy to verify that

R(Le — M) x) = {f €Y : /Qfgbda: =0, V¢ € N(L. — /\Z-I)} . (28)

The two important examples of X and Y are (a) X = W2P(Q)NW, *(Q)
and Y = LP(Q) for p > 2; and (b) X = C3*(Q) and Y = C*(Q) for a €
(0,1). The conditions above can be verified through the Sobolev embedding
theorems, elliptic LP estimates and Holder estimates. Note that we do need
the boundary 0f) to have sufficient smoothness for the elliptic regularity.
We will always assume 9% is of class C*® unless specified otherwise. For
future reference, we summarize the results above:

Proposition 2.1. Assume that Q is a bounded domain in R™ (n > 2)
with C** boundary. Let ¢ € L™(Q), and let X = W>P(Q) N W, P(Q) and
Y = LP(Q) forp > 2 or X = C3%(Q) and Y = C*(Q) for a € (0,1).
Define L. : X —»Y by Lou = —Au+ c¢(x)u. Then

e L. is a linear continuous Fredholm operator of index zero;

o The spectrum of L. consists of a sequence of real numbers A1(c) < --- <
s < A(0) < ovand limy oo Ai(€) = oo

o For each i € N, the null space N(L. — A\;(¢)I) is finite dimensional,
and the range space can be characterized by

R(L. — X\i(e)I) = {f ey: / fodx =0, V¢ € N(L. — /\i(c)I)} .
Q
(2.9)
From Hilbert-Schmidt theory of the compact symmetric operators on

Hilbert space, the collection of all eigenfunctions of L. is an orthonor-
mal basis of L?(2), and the eigenvalues \;(c) can be characterized by the
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Courant-Fischer principle: for u € Wy *(Q2)\{0}, define the Rayleigh quo-

tient
- fQ(|Vu|2 + c(x)u?)dx

R, 2.10
(u) fQ u2dx ( )
Then

(o) = in R, (u) = mi (), 2.11

where S; is any linear subspace of VVO1 2(Q) of dimension . In particular,
Ai(e) = min R.(u). (2.12)
u€Wy*()\{0}

Notice that a special case of (2.12) is the Poincaré inequality for p = 2:

Al(O)‘/Q[U(:E)deS/Q|Vu(x)|2dac, Yu € Wy (Q). (2.13)

In the remaining part of the book, we will always use A;(c) to denote the
eigenvalues of L., and use A; to denote \;(0), unless specified otherwise.

A function u(x) is a classical solution of (2.1), if u € C%(Q) N CY(Q)
and u satisfies the equation and boundary conditions. Very often abstract
formulations are used to consider the solutions of (2.1), and weak solutions
in Sobolev spaces are obtained. However elliptic estimates can be used to
proved the regularity of weak solutions. On the other hand, the Holder
estimates of elliptic equations make it necessary to consider solutions in
C?2(Q) instead of C?(Q) when the spatial dimension n > 2. In the follow-
ing we often consider a nonlinear operator F' defined on R X Cg Q) for
a € (0,1):

F(\u) = Au+ Mf(u). (2.14)

One could also consider the same operator in the Sobolev space W?2P () N
W, P(€2). But since we are only interested in the solutions of F(\,u) = 0, we
usually can use regularity theory to prove WP solutions are indeed classical
solution in the Holder spaces under reasonable conditions on f. Hence we
will only consider the operator F'(\, u) defined in a Holder space. Sobolev
setting is still needed when other abstract methods such as variational
methods are used.

Proposition 2.2. Let F' be defined as in (2.14).

(1) Suppose that f € C*(Q) for k € N, then F : R x Cg’a(ﬁ) — C*(Q) is
of class C* for any a € (0,1). Moreover for any (\,u) € R x Og’o‘(ﬁ),
the partial derivative F,(\,u) = A 4+ Af'(u) : Co*(Q) — C*(Q) is a

Fredholm operator with index zero.
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(2) Suppose that f € C*P(Q) for k € NU{0} and 3 € (0,1), then F :
R x C’g’o‘(ﬁ) — CY(Q) is of class CF with v = af for any a € (0,1).

The proof of the smoothness is a rather standard argument and thus omit-
ted, and the Fredholm property has been proved earlier. When n = 1, we
can replace C?® and C® spaces by C2? and C" spaces respectively.

The stability of solutions to (2.1) is an important issue, especially when
we consider the corresponding parabolic equation:

up = Au+ Af(u), t>0, ze€,
u(z,0) = uo(x), x € Q, (2.15)
u(z,t) =0, t>0, x€dN.

Suppose that (A, us) is an equilibrium solution of (2.15). Then it can be
showed that the local stability of (A, u.) can be determined through the
eigenvalue problem:

—Ad — Nf'(us)p = uo, in €,
o= Af(u)o=pd  in 10
¢ =0, on 0ON.
From the discussions above, the eigenvalue problem (2.16) has a sequence
of real eigenvalues p; < po < -+ < pp, < -+ — 00, and from Proposition

2.4 which will be proved in Section 2.3, pp is a simple eigenvalue with a
positive eigenfunction ¢; > 0.

Definition 2.1. Let (A, u.) be a solution to (2.1).

(1) If pi(us) > 0, then we say that (A, u.) is stable; if pq(us) < 0, it is
unstable; and when pq(us) = 0, it is neutrally stable. (Sometimes we
still regard neutrally stable as unstable.)

(2) If (Ai, us) is unstable, then the number of negative eigenvalues of (2.16)
(counting the multiplicity) is the Morse index M (u.) of (Ax, ).

(3) If pi(usx) = 0 for some ¢, then (A, us) is degenerate, otherwise it is
non-degenerate.

As an example, we consider the stability of the constant solution u = 0
of (2.1) assuming that f(0) = 0. From (2.16), it is easy to see that p; =
Ai — Af(0), and in particular gy = A; — Af/(0). If f/(0) <0, then u =0 is
stable for all A > 0; if f'(0) > 0, then u = 0 is stable if A < A\;/f’(0), and
u = 0 is unstable if A\ > A1 /f/(0). At A = A1/ f’(0), u = 0 is neutrally stable
and degenerate. When X\ # \;/f/(0), u = 0 is non-degenerate, otherwise it
is degenerate. When X € (A;/f/(0), Ai+1/f'(0)], the Morse index of u = 0
is exactly i.
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2.2 Variational methods

Besides directly considering functional equation F'(A,u) = 0 as defined in
(2.14), one can use several other approaches for the solutions of (2.1). Here
we introduce the variational methods. We define

1 2 — u)axr
I(u) = 5/Q|vu| dz )\/QF( )dz, (2.17)

where u € Wy*(Q) and F(u) = [, f(t)dt. One can verify that for any
w e W, 2 (9),

I'(uw)[w] = /Q[Vu - Vw — Af (u)w]dz. (2.18)

Then u € W, *(Q) is a weak solution of (2.1) if and only if u is a critical
point of I(u), which means I'(u)[w] = 0 for any w € W, *(Q). If the
nonlinear function f € C!'(R) and satisfies some growth condition (see
(2.22)), then one can show that a weak solution u is a classical one given
that the domain is also sufficiently smooth.

To obtain critical points of (2.17), we introduce two most fundamental
theorems of variational methods. In a more general setting, we consider
a C' functional I : X — R, where X is a Banach space. The key to the
theory of critical points is the Palais-Smale (PS) condition:

Suppose that {u,,} is a sequence in X such that
|I(um)| < C for all m € N, ||I'(u,)|] — 0 as m — oo, (2.19)
then {u,,} contains a convergent subsequence.
The following basic results would be sufficient for our need in this book,
and the readers should consult standard references in variational methods

for more advanced results and proofs of these results, like Rabinowitz [R3],
Struwe [St] and Chang [Chl; Ch2].

Theorem 2.1. (Minimization) Suppose that X is a real Banach space
and I € C1(X,R) satisfies (PS) condition. If I(u) > C for some C € R
and all v € X, then

c= ulgi I(u) (2.20)

is a critical value, and ¢ can be achieved by u € X.

Theorem 2.2. (Mountain Pass Lemma) Suppose that X is a real Ba-
nach space and I € C1(X,R) satisfies (PS) condition. Suppose
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(I) there exists ug € X such that there are constants p,« > 0 such that if
[lu —upl| = p, then I(u) > I(up) + 0, and
(I2) there exists ur € X such that ||ur — uol| > p, and I(u1) < I(uop).

Then I possesses a critical value ¢ > I(ug) + «, and ¢ can be characterized
as
c=inf max I(u), 2.21
g€T uegy([0,1]) () ( )

where
I'={geC’[0,1], X) : g(0) = uo, g(1) = u1}.

Theorem 2.1 is one of the results of direct methods of calculus of variations,
and a proof of this result and other minimization principles can be found in
Rabinowitz [R3] and Struwe [St]. The Mountain Pass Lemma in this form
was first proved by Ambrosetti and Rabinowitz [AR].

To apply these variational principles to the functional I(u) defined in
(2.17), we need to verify the functional is differentiable and it satisfies the
(PS) condition. The following result is from [R3] Propositions B.10, B.34
and B.35:

Proposition 2.3. Suppose that Q2 is a bounded smooth domain in R™. If
f € C°(R), and there exists constants ai,as > 0 such that

|f(W)] < a1 + azlul’, (2.22)
where 0 < s < (n+2)/(n—2) whenn >3, or 0 < s < oo whenn =1,2.

Then I defined in (2.17) is a C' functional from X = Wy(Q) to R,
I'(u)[w] is defined as in (2.18) for any w € X, and

J(u):/QF(u(:C))d:v (2.23)

is weakly continuous and J'(u) is compact. Moreover if {um} is a bounded
sequence in X such that I'(um,) — 0 as m — oo, then {um,} has a con-
vergent subsequence. If in addition, f € C*(R) and there exists constants
ay,as > 0 such that

|f'(uw)] < a1 + aglul*~, (2.24)

where 0 < s < (n+2)/(n—2) whenn >3, or 0 < s < oo whenn =1,2,
then I € C*(X,R) and

I (w)[v,w] = A Vo(z)Vw(x)de — A A ' (u(z)v(z)w(z)de,  (2.25)

for any v,w € X.
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When considering the positive solutions of (2.1), one can consider a
modified functional defined as

I(u) = %/ |vu|2da:_A/QF(u)dx, (2.26)

where F(u) = [ f(t)dt, f(u) = f(u) if w >0 and flu)=0ifu<0. If f
is contmuous and f( ) =0, then f is continuous thus I in (2.26) is still C*
under conditions in Proposition 2.3; and if f is differentiable and f(0) = 0,
then f is piecewisely differentiable, and one can still show I € C? as in
Proposition 2.3.

It is useful to gain stability information about the solution obtained
through minimization or minimax procedures. The Morse index can be
defined as the dimension of the negative space (v belongs to the negative
space if I"'(u)[v,v] < 0) of the bilinear form I"(u) at a critical point u, and
one can verify that this definition is coincident to the one in Definition 2.1
since I' (u)[v, v] is identical to the Rayleigh expression (2.10). For example
one can show that the minimizer of the energy functional is always stable
or neutrally stable:

Theorem 2.3. Let (A, us) be a solution of (2.1) which we obtain from
Theorem 2.1, i.e. I(u.) =inf I(u). Then pi(us) > 0;

Proof. Let X = Wol’Q(Q). If u, is a minimizer, then for any v € X,
the function ¢(t) = I(u, + tv) — I(us) satisfies g(0) = ¢’(0) = 0 and
g g g
¢"(0) > 0 from the minimizing property of u,. It is easy to verify that
9"(0) = I (u4)[v,v]. Hence I"(uy)[v,v] > 0 for any v € X, and pq(us) =
min,e x\ {0} I (uy)[v,v]/ fQ v2 > 0. O

For the Mountain Pass critical value, usually there exists a mountain-pass
type critical point which is not stable, but in general minimizer is still
possible for Mountain Pass critical value. Related results can be found in
Struwe [St] (Chapter 2 Theorems 10.2 and 10.3), and Chang [Ch1] (Chapter
2). In applications, Mountain Pass Lemma often provides the existence of
a critical point other than the known minimizers.

2.3 Maximum principles

It is easy to observe that a concave function f : [a,b] — R achieves its
minimum value at one of boundary points. In particular, if f is concave,
f(a) > 0and f(b) >0, then f > 0 for z € (a,b). The generalization of this
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simple fact to multi-variable functions and its variants are called maximum
principles, which play an essential role in theory of linear and nonlinear
elliptic PDEs. Here for the purpose of this book, we restrict our attention
to the linear differential operator defined by L. = —A + ¢(z). The basic
maximum principle is as follows:

Theorem 2.4. Suppose that § is a bounded connected domain in R™ with
n>2,ce L), and c(z) >0 forz € Q. Ifu € C*(Q)NC°(Q), Lou >0
in Q, u(x) >0 on 99, then

(1) (weak mazimum principle) u(z) > 0 for z € Q;

(2) (strong mazimum principle) If there exists x. € Q0 such that u(z.) =0,
then u(z) =0 for x € Q;

(3) (Hopf boundary lemma) If there is a ball B, C Q such that . € 0B, N
09, and u(z) > u(zs) for all x € B,., then for any outward direction
v at x,. with respect to OB, (i.e., v-n(x.) > 0 for the outer normal
vector n(z,) of 0By),

u(zy) — u(ze — tv)

lim sup

<0; (2.27)
t—0 t

if u € CY(Q), then
ou

75, (7) <0. (2.28)

The proof of these standard maximum principles can be found in any text-
book of PDEs, for example, Evans [E], Gilbarg and Trudinger [GT], and
Han and Lin[HL]. We remark that all results in Theorem 2.4 remain true
if we replace the operator L, = —A + ¢(z) by a more general second or-
der elliptic operator L = — 377" a;;(x)0;; + >2;—, bi(x)0; + c(x), where
aij,bi S LOO(Q), 61']‘ = (92/(91:1(91:] and 9; = 8/6:101

The positivity of ¢(z) is restrictive in applications, and in the follow-
ing we shall show how to avoid this restriction. The connection between
the weak and strong maximum principle can be established without the

restriction on the sign of c¢:

Theorem 2.5. If u € C%(Q) N C%(Q), L.u >0 in Q, u(x) > 0 on 9N, If
u(zx) > 0 for all x € Q, then either u(x) > 0 for all x € Q, or u(x) =0. If
u(z) > 0 in Q, 9Q is of class C**, u € C*(Q) N CY(Q), and there exists
x5 € O such that u(xz.) =0, then

“—(z,) < 0. (2.29)
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Proof. We write c¢(z) into the positive and negative parts: ¢(z) = ¢*(x)—
¢ (x). Then —Au+ct(z)u > ¢~ (z)u > 0 for any z € Q. Then we can apply
strong maximum principle and Hopf lemma in Theorem 2.4 to —A+c*(z).
Note that interior ball condition for Hopf lemma is satisfied if 99 is C%®
smooth. g

The maximum principle can be cleverly applied when studying nonlinear
problems. We will derive several variants of the maximum principle. For
the convenience, we define

Definition 2.2. We say that the mazimum principle holds for L. in Q if
u€CHQ)NCQ), Leu > 0in 2, u >0 on 9L, then u > 0 in .

Notice that from Theorem 2.5, we do not need to distinguish weak and
strong maximum principle. First we show that the maximum principle
implies the eigenfunction corresponding to the principal eigenvalue A;(c)
does not change sign:

Proposition 2.4. Suppose that Q is a bounded connected domain in R™
(mn > 2) with CH' boundary, ¢ € L>(Q). Then for L. = —A + c(x) :
W22(Q) N W, %(Q) — L(Q), the eigenfunction ¢, corresponding to A (c)
belongs to W>P(Q) N Cy*(Q) for p > 2 and « € (0,1); ¢y can be chosen
as positive (¢p1(x) > 0 for x € ), and for any x € 9Q, d¢1(x)/0v < 0,
where v is the outer normal direction. Moreover dim(N (L. — M\1(c))) =1,
and for any other eigenvalue A;(c) > Ai(c) with i > 1, the eigenfunction
¢i always changes sign in Q. If in addition, ¢ € C*(Q) and 0 is of C*2,
then ¢1 € C3*().

Proof. Suppose that ¢ is a non-trivial eigenfunction corresponding to
A1(c). Then for u = ¢1, the Rayleigh quotient R.(u) achieves the minimum
as in (2.12). Tt is clear that |¢1] also achieves the same minimum, and
|¢1] also belongs to WO1 2((2) Moreover from the minimizing property,
|p1] is also a weak solution of L.¢p = Ai(c)¢p in Q and ¢ = 0 on 9Q.
From elliptic regularity theory ([GT] Theorem 8.34 and Theorem 9.13),
|p1| € W2P(Q)NCy*(Q) for p > 2 and a € (0,1). Thus (Le—A1(c))|d1] =0
in Q and |¢1] = 0 on 9. Since |p1]| > 0 in €, from Theorem 2.5, either
|p1] =0 or |¢1] > 0 in ©, and the latter must be the case for a non-trivial
eigenfunction. Therefore ¢ (x) # 0 for x € Q. The claim of d¢;(x)/Ov < 0
for any x € 982 also follows from Theorem 2.5. Since any eigenfunction ¢,
associated with A;(c) is of one sign, then dim(L. — A1(c)) = 1. Otherwise
there are two orthogonal eigenfunction ¢, ; and ¢; 2 but we can assume
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both are positive, thus fQ @1,1$1,2dxr > 0 that is a contradiction. For the
same reason eigenfunction ¢; (i > 2) cannot be of one sign either. If
¢ € C*(Q) and 9 is C%°, then ¢; € Cg*(Q) from Holder estimates ([GT]
Theorem 6.14). O

The positiveness of ¢; can be used to improve the maximum principle:

Theorem 2.6. Suppose that ) is a bounded connected domain in R™ (n >
2) with C** boundary. Then the mazimum principle holds in Q if the
principal eigenvalue Ai(c) is positive. If Ai(c) = 0, and these exists u €
C?2()NCYQ), Leu >0 in Q, u >0 on IR, then u = cp1, where ¢y is an

eigenfunction corresponding to \1(c).

Proof. First we assume Aq(c) > 0. Suppose that the maximum principle
does not hold in . Then there exists u € C?(2) N C°(Q), L.u > 0 in €,
u > 0 on 09, but u < 0 for some x € Q. Let ¢ be a connected component
of {x € Q : u(r) < 0}. Let ¢1 be the positive eigenfunction of L. on €.
Then by integrating ¢y L.u — uL.¢1 on €21, and using the Green’s theorem,
one obtain

Y R / (61 Lot — A (c)ughy )da. (2.30)
Q1

o0, ov

The left hand of (2.30) is non-positive since du/dv > 0 and ¢1 > 0 on 98,
and the right hand side is positive since ¢; > 0, L.u > 0, A1(¢) > 0 and
u < 0in €2 (the integral le u¢idzr > 0). That is a contradiction. Therefore
the maximum principle holds.

If A\i(c) = 0, we still use the same proof to reach (2.30). But the
equation only holds if u = du/dv = 0 on 02 and L.u = 0 in §2. This implies
A1(e, ) < Ai(¢, Q1) < 0. Combining with the assumption A (¢,Q2) = 0, we
obtain A1(c, Q) = Ai(c,Q1) = 0. From the uniqueness of eigenfunction in
Proposition 2.4, we must have Q = Q; and u = c¢;. O

We point out that the application of Green’s theorem in the proof above is
not in a classical sense, as the boundary of €y (which is the level set of a
smooth function «) may not be as smooth as required in standard Green’s
theorem in calculus. However this can be validated by an approximation
process, see Dancer [D6] page 21-22. It is easy to see that Theorem 2.6 is
an improvement than the weak maximum principle in Theorem 2.4, since
for ¢ > 0, A1(c) > A1(0) > 0. Similar proof can be used to prove:

Proposition 2.5. Suppose that there exists g € C2(Q)NC°(Q), g > 0 and
L.g > 0 in Q. Then one of the following two statements is true:
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(1) The mazimum principle holds and A1 (c) > 0; or
(2) g =0 on 02 and L.g = 0 in Q, i.e. Ai(c) = 0 and g is a principal
eigenfunction of L.

This implies that if there exists g € C*(Q)NC(Q), g > 0 and Lg > 0 in Q,
and g Z 0 on 0N. Then the mazimum principle holds and A\ (L, Q) > 0.

Another way to state the idea above is

Corollary 2.1.

(1) M(c) > 0 if and only if there exists w(x) > 0 in Q such that Low = 0
imn €);

(2) M(c) < 0 if and only if there exists a sign-changing w(x) such that
L.w =0 in Q.

Another useful maximum principle holds for domain which is narrow in
one direction (say x,):

Proposition 2.6. There exists 6 > 0 which only depends on ||c||oo such
that if @ C {x € R" : |zy,| < 6}, then the mazimum principle holds for L.
in €.

Proof. We choose k > 0 so that k? > ||c||oc. Then for w(z) = cos(kx,),
—Aw = [k? — ¢(z)] cos(kzy,). If we choose § = /4k, then w(x) > 0 and
—Aw(x) > 0 in Q, then from Theorem 2.4, the maximum principle holds
for L. in Q. O

Another maximum principle requires only the smallness of the volume of
Q, and it is a consequence of Alexandroff weak maximum principle, and
we refer it to [BNV; HL]. In this section we only review the maximum
principles for the symmetric operator L. which is needed for later purpose
in this book. Most results here can be extended to more general non-
symmetric second order differential operators and also weak solutions. We
refer to Berestycki, Nirenberg and Varadhan [BNV] for more general results.

To conclude this section, we apply the maximum principle to equation
(2.1):

Theorem 2.7. Suppose that f € C'(RT) and Q is a bounded connected
domain in R™ (n > 2) with C*% boundary. Suppose that X\ > 0, u €
Ce*(Q) is a solution of (2.1) satisfying u(x) > 0 for x € Q.

(1) If £(0) > 0, then either u(z) > 0 for all x € Q and du(z)/Ov < 0 for
all x € 9, or u(x) =0 for x € Q.
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(2) If u(z) #0, and upy = u(xo) = max, g u(x), then f(un) > 0.

Proof. We first prove the first part. Suppose that there exists z,. €
such that u(z,) =0, and u Z 0 in Q. Let €y be a connected component of
{z € Q:u(x) > 0}. Then there exists y. € Oy such that dist(y., ) =
dist(y«, z.) where z, € 0 (| Q. Apparently u(z.) = 0, and there exists a
ball B, (y«) C € such that z, € 0B, (y). If f(0) > 0, we can find a smaller
ball By1(yux) C Br(ys) and z, € 0By1(yss) such that —Au(z) = f(u(x)) >
0 for € By1(y«x). From Hopf lemma in Theorem 2.5, du(z.)/0v < 0
where v is the outer normal of Byi(y.x) at z.. If f(0) = 0, then c(z) =
—f(u(x))/u(z) is continuous near x = z, since f is C*. Then L.u =
—Au+ c(z)u = 0 for x € By(y«), u > 0 for x € 9B, (y.), thus again
from Hopf lemma in Theorem 2.5, du(z.)/0v < 0. But on the other hand,
Vu(z:) = 0 since z, is a local minimum. That reaches a contradiction.
Therefore either v > 0 or u =0 in Q. If w > 0 in Q, then du(x)/dv < 0 for
all z € 9 can be proved in the same way as above since 9 is C%“ then
each boundary point satisfies the interior ball condition. For the second
part, Af(upr) = —Au(zg) > 0 as xg € Q. If f(upr) =0, we can repeat the
arguments above to show a contradiction. Hence f(uas) > 0. O

The results remain true when n = 1 and f(0) > 0. But the first conclusion
in Theorem 2.7 does not always hold if f(0) < 0. For example, u(z) =
cosz + 1 is a non-negative solution of

u +(u—1)=0, € (-3m3m), u(—3r)=u(3r)=0. (2.31)

But the solution has interior zeros at © = £, and «/(£37) = 0. However it
is not known whether a higher dimensional solution can have interior zeros
even f(0) < 0. On the other hand, there exist higher dimensional positive
solutions of (2.1) with zero normal derivative at some boundary points, see
Shi and Shivaji [SS2].

2.4 Moving plane method

The Laplace operator A possesses a strong symmetry property. When
the spatial domain is also symmetric, solutions of equation Au+ Af(u) =0
could inherit the symmetry. Using maximum principles and a moving plane
method, one can show that every positive solution of (2.1) is symmetric if
the domain is symmetric. First such result was proved by Serrin [Sel], and
the general cases were proved in Gidas, Ni and Nirenberg [GNN1; GNNZ2].
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The proof presented here is simplified through the application of maximum
principle on a narrow domain.

Let € be a bounded domain, and let u be a positive solution of (2.1) in
C?(Q)NCY(Q). Since 2 is a bounded domain, it must lie on one side of some
hyperplane. Without loss of generality, we assume that Q C {(2/,z,) :
Tn > ko} for some ko € R, where 2/ = (21, -+ ,2,-1). Let Ty be the
hyperplane defined by T}, = {(2/, z,) : x,, = k}, and let Hg be the half space
H = {(2/,z,) : ©, < k} for any k € R. We assume that T}, [0 # 0.
Define Q0 = Hi (2. We assume that u(z) is extended to R™ by being
zero outside of (2. We show that moving plane method can be used at such
a “convex point” on the boundary.

Theorem 2.8. (Moving Plane Procedure) Let Q be a bounded domain
with C* boundary, and let u be a positive solution of (2.1) in C%(Q) N
C°(Q). If f is a locally Lipschitz continuous function, then there exists
k1 > ko such that for any solution positive (A\,u) of (2.1),

(', 2k —x,) € Q, w(a', 2k — x,) > w2, xy),

2.32
and ;—u(wl,ivn) >0, foral z=(z' 2,)€ . .
Tn

At ko = sup{k1 > ko : (2.32) holds}, either there exists x € OQ ()X,

such that the reflection T of x about T}, is also on the boundary; or Ty, is
orthogonal to OS).

Proof. For z = (2/,2,) € R", we define

ve(@', zy) = u(x', 2k — x,), and wi (2, z,) = v (2, x,) — u(2’, zy).
(2.33)
Then for k < ko, wi(2',x,) > 0. We claim that there exists e = £(A) > 0
such that for k € (ko, ko + ¢), wi(xz) > 0 for x € Q. Indeed let Q}, be
the reflection of € with respect to T}, then for small ¢ > 0, Q}, C Q for
k € (ko, ko + €) since 9 is C**. Note that wy, satisfies

—Aw = Aep (2, zp)w, x € Qi (2.34)

where

flo(@',2n)) = ful2’, 2n))

v (2!, xp) — u(a, x,)

k(@' zn) =

Then ¢, € L*>°(€) since f is Lipschitz continuous, and ||cx||p () is inde-
pendent of k. Thus there exists e = €(\) > 0 such that when k € (ko, ko+¢),
|| < 4. Then for such k, wi(x) > 0 for x € Qp since wg(xz) > 0 for
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x € 09y and Proposition 2.6. This also implies that u(z) > 0 for z € Q4
when k € (kg, ko +¢). Therefore the moving plane process can be initiated.
Moreover since wy, satisfies (2.34), wy(2’, k) = 0 and wy > 0 in 4, then
from Hopf Lemma we have

ou ~ Owy

) ! _ "
28:vn (2’ ) 0z,

Thus we have proved that when k € (ko, ko + €), any positive solution u of
(2.1) satisfies wy(z) > 0 and du/Ox,(z) > 0 for x € Q.

Next we define ko = sup{k > ko : wi(x) > 0,0u/dz,(z) > 0, for z €
Qq,a € (ko,k)}. Then at k = ka, one of the following happeuns:

(', k) <0, if (2',k) € 0Qy. (2.35)

(1) wp,(z) >0 for € Qp,, and wy, (z) = 0 at some x € Qy;

(2) wp,(x) > 0 for z € Qg,, and du/dz,(x) = 0 at some x € Ty, (Q;

(3) There exists x € 92 X, such that the reflection T of z about T}, is
also on the boundary; or

(4) Ty, is orthogonal to 0€2.

The first and second case cannot happen from Theorem 2.5. Hence at
k = ko, either case 3 or 4 occurs. Note that either case only depends on
the geometry of D, but not A\. Hence for any A\ > 0, we can take any
k1 € (ko, k2) such that wy, (z) > 0,0u/dz,(x) > 0, for z € Dy, . O

Notice that we do not require smoothness of the domain for the moving
plane procedure thanks to the maximum principle for the narrow domain.
In Theorem 2.8, we show that, for x € Q,, u is monotonic increasing
along the inward normal direction 79 = (0,0,---,1) at a “convex point”
x9 € 0D. If the domain Q is convex, then the moving plane procedure
can be performed at every boundary point. Hence a positive solution
of (2.1) is increasing along the inward normal direction at least for some
distance. This is useful in obtaining the a priori estimates of solutions, see
de Figueiredo, Lions and Nussbaum [DLN]. In general partial convexity is
sufficient for symmetry results. We recall that a set Q is Steiner symmetric
with respect to a hyperplane T' if for any = € €, the line segment connecting
x and the reflected point z* with respect to T is contained in ).

Corollary 2.2. Let Q) be a bounded domain in R™ which is Steiner sym-
metric with respect to the hyperplane x, = 0. Suppose that u is a positive
solution of (2.1) in C?(Q)NC°(Q), and f is a locally Lipschitz continuous
function on R, then u is symmetric with respect to x, and du(x)/0x, <0
for x € Q and x,, > 0.
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A ball domain is symmetric with respect to any hyperplane passing
through the center, hence

Corollary 2.3. Let B" = {z € R": |z| < 1}, and n > 1. Assume that f
is a locally Lipschitz continuous function on R, then any positive solution

of

Au+ Af(u) =0, in B", (2.36)
u =20, on OB", '
is radially symmetric, uv'(r) <0 for r € (0,1), and satisfy
" n—1 l
— A =0 0,1
W =0, re 0., i

u’'(0) = u(l) = 0.

Note that the assumption u(z) > 0 for x € B™ cannot be replaced by
u(z) > 0 since u(x) = 1+ cos(z) is a solution of v” +u—1 = 0in (=3, 37),
u(£37) = 0, but u(£m) = 0 and w is not monotone in (0,3). Recall that
in Theorem 2.7, the strong maximum principle implies that u > 0 if given
u > 0and f(0) > 0, and Castro and Shivaji [CS3] proved that Corollary 2.3
still holds under w > 0 and f(0) < 0 for B™ with n > 2. The sign-changing
solutions of (2.36) are not necessarily radially symmetric. Indeed even for
linear equation Au + Au = 0, there are non-radial solutions when \ = As.

The symmetry property in general does not hold for even positive solu-
tions of Au + f(x,u) = 0. But for the linearized equation of (2.1):

{mwmfww—ﬂm in - Q

(2.38)
1/} = 07 on 89,

we have the following result with a different way of application of maximum
principle:

Theorem 2.9. Let Q be a bounded domain in R™ which is Steiner sym-
metric with respect to the hyperlane x, = 0. Suppose that u is a positive
solution of (2.1) in C%(Q) N C°%(Q), f € C*R'), and v is a solution of
(2.38). then

(1) If w =0 and f(0) > 0, then v is symmetric with respect to x, = 0;
(2) If u < 0, then v is symmetric with respect to x,, = 0.

Proof. We first prove part (1). Define Q, = {x = (2/,z,) € Q: z, < 0}.
From Corollary 2.2, p(z) = du(x)/0z, is anti-symmetric with respect to
zn, = 0. Moreover ¢lgo # 0 unless z,, = 0 from Hopf’s lemma since
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£(0) > 0. Thus ¢(x) > 0 for z € Q, p(x) Z0 for x € 9Q;, and Ly =0
where Lw = Aw + Af’(u)w. From Proposition 2.5, the maximum principle
holds for L in Q. Let w(z) = v(2’,x,) —v(2’, —z,). Then w(z) = 0 when
x € 090, ,and Lw = 0 in Q since u(a’, —x,) = u(z’, z,,). Therefore w =0
from the maximum principle, and v is symmetric with respect to z,, = 0.
For part (2), suppose that v is not symmetric about z,, = 0. Then
v(x) = v(z',—x,) is also an eigenfunction of L with eigenvalue p < 0.
In particular, v; = v + v and v = v — ¥ are both eigenfunctions of L
with eigenvalue p. Notice that vy satisfies v = 0 on 92, then vy is also
an eigenfunction of L on Q2 with zero boundary condition and eigenvalue
w1 < 0. But ¢(z) > 0for z € Q and Ly = 0 from the last paragraph. From
Proposition 2.5, Ay (=Af'(u), Q) > 0, that is a contradiction. Therefore v
is symmetric about x; = 0. O

Corollary 2.4. Suppose that u is a positive solution of (2.36) (thus radially
symmetric), and v is a solution of (2.38) corresponding to u. Then v is
also radially symmetric if p < 0, p =10 and f(0) >0, or £ =0, f(0) <0
but Vu(z) # 0 for x € OB™.

Proof. We only need to prove the last case. In the proof of Theorem 2.4,
we need p|apn # 0. Since w is radial, then ¢ = du/dx; # 0 unless z; = 0.
Then the proof follows as that in Theorem 2.4. 0

Note that the eigenfunction v in Corollary 2.4 is not necessarily positive
nor decreasing along the radial direction if p is not the principal eigenvalue.
Also the result may not hold when p =0 and f(0) < 0. Again consider the
example v’ +u—1=0, z € (—7,7), and u(£n) = 0. The positive solution
u(z) = 14 cosz does not satisfy the Hopf boundary lemma, and «/(z) =
—sinz is a solution of the linearized equation " +v¢ =0, z € (—m, ), and
¥(£7) = 0. But ¢’ is not symmetric. This example has a connection with
anti-maximum principle (Theorem 3.12), see Shi [S8].

The result in Corollary 2.4 was first proved by Lin and Ni [LN] using
other methods. Theorem 2.9 is from Damascelli, Grossi, and Pacella [DGP],
in which they attributed this proof to Nirenberg. Symmetry can be the
result of many different qualitative properties of nonlinear problems, see
Kawohl [Kal; Ka2] for interesting summaries. For example, even if u is
a unstable radially symmetric solution of (2.36) so that uq(u) > 0, the
positive eigenfunction ¢, is always radially symmetric as the minimizer of
the Rayleigh quotient.
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2.5 Monotone methods

Maximum principles can be used to construct solutions of (2.1). It is called
the monotone method. Here we describe a weak version of the method.
Assume that p > n. A function ¢ € W?P(Q) is called a subsolution of
(2.1) if Ad+ Af(¢) > 0 for almost all x € @ and ¢ < 0 for almost all
x € 9Q; and A function ¢ € W2P(Q) is called a supersolution of (2.1) if
A+ Af(¢) <0 for almost all x € Q and ¢ > 0 for almost all z € 9Q. The
following existence result is based on the maximum principle for weakly
differentiable functions:

Theorem 2.10. Suppose that f is locally Lipschitz continuous, 0€) is C%®
smooth, and there exist a subsolution ¢ and a supersolution v to (2.1) such
that ¥ (x) > ¢(x) for all x € Q. If there exists K > 0 such that

flur) = f(u2) > =K (ur — u2), (2.39)

for ui,ug € [m,M] and uy > up, where m = min, g d(zx), and M =
max, ¥ (x), then there exist classical solutions W and w of (2.1), such
that ¥(z) > u(x) > u(x) > ¢(x) for all x € Q. Moreover T is the maximum
solution of (2.1) and u is the minimum solution, in the sense if there is a
solution w of (2.1) satisfying ¥ > w > ¢, then W > w > u.

Proof. We redefine f to be

fm),  u<m,
fw) =9 fu), u € [m, M],
f(M), u>M.

In the following we still use f instead of f for convenience. Then (2.39)
holds for all u1,us € R. Define an iteration sequence: ug = ¥

Aty 1 FAK U1 = Af (Un) FAK Uy Unp1 € WHP(Q)NW, P (). (2.40)

The existence and uniqueness of the solution comes from L? theory of linear
elliptic equations ([GT] Theorem 9.15). We also define another sequence
{vn} using (2.40) with vg = ¢. Define Lx = —A+ MK, and g(u) = f(u) +
Ku. Since g is increasing, then the maximum principle ([GT] Theorem
8.1), sub/suprsolution property and induction yield the relations:

Up = U = Ug = -+ Vg = V] = Up.

Since {u,} is bounded in W2P () with p > n, from Sobolev embedding, it
is also bounded in C%(Q). From Hélder estimates and (2.40), the sequence
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{un} is bounded in Cg**(Q). Hence a subsequence of {u,} converges to a
limit 7 in C2(€2). From the equation (2.40), u is indeed a classical solution.
Similarly we can obtain the minimal solution wu. O

Theorem 2.10 is based on Berestycki and Lions [BL1], see also Amann and
Crandall [ACr], Dancer and Sweers [DSw] for related results. Classical
monotone/comparison methods require more smooth sub/supersolutions,
see Amann [Al], Cohen and Keller [CK], and Sattinger [Sa]. Existence
of solution between sub and supersolutions can also be proved via vari-
ational methods, see Chang [Chl] and Struwe [St]. We notice that al-
though our initial sub/supersolution here may not be smooth, each term
in the iteration sequence is smooth from Holder estimates. The W?2P weak
sub/superslutions are more convenient for gluing two sub/supersolutions
together to obtain new sub/supersolutions:

Proposition 2.7. Suppose that 11,199 € W2P(Q) for p > n, O = {z €
Q1 >} and Qo = {x € Q : Yy > 11} are smooth subdomains of €.

(1) If 1,19 are two subsolutions, then max{y, s} is also a subsolution.
(2) If 1,12 are two supersolutions, then min{iyn, 2} is also a supersolu-
tion.

Proof. One can show that a function v is a subsolution if and only if for
any £ € C3°(2) and £ > 0,

196 ve =)o <o (2.41)
Let ¢ = max{t1, ¢} For any £ € C5°(Q) and £ > 0,
[ 19696 = Arwielas
= [ 190 Ve Mwel + [ (9429~ A el

- / Aoy + A ()] éda — / Ay + M (o) éde
Q

Q3
01 O

Here T' = 9027 \01, and v is outer normal direction pointing from € to Qs.
From the definition of ¢, d(¢1 —2)/0v < 0 for € T'. On the other hand,
A+ Af(¢;) > 0forz € Q; and i = 1,2. Hence [,[Vip-VE=Af(¥)E]dx <0
and ¢ is a subsolution on €. O
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Proposition 2.7 here is from Berestycki and Lions [BL1], and it is still true if
¢; is only a sub/supersolution on §2; (local sub/supersolition). The solution
obtained from monotone method is usually stable, or at least neutrally
stable. We state the following stability result first proved by Sattinger
([Sa] page 992):

Theorem 2.11. Suppose the conditions in Theorem 2.10 are satisfied, and
(u, @) is the pair of minimum and mazimum solutions of (2.1). Then
p1(w) >0 and pi(w) > 0, where py(+) is the principal eigenvalue of (2.16).

Proof. We only prove that ui(7) > 0 and the other is similar. Recall
that @ is the limit of {u,} defined by (2.40), and one can see each u, in
the sequence is still a supersolution. Hence we have for n > 1,

{A(un — @)+ Alf (un) — f(@)] <0, in Q

(2.42)
Uy —u =0, on 0,

and u, —u > 0 for all x € Q. From the intermediate-value theorem, there
exists &,(x) such that u,(x) > & (x) > u(x) and f(u,(x)) — f(u(z)) =
I(&n(2)[un(z) —u(x)] for € Q. Define 1, = un/||un||W01,z(Q). Then v,
satisfies

(2.43)

Yn =0, on Of.

Since {4y, } is bounded in WO1 2(Q), it follows that there exists a subsequence
of {1, } (still denote by {t,,}) such that 1, converges to some 1) weakly in
Wy 2(€2), strongly in L2(2), and almost everywhere for 2 € Q as n — oco.
In particular, (x) > 0 almost everywhere in Q. On the other hand &, — @
uniformly for z € Q as n — oo, hence (2.43) and the weak convergence
imply that

11 (3) /Q b1 — /Q (Vo1 -V — A/ @) de >0, (2.44)

where ¢1 > 0 is the principal eigenfunction corresponding to g1 (@). This
shows that uq (@) > 0. O

To conclude this section, we introduce a “Sweeping principle” about a
family of sub(super)solutions. Roughly speaking, the sweeping principle
states that if one function in a family of continuous subsolutions is smaller
than a given supersolution, then each function in the subsolution family
is also smaller than that supersolution. The first reference of this idea
is McNabb [Mc], and it becomes well-known since Serrin [Se2]. Several
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versions of the principles can be found in Dancer [D4], Clément and Sweers
[CSw], and Jang [J].

Theorem 2.12. Suppose that wi(x) € W*P(Q), (p > n), are a family of
subsolutions of (2.1), t € [0,1], such that the mapping (t,x) — wy(z) is
continuous in [0,1] x Q. Suppose that u is a supersolution of (2.1), no any
wy is a solution of (2.1) for t € [0,1], and there exists to € [0,1] such that
u(z) > wy, (x) for x € Q. Then for any t € [0,1], u(x) > w(z) for x € Q.

Proof. Let T ={te[0,1]:u > w;}. Then T is not empty. Since w, is
continuous, then T is a closed subset of [0,1]. We show that T is also an
open subset of [0,1]. Suppose that t € T, and we define v = u — w;. Then
v satisfies Av + Ae(x)v < 0 in Q, and v > 0 on 99, where
fu(z)) = f(wi(2))
c(x) = u(z) — wi(x)
f'(u(z)), u(z) = wi(z).
Then v(x) > 0 in Q. From Theorem 2.5, v(z) > 0 in Q or v(z) = 0 in Q.
But w; is not a solution of (2.1), u(z) cannot be identical to w; and thus

, u(z) > w(x),

v > 0in Q. Again from the continuity of wy, for some small € > 0, ws; < u
for s € (t —e,t+¢)NJ0,1]. Hence T is also open. Therefore T' = [0, 1] and
the theorem is proved. O

2.6 Bounds of solution set

Here we describe some general properties of the solution set of

Au+ Af(u) =0, in Q,
u >0, in Q, (2.45)
u =0, on 09,

where (2 is a bounded smooth domain. We show that some properties of
the nonlinear function f(u) implies the nonexistence of solutions to (2.45),
which also implies some necessary conditions on f(u) for the existence of
solutions to (2.45).

When f is too large, there is no solution of (2.45) for large A\, and when
f is too small, there is no solution of (2.45) for small \. More precisely, we
have

Proposition 2.8. If there exists a > 0 such that f(u) > au for u > 0, then
for A = X/a, if A > A, (2.45) has no solution. Similarly, if there exists
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a > 0 such that f(u) < au for uw > 0, then for A = M\ /a, if X < A, (2.45)
has no solution.

Proof. Suppose that f(u) > au for u > 0. Let ¢1 be the positive eigen-
function associated with principal eigenvalue \;. Multiplying (2.45) by ¢1,
and integrating over (2, we have

M| drrude =X | ¢1- fu)de > Aa | ¢ - ude. (2.46)
Q Q Q

Thus if (2.45) has a solution, then A < A;/a. Suppose that f(u) < au for
u > 0. If u is a solution of (2.45), then from Poincaré inequality (2.13),

/\1/ u?dx S/ |Vul*de = /\/ uf(u)de < /\a/ u?dz. (2.47)
Q Q Q

Q
Thus if (2.45) has a solution, then A > A1 /a. O

Bounds of the maximum values of solutions to (2.45) can also be derived
from the properties of the nonlinear function f(u). A simple bound is given
by the largest u such that f(u) > 0. Let

M =sup{u>0: f(u) > 0}. (2.48)

Then (2.45) has no solution with max, su(z) > M from the maximum
principle (see Theorem 2.7). For continuous f, it is necessary that f(M) =
0. For solution satisfying 0 < u < M, another restriction is as follows

Proposition 2.9. Suppose that f € C*(RT). If (2.45) has a solution u(x)
and up = max, qu(x) < M, then

fluar) >0, and F(up) = /OuM f(®)dt > 0. (2.49)

Proof. f(upr) > 0 has been proved in Theorem 2.7. We prove the second
part of (2.49). We first assume ) = Bp, a ball with radius R > 0. From the
Gidas-Ni-Nirenberg theorem [GNN1] (Corollary 2.3), a positive solution in
Bp is radially symmetric, then the radial symmetric solution satisfies an
ordinary differential equation:

u"—l—nT_lu’—l-/\f(u):O, r € (0,R),
uw'(0) =0 =wu(R), u(r) >0, u(r) <0, re(0,R).

(2.50)
Multiplying (2.50) by «’ and integrating it from 0 to R, we obtain

r

(
Lo () _
E[u (R)]? + (n — 1)/0 ——=—dr — AF(u(0)) = 0.
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Hence F(up) = F(u(0)) > 0. Indeed if n > 1, F(upr) > 0 for ball domains.

For a general bounded domain €2, first we consider the case of f(0) >0
and assume that (2.45) has a solution u in Q such that F(upy) < 0. We
modify f in (up, M] so that f(u) < 0 for v > M and F(u) < 0 for
u > ups. This modification does not affect u(z). There is a ball Bg D ,
and we define v(z) = u(z) for z € Q and v(z) = 0 for x € Bg\Q. Since
£(0) > 0, then v is a subsolution of (2.45) with Q = Bg; on the other hand,
w(x) = M is a supersolution of (2.45) satisfying w > v. Therefore from
Theorem 2.10, (2.45) with 2 = By has a solution v; satisfying w > v > v.
But for var = max, 5 v1(x) > unr, F(var) <0 from our modification of f,
which contradicts with the proof for the ball case.

For the case f(0) < 0, v(z) is no longer a subsolution. We assume that
(2.45) has a solution u in € such that F(uy) < 0. We define f € C*(R*)
so that f > f for u > 0, f(0) =0 and F(u) = fouf(t)dt < 0 for u > upy.
Then 0 = Au+ Af(u) < Au+ Af(u), hence u is a subsolution of

Av+Af(v) =0, inQ, v=0, on Y, (2.51)

and v = M is a supersolution. Therefore from Theorem 2.10, (2.51) has a
solution vy such that M > vy > u. But (2.51) has no positive solution from
our proof for the f(0) > 0 case. O

The result in Proposition 2.9 was proved in Dancer and Schmitt [DSc], and
Clément and Sweers [CSw]. Note that since f(uas) > 0, one can define
My = min{u > up : f(u) = 0} < M. Then (2.49) implies F'(M;) > 0.
A stronger result that F'(uar) > 0 was proved in Sweers [Sw] for bounded
smooth domain (or even some unbounded domains) with n > 1. When
n =1, u(xz) = 1+ cosz is a positive solution of v +u—1=0, x € (—m,7),
and u(—7) = u(r) =0, but F(up) = F(u(0)) = 0.



Chapter 3

Abstract Bifurcation Theory

As shown in Chapter 2, the partial differential equation (2.1) can be for-
mulated to a functional equation:

F(\u) =0, (3.1)

where FF: R x X — Y, X and Y are Banach spaces, and A is a real value
parameter. When F is sufficiently smooth, we can often use the bifurcation
theory based on differential calculus in Banach spaces. In this chapter, we
prove several local bifurcation theorems based on implicit function theorem
in Banach spaces. In particular we obtain infinite dimension version of
basic bifurcation phenomena like saddle-node, transcritical and pitchfork
described in Section 1.2. In this chapter, we always assume X and Y are
Banach spaces.

3.1 Banach spaces and implicit function theorem

A metric space is a pair (M,d) where M is aset and d: M x M — R is
a metric which satisfies for any x,y,z € M: (i) d(z,y) > 0; (ii) d(z,y) =0
if and only if z = y; (iii) d(z,y) = d(y,z); and (iv) (triangle inequality)
d(z,z) < d(x,y) + d(y,z). A metric space (M,d) is said to be complete if
any Cauchy sequence {z,} C M has a limit in M.

A normed vector space (over real numbers) is a pair (V, || - ||) where V/
is a linear vector space over real numbers and the norm ||- || : V — R is a
function which satisfies for any ¢ € R and z,y € V: (i) ||laz|| = |a| - ||z]];

(ii) ||z]| > 0, and ||z|| = 0 if and only if = 0 (the zero vector); and (iii)
(triangle inequality) ||z + y|| < ||z|| + ||ly||- A normed vector space is a
metric space with the metric d(z,y) = ||z — y||. A complete normed vector
space is called a Banach space named after Stefan Banach (1892-1945).

39
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An important tool of nonlinear analysis is the contraction mapping prin-
ciple (or Banach fixed point theorem):

Theorem 3.1. (Contraction mapping principle) Let (M, d) be a non-
empty completed metric space. Assume that T : M — M is a contraction
mapping, that is, there exists k € (0,1) such that for any xz,y € M,
d(Tz,Ty) < k- d(z,y). (3.2)
Then the mapping T has a unique fived point x, in M such that Tx, = ..

Proof. Choose any zo € M, and define z, = Tz, 1 for n > 1.
From (3.2) and the principle of mathematical induction, one obtain that
d(xpy1,Tn) < k"d(x1,20). This in turn implies that {z,} is a Cauchy
sequence in M since k < 1, and thus {z,} has a limit z, € M from the
completeness of (M,d). Note that 0 < d(xpt1,T2.) = d(Txp, Tx,) <
kd(zn,xs). Then d(zp41,Tz.) — 0 as n — oo since d(x,,z.) — 0 as
n — oo. Since the limit of {x,} is unique, hence Tx, = z, and z, is a
fixed point of T" in M. If there is another fixed point y. € M of T, then
0 < d(xs,ys) = d(Tzs, Tys) < k- d(zs,ys). But k < 1 s0 d(z«,y«) = 0,
which implies x, = y. from the definition of metric. Therefore T has a
unique fixed point z,, which is the limit of any iterated sequence {z,}
defined as x, = Tz, 1 and any initial point ¢ € M. O

The foundation of analytical bifurcation theory is the following implicit
function theorem, which is a consequence of contraction mapping principle.

Theorem 3.2. (Implicit function theorem) Let X,Y and Z be Banach
spaces, and let U C X x Y be a neighborhood of (Ao, ug). Let F : U — Z
be a continuously differentiable mapping. Suppose that F (Mg, ug) = 0 and
F.(Xo,uo0) is an isomorphism, i.e. F, (Ao, ug) is one-to-one and onto, and
F1(Xo,uo) : Z — Y s a linear bounded operator. Then there exists a
neighborhood A of Ao in X, and a neighborhood B of ug in Y, such that
for any X\ € A, there exists a unique u(\) € B satisfying F(A,u()\)) = 0.
Moreover u(-) : A — B is continuously differentiable, and u'(Ag) : X =Y
is defined as u'(\o)[¢] = —[Fu(Xo,u0)] L o Fx(Xo, uo)[¥)].

Proof. To solve u in the equation F'(A,u) = 0, we look for the solution
(1, v) of F(Ag + p,up + v) = 0. We notice that
F(Xo + p,up +v) = F(Xo,u0) + Fu(Xo, uo)v + R(p,v),
where R(p,v) = F(Xo + p,up + v) — Fu(Xo, uo)v is the remainder term.
Since F, (Ao, ug) is invertible, then F'(A,u) = 0 is equivalent to
v+ [Fu(Xosuo)] P R(p,v) = 0.
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Define G(s,0) = —[Fu(ho, )] " R(1,0) = [Fu(Mo,u0)] ™ (Fulho, uo)o —
F(Xo + p,up + v)). Then solving F(A,u) = 0 is equivalent to finding
the fixed points of G(u,v). We show that for u close to 0, G(u,-) is a
contraction mapping in a neighborhood of v = 0. In the following we
denote [F,, (X, up)] "t by H. Notice that G(u,v) = v— HF (Ao + p, uo +v),
then

||G(/J,,1)1) - G(Nan)H

[[v1 —v2 — H(F(Xo + pt,uo +v1) — F(Xo + p,uo + v2))|

(3.3)

(v1 — v2) H/ w(Xo + pug 4+ tog + (1 — t)vg)dt(vy — v2)l].

Since F, (A, u) is continuous near (Mg, uo), then there exists a ball Bx C X
centered at © = 0 and a ball By C Y centered at v = 0 such that when
(u,v) € Bx x By,

1T = HE, (Ao + 0 + 0)]] < % (3.4)
n (3.4), the norm || - || is the operator norm in the Banach space L(Y,Y),
which consists all the linear bounded operators from Y to Y. From (3.3)
and (3.4), we find that ||G(u,v1) — G(p,v2)|| < |Jvr — v2||/2 for p € Bx
and v1,v2 € By.

Next we show that for p in a neighborhood of 0 and v € By, then
G(p,v) € By. In fact, for p € Bx, and v € By with Bx, By defined
above, we assume that By = {y € Y : ||y|| < d}, then

|G (s )| < G (s, 0)]| + G (1, 0) = G, )]

< [[HE o+ )| + g1l

From the continuity of HF and that HF(\g,up) = 0, we can find a ball
B C Bx with 0 € BY% so that when p € B, ||HF(Xo + 1, u0) —
HF (Mo, up)|| < (1/4)6. Hence ||G(u,v)|| < (3/4)6 and G(p,v) € By.
Therefore when o € BY, G(p,-) : By — By is a contraction mapping,
then from the contraction mapping principle (Theorem 3.1), there exists a
unique v(p) € By such that G(u,v(n)) = v(p). Hence the existence and
uniqueness of the solution to F(A,u) =0 for A € A and v € B in the theo-
rem follows by letting A = { Ao+ p: p € B} and B = {ug+v:v € By}.
To show that u(X) = ug+v(w) is continuous, we see that for pq, ue € By,

lo(pa) — v(p2)l| =[G (p1, v(p1)) — Guz, v(p2))ll

|G (ks v (k1)) — Gpas v(p) + [|G(p1, v(p2)) — Gluz, v(p2))]|
1

Sllem) — ()]

+ [|HF (Mo + p1,uo +v(p2)) — HF (Ao + p2, uo + v(p2))l|,

(3.5)

IN

IN
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hence
lo(p1) — v(p2)l|

(3.6)

1
<2 H/ F (Ao +tur + (1 = t)pa, uo + v(p2))dt(pr — p2)||,
0

and the continuity of u(\) follows from the continuity of F),. To show the
differentiability of v(u), we notice that G is continuously differentiable near
(0,0) since F is assumed to be C', G,,(u,v) = —H o F\(A\o + , up +v) and
Gu(p,v) = H o (Fy(Ao,uo0) — Fu(Xo + p,uo + v)). Hence for p € B’ and
1 € X small, from the differentiability of G and continuity of F,, we have
|[o(p + 1) — v(p) + [Fu(Xo, uo0)] ™" o Fa(Xo, uo)[¥]]|

|G+, v(p+ 1) = G, v(p) + H o Fx(Ao, uo) [¢]] |

G, v() W] + G (p, v(p)) [o(p + ) — v(p)]

o) + olllu( + ) — v} + H o Fx(ho + ruo +v(u))[w]H

o([[¥11) + o(l[o(u + ¥) = v(w)ll) = ol[¥1])-

Therefore v : B — By is differentiable with the Fréchet derivative v'(p) =
—[Fu(Xo,u0)] 7t o Fx(Xo + i, up + v(p)), which is continuous in g from the
continuity of F and v. This proves that u()\) is C. O

Note that if we assume that F' is continuously differentiable in u, and only
continuous in A, then the result still holds, but u(X) is only continuous.
Similarly, if F is of class CF, so is u(\); if F is analytic, so is u(\). The
implicit function theorem in Banach spaces can be found in many standard
references, and the version here is close to the ones in Ambrosetti and Prodi
[APo2], Crandall and Rabinowitz [CR1] and Deimling [De].

An important special case is when X = R, then the implicit function
theorem Theorem 3.2 implies that when the linearized operator F, (Ao, uo)
is non-degenerate, then the set of solutions to F'(A\,u) = 0 near (Mg, up) is
a C! curve {(A\,u(N)) : A € (Ao — &, A0 +¢)}. We apply it to (2.1):

Theorem 3.3. (Implicit function theorem) Suppose that f € C*(R),
and (Mo, uo) € R x C3*(Q) is a solution of (2.1), such that the equation
/ :
{Aw + Af (w)w =0, in Q, (3.7)
w =0, on 0,

has only the trivial solution w = 0, then there exists € > 0 such that for

A€ (Mo—g,Xo0+¢), (2.1) has a unique solution (A, u(X)) near (Ao, uo), and

{u(N) s A€ (Mo —e, Mo +¢e)} is a smooth curve.
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Proof. Define F(\, u) as in (2.14). From Proposition 2.2, F,, (Ao, uo) is a
Fredholm operator of index zero. Since (3.7) has only the trivial solution,
then N(F,(A\o,up)) = 0 and R(F,(Ao,up)) = Y. From the open map-
ping theorem, F, (Ao, up) is an isomorphism. Then the result follows from
Theorem 3.2. 0

Example 3.1. Consider

{Au—i— Ae” =0, in €,

(3.8)
u =0, on Of.

This is the Gelfand’s equation which arises from combustion theory, see
Section 1.4. (A, u) = (0,0) is a solution to the equation, and Fy(0,0)w =
Aw, which is invertible on X = C3*(Q) since Aw = 0 in Q and w = 0
on € has only trivial solution. Then near (0, 0), from the implicit function
theorem, the solution set is of form {(A,u(X)) : |A] < e}, where u(\) =
A + o(|A]) and ¢ is the solution of

{A¢+1=o, in Q

=0, on 99. (3.9)

In particular, u()\) is positive when A\ € (0,¢) since v is positive from the
maximum principle (Theorem 2.4), and u(\) is negative when A € (—¢,0).

This example can be stated in a more general form as a bifurcation theorem.
Note that there is a unique solution for all A near A = 0, but we can still
think a branch of positive solutions emerging from (0, 0).

Theorem 3.4. Let f € CY(R™T) and f(0) > 0. Then all positive solutions

of (2.1) near (0,0) have the form {(A, Aw + z(A)) : 0 < XA < §} and some

§ > 0 and smooth z : [0,8) — C3*(Q), where w is the solution of
{Aw +f(0)=0, in 9

(3.10)
w =0, on 0N,

and z(0) = 2'(0) = 0.
3.2 Bifurcations on R!
The implicit function theorem provides a tool to describe the solution set

of a nonlinear problem in an infinite dimensional space when the linearized
operator is invertible. When the linearized operator is not invertible, but
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with only a kernel of finite dimension and a range space of finite codi-
mension, the analytic bifurcation picture still resembles the ones in finite
dimensional case described in Section 1.2. For that purpose, we first es-
tablish a result for finite dimensional bifurcation problem, and this result
also gives a unified approach to the usual bifurcations of type saddle-node,
transcritical and pitchfork, thus it is also of independent interest.

Theorem 3.5. Suppose that (Mo,yo) € R? and U is a neighborhood of
(Mo, y0). Assume that f: U — R is a CP function forp > 1, f(Xo,y0) =0,
and there is at most one critical point (Ao, yo) of f in U. Define S to be the
connected component of {(\,y) € U : f(A,y) =0} which contains (Ao, yo)-

(1) If Vf(Xo,y0) # 0, then S is a CP curve passing through (Ao, yo)-
(2) If Vf(Xo,y0) = 0, we assume in addition that p > 2, and the Hessian
H = V2f(\o,v0) is non-degenerate with eigenvalues A1, \a # 0, then

(a) when AA2 > 0, (Mo,yo) is the unique zero point of f(x,y) =0 near
(Ao, %0);

(b) when A\ < 0, there exist two CP~L curves {(\i(t),vi(t)) : [t| < 5},
1 =1,2, such that S consists of exactly the two curves near (Ao, o),
(Xi(0),4:(0)) = (Ao, yo). Moreover t can be rescaled so that (n,T) =
(AL(0),45:(0)), i = 1,2, are the two linear independent solutions of

Faa(A0s ¥0)0” + 22 (Aos ¥o)nT + fyy (Ao, yo) 72 = 0. (3.11)

Proof. Part (1) follows from the implicit function theorem (Theorem
3.2). Indeed, if f,(Mo,y0) # 0, then S is in form {(X,y(X)) : |A — Ao| < €},
and if fx(Mo,y0) # 0, then S is in form {(A\(y),¥) : |y — yo| < €}. Part (2a)
follows from standard multi-variable calculus since in this case, (Ao, yo) is
a strict local maximum or minimum point of f(x,y). So we only need to
prove (2b).

Consider the system of differential equations:
_ofnvy) o, 9f(\y)
T Ty YT T o
Then (3.12) is a Hamiltonian system with potential function f(A,y), and
(Mo, o) is the only equilibrium point of (3.12) in U. The Jacobian of (3.12)
at (/\0,y0> is

N . (AM0),y(0)) € U. (3.12)

A HwQosvo)  fyy(Xosvo)
= (‘f;()\o,yo) —;zy(A07y0)> : (3.13)

Since Trace(J) = 0 and Det(J) = Det(H) < 0, then (Ao, y0) is a sad-
dle type equilibrium of (3.12) and J has eigenvalues +k for some & > 0.
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From the invariant manifold theory of differential equations, there exists
a unique curve I'y C U (the stable manifold) such that I is invariant for
(3.12) and for (A(0),y(0)) € T's, (A(t),y(t)) — (Mo, ¥0) as t — oo; and sim-
ilarly the unstable manifold is another invariant curve T, for (3.12) and
for (A(0),y(0)) € Ty, (A(t),y(t)) — (Mo,y0) as t — —oo. Both I'y and T,
are CP~! one-dimensional manifold by the stable and unstable manifold
theorem ([Pe] page 107). f(\,y) = 0 for (\,y) € T'; UT, since f(\,y) is
the Hamiltonian function of the system and I'; UT,, U {(Xo,¥0)} . On the
other hand, for any (\,y) &€ T'sUT, U{(Xo,¥y0)}, f(A,y) # 0 from the Morse
lemma.

Finally we consider the tangential direction of I's and I',,. We denote
the two curves by (A;(t),yi(t)), with ¢ = 1,2. Then

Fu(t),yi(t)) =0. (3.14)

Differentiating (3.14) in ¢ twice, we obtain (we omit the subscript ¢ for A;(¢)
and y;(t) in the equation)

P, y(@0) (N () + 22y (@), y(E)X )y (1) + Fuy(A@), () (' (1))?
+ D), yO)N (1) + fy (A1), y(£))y" (t) = 0.

evaluating at ¢t = 0 and V (Ao, o) = 0, we obtain (3.11). O

Theorem 3.5 is proved in Liu, Wang and Shi [LSW], and see also Shi and
Xie [SX] in which we show that CP~! is the optimal regularity of the two
crossing curves. We remark that Theorem 3.5 can also be deduced from
a more general Morse Lemma, see Kuiper [Ku] and Chang [Chl] (Lemma
4.1 and Theorem 5.1), and a weaker result is proved in Nirenberg [Nir]
Theorem 3.2.1, in which the crossing curves are shown to be CP~2. Here
we give an alternate proof using the invariant manifold theory.

In Theorem 3.5, if fy,(Ao,%0) # 0, then the C? curve can be parame-
terized by A; if fx(Ao,y0) # 0, then the CP curve can be parameterized by
y and indeed we have the saddle-node bifurcation; and if we assume that
FfAyo) =0, fy(Ao,y0) =0, and fay(Xo,yo) # 0, then we obtain transcrit-
ical or pitchfork bifurcations. In this sense, Theorem 3.5 gives a unified
unfolding of singularity in R? with codimension 2. Using the implicit func-
tion theorem in Banach spaces, we will establish similar bifurcation results
in Banach spaces in the following sections.
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3.3 Saddle-node bifurcation

From the implicit function theorem (Theorem 3.2), a necessary condition
for bifurcation is that

F, (Mo, up) is not invertible. (3.15)

When (3.15) is satisfied, we call (Ao, ug) a degenerate solution of F(\,u) =
0. Here we discuss the case when the kernel of F,(\g,up) is nonempty,

and in particular, we discuss the case that u = 0 is a simple eigenvalue of
FM(A(),UO), i.e.

(F1) dimN(Fy(Xo,uo)) = codimR(F,(Ao,up)) = 1, and N(F,(Ao,uo)) =
span{wo}.

(F1) is equivalent to: Fi (Ao, uo) has a one-dimension kernel, and it is a
Fredholm operator with index zero. The range space R(Fy(Xo,up)) is a
subspace of Y of co-dimension one, then there exists [ € Y* (the space of
linear functionals on Y'), such that

u € R(F,(Xo,u0)) < (l,u) =0, (3.16)

where (I,u) is the duality relation between Y* and Y. In the following
whenever (F1) is assumed, [ is the associated linear functional in Y*.

Theorem 3.6. (Saddle-node bifurcation theorem) Let U be a neigh-
borhood of (Ag,up) in R x X, and let F : U — Y be a continuously differ-
entiable mapping. Assume that F(X\o,ug) =0, F satisfies (F1) at (Ao, uo)
and

(F2) F}\()\Q,UO) Q/ R(Fu()\o,uO))

(1) If Z is a complement of span{wo} in X, then the solutions of F(\,u) =
0 near (Ao, ug) form a curve {(A(s),u(s)) = (A(s),up + swo + 2(s)) :
|s| < 0}, where s — (A(s), 2(s)) € Rx Z is a continuously differentiable
function, A(0) = X (0) =0, and z(0) = 2/(0) = 0.

(2) If F is k—times continuously differentiable, so are \(s) and z(s).

(3) If F is C? in u, then

<l, Fuu()\Ou ’U,Q)[’wo, w0]>
<l, F)\(Ao, ’UJO>>

where 1 € Y* satisfying N(I) = R(Fy (Ao, uo))-

N'(0) = —

(3.17)
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Proof. Define G:U;y x (Uz x Z1) =Y by
G(s, A z) = F(A up + swo + 2), (3.18)

where Uy, Us are neighborhoods of 0 in R and Z; is neighborhood of 0 in Z
so that the right hand side of (3.18) is well-defined ((A, ug + swo + z) € U).
Then G has the same smoothness as F' and G(0,)\,0) = 0. We claim
that the partial derivative G .)(0, X0,0) : R x Z — Y is an isomorphism.
We first show that Gy .)(0, Xo,0) is injective. Suppose that there exists
(7,9) € R x Z such that G(x (0, Ao, 0)[(7,)] = 0, then

TF)\()\Q,Uo)—FFu()\Q,U())[w] =0. (319)
Applying I to (3.19), we obtain
T<l, Fx()\o,uO» =0. (320)
Since Fx (Ao, uo) & R(F,(Xo,up)), then 7 = 0, and ¢ = 0 since ¢ € Z and
N(Fu(Xo,u0)) = span{wg}. Next we show that G )(0, Ao, 0) is surjective.
Let 6 € Y. Applying [ to
TF)\(A(),UO)—FF“(A(),’UJO)[U)] = 9, (321)

we obtain

({L,9)

T = T O, uo)) (3.22)
and ¢ = K[0 — 7F\(Xo,uo)], where K is the inverse of F, (Ao, uo)|z. Thus
(7,1) is uniquely determined by 6. Since G is continuous, Gy -)(0, Ao, 0) is
a bijection, then [G(y »)(0, Ao, 0)] " is also continuous by the open mapping
theorem of Banach. Hence G, )(0, Ao, 0) is an isomorphism. By Theorem
3.2, the first two statements of theorem are true. And (N(0),2/(0)) is

determined by

G()\,z) (07 )‘07 O)[(/\/ (0)7 Z/(O))] = _GS (07 )‘07 O) = _FU()\Oa UO)[wO] = 07
(3.23)
so \'(0) = 0 and 2'(0) = 0 from the injectivity of G .)(0, Ao, 0).
Differentiating F(A(s),u(s)) = 0 with respect to s twice, we obtain
N'(8)Fx + [N ()2 Fax 42X (s) Fau[u'(s)]
+Fuulu!(s),u'(s)] + Fu[u"(s)] = 0.
Let s =0 in (3.24) and apply [ to (3.24), then we obtain (3.17). O

(3.24)

Theorem 3.6 first appeared in Crandall and Rabinowitz [CR2]. When
(F4) Fuu(Xo, uo)[wo, wo] & R(Fu(Xo,u0)),
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is satisfied, A\’(0) # 0, and the solution set {(A(s),u(s)) : [s| < &} is
a parabola-like curve which reaches an extreme point at (Ag,up). The
degenerate solution (Mg, ug) in this case is called a turning point on the
solution curve. When A”(0) > 0, the bifurcation is supercritical; and when
N'(0) < 0, the bifurcation is subcritical. In such cases, the bifurcation
diagrams of (3.1) can still be sketched as in Fig. 1.3. Similar to previous
applications to (2.1), we have

Theorem 3.7. Suppose that f € CH(R™) and (A, us) is a positive solution
of (2.1) which satisfies

;V* (x) <0 for all x € O0. (3.25)

and suppose that the linearized equation (3.7) has a unique (up to scale)

nontrivial solution w, which satisfies

/ f(u)wdz # 0. (3.26)
Q

Then all the positive solutions of (2.1) near (Ai,u.) have the form
(A(8),us + sw + z(s)) for s € (—0,9) and some § > 0, where A(0) = A,
A (0) =0, z(0) = 2/(0) = 0. Moreover, sz 6 CQ(RJr) then
)\//(0) _ A fQ * )dCC
Jo £ z)dr
Proof. The setting is similar to that of Theorem 3.3. Recall from
the proof of Theorem 3.3, F, (A, us) = A 4+ Aif’(u), which is a Fred-
holm operator with index 0. (F1) is satisfied from the assumption that
the solution space of (2. ) is one- dimensional From Proposition 2.1,

(3.27)

R(Fu(A,uy)) = {p € C*(Q) = [, o( z)dz = 0}. Thus (3.26) is equiv-
alent to (F2), and stated results follow from Theorem 3.6 except the posi-
tivity of u(s) = u. 4+ sw + z(s), which follows from (3.25). O

We also comment that at a bifurcation point described in Theorem 3.6,
if F € C® and \(0) = 0, then
N"(0) = — (l, Fuuu (Ao, uo) [wo, wo, wol) + 3{L, Fuu(Xo, uo)[wo, 0]) :
(L, Fx(Aos o))

(3.28)

where 6 € Z is the solution of
Fuu(/\o,’u,o)[’u)o,’u)o] +Fu()\0,u0)[0] =0. (329)
The solvability of (3.29) is equivalent to
(F4 ) Fu'u.()\O; UO)[’(U(), ’LU()] € R( ()\05 U‘O))

or A”(0) = 0. In the case X'”'(0) # 0, a cusp type bifurcation occurs near
the degenerate solution (Ag, ug). More discussion can be found in Shi [S1].
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3.4 Transcritical and pitchfork bifurcations

If there is a branch of trivial solutions © = wug for all A, then nontrivial
solutions can bifurcate from the trivial branch at a degenerate solution.

Here is the theorem of Bifurcation from a simple eigenvalue by Crandall
and Rabinowitz [CR1]:

Theorem 3.8. (Transcritical and pitchfork bifurcation theorem)
Let U be a neighborhood of (Ag,up) in R x X, and let F : U — Y be a
twice continuously differentiable mapping. Assume that F(\ ug) = 0 for
(A uo) € U. At (Ao, wo), F satisfies (F1) and

(F3) F)\u()\o, Uo)[wo] g R(Fu(/\o,uO))

Let Z be any complement of span{wy} in X. Then the solution set of (3.1)
near (Ao, uo) consists precisely of the curves u =g and {(A(s),u(s)) : s €
I = (=€)}, where A : I =R, z : I — Z are C' functions such that
u(s) = ug + swo + sz(s), A(0) = Ao, 2(0) =0, and
Ly Fyu (o, uo) [wo, wol)
2(1, Fxu(Xo, uo)[wol)
where I € Y* satisfying N(I) = R(Fy(Xo,uo)). If N'(0) = 0, and in addition
F € C? near (Mo, uo), then
(I, Fuuu (Ao, uo) [wo, wo, wo) + 3{1, Fuu (Ao, uo)[wo, 0])
3(1, Fxu(Ao, uo) [wol) 7
where 0 is the solution of (3.29).

N(0) = - (3.30)

N'(0) = — (3.31)

When XN (0) # 0 (thus (F4) is satisfied), then a transcritical bifurcation
occurs (see Fig. 1.4); if instead (F4’) is satisfied, then A'(0) = 0, and a
pitchfork bifurcation occurs at (Ag,up) if A'(0) = 0 and \’'(0) # 0. We
remark that in the original theorem of [CR1], under the weaker assumption
that F, exists and continuous near (Ao, ug) instead of F' being C?, it was
shown that same result holds but the curve of nontrivial solutions is only
continuous not C1.

Here we prove this important theorem as a consequence of a more gen-
eral result based on Theorem 3.5. We assume F' satisfies (F1) at (Ao, ug),
then we have decompositions of X and Y: X = N(F,(Mo,up)) ® Z and
Y = R(F\, (Ao, up)) ® Y1, where Z is a complement of N (F, (Ao, up)) in X,
and Y7 is a complement of R(Fy, (Ao, uo)). In particular, (Ao, uo)|z : Z —
R(F, (Ao, up)) is an isomorphism. Since R(Fy, (Ao, up)) is codimension one,
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then there exists [ € Y* such that R(F, (Ao, u0)) = {v €Y : (I,v) = 0}. Re-
call the condition (F2) in saddle-node bifurcation theorem, here we assume
the opposite:

(F2") Fx(Xo,uo0) € R(Fu(Xo,uo))-
Then the equation
Fx(Xo,u0) + Fu(Xo,uo)[v] =0 (3.32)

has a unique solution v; € Z. The following “crossing curve bifurcation
theorem” is proved in Liu, Shi and Wang [LSW]:

Theorem 3.9. Let U be a neighborhood of (Ao,up) in R x X, and let
F : U — Y be a twice continuously differentiable mapping. Assume
that F(Ao,uo) = 0, F satisfies (F1) and (F2) at (Ao,uo). Let X =
N(Fyu(Xo,u0))®Z be a fized splitting of X, let v1 € Z be the unique solution
of (3.32), and let Il € Y* such that R(Fy(Xo,up)) = {v € Y : (l,v) = 0}.

We assume that the matriz (all derivatives are evaluated at (Mo, uo))

HO = ( <l7 F)\)\ + 2F)\u[vl] + Fuu[vlavl]> <lu F)\u[wO] + Fuu[w07vl]>)
<laF>\u[wO]+Fuu[w07’U1]> <laFuu[w07w0]>
(3.33)
is non-degenerate, i.e. Det(Hy) # 0.

(1) If Hy is definite, i.e. Det(Hy) > 0, then the solution set of F(A,u) =0
near (A, u) = (Ao, ug) is the single point set {(Xo,uo)}.

(2) If Hy is indefinite, i.e. Det(Hy) < 0, then the solution set of F(A u) =
0 near (\,u) = (X, ug) is the union of two intersecting C* curves, and
the two curves are in form of (A;(s),u;(s)) = (Ao + pis + $6:(s), ug +
niswo + svi(s)), i = 1,2, where s € (=6,0) for some 6 > 0, 6;(0) =0,
vi(s) € Z, v;(0) =0 (i = 1,2), and (ui,m:) (i = 1,2) are non-zero
linear independent solutions of the equation

(I, Faxx 4+ 2F\u[v1] + Fyulvr, v1])p?

, (3.34)
+ 2(l, Fxu[wo] + Fuu[wo, v1])np + (I, Fyu[wo, we])n® = 0.

Proof. We start by reducing the equation in infinite-dimensional space
to a finite dimensional one by a Lyapunov-Schmidt process. We denote the
projection from Y into R(Fy (Ao, uo)) by Q. Then F(A, u) = 0 is equivalent
to

QoFA\u)=0, and (I —Q)o F(\u)=0. (3.35)
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We rewrite the first equation in form
G\t g) =Qo F(A\ug+twy+g)=0 (3.36)

wheret € R and g € Z. Calculation shows that G¢4(Ag,0,0) = QoF, (Ao, uo)
is an isomorphism from Z to R(F,(\o,u0)). Then g = g(A,¢t) in (3.36) is
uniquely solvable from the implicit function theorem Theorem 3.2 for (A, )
near (X\g,0), and g is C?. Hence u = ug + twg + g(\,t) is a solution to
F(\u) = 0 if and only if (I — Q) o F(A\ ug + two + g(A\,t)) = 0. Since
R(F.(Xo,up)) is co-dimensional one, hence it becomes the scalar equation
(I, F(\ ugp + twy + g(A, 1)) = 0.
From arguments above we have

fint) = Qo F(\ ug + two + g\ t)) =0, (3.37)

for (A, t) near (Ag,0). Differentiating f; and evaluating at (A, t) = (Ao, 0),
we obtain

0=Vfi=(Qo(Fx+ Fug]), Qo Fylwo + gi]). (3.38)

Since F,[wg] = 0 and g € Z, and F, (Ao, uo)|z is an isomorphism, then
gt(X0,0) = 0. Similarly gy € Z and F\ € R(F, (o, uo)) from (F2'), hence

F}\()\Q,UO) +Fu()\0,uo)[g)\()\0,0)] =0. (339)

Hence ga(Ao,0) = v1 where v; is defined as in (3.32).
To prove the statement in Theorem 3.9, we apply Theorem 3.5 to

FfOGt) = (I, F(\ up + twy + g(\, t))). (3.40)

From the proofs above, FI(A,u) = 0 for (A, u) near (A, up) is equivalent to
f(At) =0 for (A t) near (A\g,0). To apply Theorem 3.5, we claim that

V£(Xo,0) = (fr, fr) =0, and Hess(f) is non-degenerate. (3.41)
It is easy to see that
Vf(A()v O)

=({l, Fx (Ao, u0) + Ful(Ao, uo)[ga (Ao, 0)]), (I, FulAo, uo)[wo + g(Ao, 0)])).
(3.42)

Thus V f(Ag,0) = 0 from (3.32) and g,(Ao,0) = 0. For the Hessian matrix,
we have

(e
Hess(f) = (ftA ftt) . (3.43)
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Here
Fae(Ao, 0) =fix (Ao, 0)
=(l, Fxulwo + g¢] + Fuulwo + gt, 93] + Fulgae]) (3.44)
=(l, Fxu|wo] + Fuy[wo, v1]),
since g; = 0. Next we have
Fan(Ro, 0) =1, Fxx + 2Fxulga] + Fuulga, 93] + Fulgan]) (3.45)
=(l, Fax + 2Fy[v1] + Fuu[v1,v1]).

Finally,
frt(Xo,0) = (I, Fuu[wo + g¢, wo + g¢] + Fulgee]) = (I, Fuu[wo, wo]). (3.46)

In summary, from our calculation,

_ (L Fxx + 2Fu[v1] + Fuulvr, v1]) (1 Faw[wo] + Fuulwo, v1])
Hess(f) = ( (I, Faxu[wo] + Fyu[wo, v1]) (1, Fyu|wo, wo]) ) )

Therefore from Theorem 3.5, we conclude that the solution set of F(\,u) =
0 near (A, u) = (Mg, ug) is a pair of intersecting curves if the matrix in (3.4)
is indefinite, or is a single point if it is definite.

Now we consider only the former case of two curves. We denote the
two curves by (Ai(s),ui(s)) = (Ni(s), uo + ti(s)wo + g(Ni(s),ti(s))), with
i=1,2. Then

F(Xi(s),uo +ti(s)wo + g(Ni(s), ti(s))) = 0. (3.47)
From Theorem 3.5 the vectors v; = (A(0),¢/(0)) are the solutions of
vT Hov = 0, which are the solutions (p,7) of (3.34). O

Now we show that Theorem 3.8 is a special case of Theorem 3.9.
In fact, the assumption of F(A\ ug) = 0 implies that (F2') is satis-
fied and F(Ao,u0) = Fax(Mo,ug) = 0, thus v; = 0 and det(Hy) =
—(l, Fxu(Mo,wp))?. Hence the assumption (F3) implies that det(Hy) # 0
and Hj is indefinite. The formula in (3.30) can be obtained from (3.34) as
it becomes

21, Fxu|wo])nu + (I, Fuulwo, wo])n? = 0. (3.48)

We can choose one solution of (3.48) to be (1, 1) = (1,0) which corresponds
to the line of trivial solutions, and the other solution to be (i, 7) = (N (0),1)
with X' (0) being the expression in (3.30). Finally (3.31) can be obtained
with further calculations. Indeed let (A(s),u(s)) be the nontrivial solution
curve. Then by differentiating F'(A\(s), u(s)) = 0 three times, evaluating at
s =0 and applying [, one can obtain (3.31).
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The implicit function theorem (transversal curve), saddle-node bifurca-
tion (turning curve), and transcritical /pitchfork bifurcation (two crossing
curves) illustrate the impact of different levels of degeneracy of the nonlinear
mapping on the structure of local solution sets. In transcritical/pitchfork
bifurcation, one solution curve is presumed. Indeed this is not necessary
and a bifurcation structure with two crossing curves can be completely de-
scribed via the partial derivatives of the nonlinear mapping. We remark
that in the original result in [CR1], a slightly weaker smoothness condition
is imposed on F: F is not necessarily C2, but only the partial derivative
F, exists. However to obtain (3.30) which indicates the direction of the
bifurcation, more smoothness as ours is needed.

We illustrate the application of the transcritical and pitchfork bifurca-
tion theorem by considering the diffusive logistic equation.

Example 3.2. We consider the following diffusive logistic equation:

{Au + Au—uP) =0, in Q,

(3.49)
u =0, on 0f2,

where p > 2. For any A > 0, u = 0 is always a solution to (3.49). We use
Theorem 3.8 to analyze the bifurcation occurring at A = A\;. It is easy to
verify that Fy, (A, 0)w = Aw + Aw, which is invertible if X # A;. At A = Aq,
N(F,(A1,0)) = span{¢1}, where ¢1 > 0 is the principle eigenfunction.
R(F,(A1,0)) is codimension one, and indeed R(F,(A1,0)) = {v € Y :
fQ gf)lvdilf = 0} Finally FAu(/\h O)[d)l] ¢ R(Fu()\l, 0)) since fQ (251 d)lda? > 0.
Thus Theorem 3.8 can be applied to (3.49).

The calculation of X' (0) can be done by directly applying (3.30). But
to illustrate the involved calculation, we calculate it directly. Differentiate
(2.1) with respect to s once and twice, we obtain

Aug + M f' (u)us + As f(u) =0, (3.50)

Atgs + M (W)tss + 206 f/ (W) us + M (u)(us)? + Nss f(u) = 0. (3.51)
Set s = 0 we obtain

Aug(0) + Ay f(0)us (0) = 0, (3.52)

Attgs(0) + A1 f/(0)uss (0) + 225(0) £/ (0)us (0) 4+ A £ (0)[us (0)]? = 0. (3.53)
By using integral by parts, and us(0) = ¢1, we obtain

22:(0)f/(0) /Q 2 (x)dx + Ay f"(0) /Q #3(x)dx = 0, (3.54)
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and
ALf"(0) Jo ¢ (2)da
0) fsz ¢% (z)dx

In particular, for f(u) = u — u? when p = 2, M'(0) > 0 and a transcritical
bifurcation occurs. Thus for A € (A1, A1 + ¢) (which corresponds to s €
(0,e1) since A'(0) > 0), (3.49) has a positive solution with form s¢1 +o(]s|).

For p > 2, (3.55) shows that A’(0) = 0, and the smoothness of A(s)
depends on p. When p > 3, f € C3 near u = 0, thus we have

ALf"(0) [, #1(2)da
’(0) fQ ¢% (w)dz

by applying (3.31), where § = 0 since F,.,(\1,0)[¢1,¢1] = Af”(0)¢? = 0.
Hence when p = 3, a pitchfork bifurcation occurs and A”’(0) > 0. Indeed
one can show that for any p > 2, (3.49) has no positive solutions when
A < A1, and all positive solutions near (A, u) = (A1,0) are on the right
hand side of A = A1, hence the bifurcation of positive solutions is always
supercritical in that sense.

N(0) = — (3.55)

N'(0) = — (3.56)

In general, we have the following result regarding (2.1):

Theorem 3.10. Let f € C?*(R*), f(0) = 0 and f'(0) > 0. Then \g =
A1/f'(0) is a bifurcation point. All positive solutions of (2.1) near (Ag,0)
have the form (\(s),s¢1 + sz(s)) with z(s) being a C' function satisfying
z(0) =0 for s € (0,9) and some § > 0, A(0) = Ao and

Aof” ) Jo 91 (x)d
(0) [, #1(x)dz
Example 3.3. An alternate of the logistic growth is the Allee effect (see

Section 1.4). For instance, consider the diffusive population model with
weak Allee effect (see [SS3]):

N(0) = (3.57)

(3.58)

Au~+ (1l —u)(u+a) =0, in €,
u =0, on 09,

where a > 0. Again for any A > 0, u = 0 is always a solution to (3.58). For
fu) = u(l —u)(u+a), f/(0) =a > 0, hence A\g = A1/a is a bifurcation
point from Theorem 3.10. From (3.57), we obtain that

N(0) = -2 = @) Jdi@)de (3.59)

a [o ¢%(x)dx
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Thus A’'(0) > 0 and the bifurcation of positive solutions is supercritical if
a > 1, and X (0) < 0 and the bifurcation of positive solutions is subcritical
(backward) if 0 < @ < 1. Later we shall show that the backward bifur-
cation indicates the nonuniqueness of positive solutions and it implies the
bistability in the corresponding reaction-diffusion dynamics.

Example 3.4. A similar analysis can be done for Neumann boundary value
problem, which we briefly discuss here (more can be found in Shi [S4]).
Consider

Au+ Af(u) =0, in Q,

3.60
% =0, on Of. ( )
v

Here we assume that f € C3(R), f(8) = 0 for some 8 > 0, and f/(8) > 0;
moreover A\; > 0 is a simple eigenvalue of the linear problem

A+ o =0, in €,

3.61
% =0, on 0. ( )
v

Here we still define F(\,u) = Au + Af(u), but u € X' = {v € C*%(Q) :
Ov/0v = 0 on 0Q}. Bifurcations occur along the line of trivial solutions
{(A\,B) : A > 0}. Similar to example above, A = A\, = A\;/f'(0) is a
bifurcation point if N(F,(\«, 3)) = span{¢i}, and codimR(F, (A, () =1
with R(Fy(A«,8)) = {v €Y : [, ¢ppvdx = 0} where Y = C*(Q); and also
Frxu(As, B)[or] & R(Fu(As, B)) since [, ¢k - ¢rdz > 0. Again Theorem 3.8
can be applied, and we obtain the existence of a solution curve (A(s), u(s))
near (A, ().

Differentiating (3.60) with respect to s twice, evaluating at s = 0, we
get

Atgs (0) + A(0) f'(B)uss (0) + 2N (0).f'(B)dr + A0).f" ()¢ = 0,  (3.62)
Oyuss(0) =0 on 9. Using (3.62) and (3.61), we obtain
CAS(B) Jq Sida _ Aef"(B) Jo dide

2f(8) fQ %dﬂc 2[f"(B))? fQ idx'
However it is very often (always true for one dimension) that [, ¢pdz =0,

so it is necessary to compute A”(0) in that case. Then differentiating (3.60)
further, and if A’(0) = 0, then we get

At (0) + Ae f/(B)usss (0) + 3X(0) f(B) b
+>\*f’”(ﬁ)¢i + 3)‘*f”(6)¢ku58(0) =0,

N(0) = (3.63)

(3.64)
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and O,uss5(0) = 0 on 99, where ugs(0) satisfies (3.62) with X' (0) = 0.

Then

. A f"(B) fgz ¢id$ + 3 1"(B) fgz %USS(O)dx

31'(0) Jo dcde

OMS"(B) Jo Sheda £ 3N S (B) fy SR (0
3L (B)? [, drda '

In the special case of Q = (0,a), w(z) = cos(krx/a), so N(0) = 0. And

uss(0) is the solution of

2 "
v//_|_ (k_ﬂ-) v+ (kﬂ)2f (6) 082 (@

)\// (O) —
(3.65)

) =0, v'(0) =v'(a) =0. (3.66)

a 2@ \a
From simple calculations, we have
"
uss(0) = ) [cos?(kmz/a) — 2].

- 3f(B)

Then by computation, we obtain

wen (BTN 3F1(8)£(8) = 51" (8))?
vo=-(7) B

Thus \’(a) is determined by the value of 3f/f"” — 5(f")? at u = 5. A
pitchfork bifurcation always occurs at (A, 3) for one-dimensional Neumann
boundary value problem, which is also indicated by the fact u(x) and u(a—
x) are a pair of solutions for the same A. We also remark that we exclude
the case \g = 0, the principal eigenvalue for the Neumann problem (3.61).
In fact, all conditions in Theorem 3.8 are satisfied, and a bifurcation does
occur, but the solution branch is a trivial one {(A,u) = (0,u) : u € R}.

(3.67)

A parameter A is always involved in the bifurcation theorem above to
indicate the change of solution set as the parameter evolves. Similar idea
can be used to describe the solution set of nonlinear equation near a de-
generate solution. Theorem 3.5 can also be used to prove such secondary
bifurcation theorem which also generalizes the one in [CR1]:

Theorem 3.11. Let W and Y be Banach spaces, 2 an open subset of W
and G : Q =Y be twice differentiable. Suppose

(1) G(wo) = 07
(2) dimN(G'(wg)) =2, codimR(G'(wp)) = 1.

Then
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(1) if for any 9(+ 0) € N(G'(wo)), G"(wo)[6. 6] & R(G (wy)), then the set
of solutions to G(w) =0 near w = wq is the singleton {wp};

(2) if there exists ¢1(# 0) € N(G'(wo)) such that G"(wo)[¢1,¢1] €
R(G'(wo)), and there exists ¢p2 € N(G'(wo)) such that G” (wo)[¢1, P2] &
R(G'(wy)), then wy is a bifurcation point of G(w) = 0 and in some
neighborhood of wy, the totality of solutions of G(w) = 0 form two con-
tinuous curves intersecting only at wg. Moreover the solution curves
are in form of wo + sv; + s6;(s), s € (=6,0), 0;(0) = 0,(0) = 0, where
¥; (i = 1,2) are the two linear independent solutions of the equation

(I, G" (wo) [, ¥]) = 0.

Proof. Let! e Y* such that (I,y) = 0if and only if y € R(G'(wp)). Then
if for any ¢(# 0) € N(G'(wo)), G"(wo)[¢, ¢] € R(G'(wp)), we must have
(I, G"(wo)[d, ¢]) > 0 (or < 0) for any ¢(# 0) € N(G'(wp)). Without loss
of generality, we assume > holds. We assume that W = span{¢;} & X is a
splitting of W, and we choose ¢ € XNN (G’ (wy)) so that {¢1, #2} is a basis
of N(G'(wp)). Clearly X N N(G'(wp)) = span{¢z}. Define F: I x X —Y
(I C R is an open interval containing 0)

F(\u) = G(wy + A1 + u). (3.68)

Then F € C? and F(0,0) = 0. We check F satisfies (F1) and (F2'). It is
easy to calculate
F(0,0) = Gl(wo)[¢l]7 F(0,0) = G/I(wo)[¢la b1,
Fu(0,0)[] = G'(wo)[¥)], Fau[¥] = G"(wo)ler, ], (3.69)
Fuu(0,0)[1h, 0] = G//(MO)[wv o).
Then N(F,(0,0)) = span{¢2} and R(F,(0,0)) = R(G'(wp)), hence (F1) is
satisfied. (F2') is obvious since F)(0,0) = G'(wg)[¢1] = 0. From calcula-
tions above and Theorem 3.9, we have

_ (G (wo)¢1, ¢1]) (I, G" (wo) |1, B2])

= (L Grmon o (e ) 670

S.ince (1, G" (wo)[p, ¢]) > 0 for any ¢(# 0) € N(G'(wp)), then Det(Hy) >0
(1, G" (wo) k11 + koo, k11 + katpo]) = kKH k" > 0,

which implies that H; is positively definite, and here k = (ky, ko) € R? and
k7 is the transpose of k. We apply Theorem 3.9 part 1, then the result
follows. For the second part, the calculation above remains true with ¢1, ¢2
satisfying the conditions in theorem if we choose a complement subspace X
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to span{¢1} so that ¢o € X, and {¢1, ¢2} makes a base for N(G'(wy)). But
det(H;) < 0 from the assumptions, hence we can apply part 2 of Theorem
3.9. For the solutions (u;,n;) of (3.34), (u1,m) = (1,0) is one solution
since (I, G"(wo)[¢1, ¢1]) = 0, and the other solution is given by 72 = 1 and
e = —(, G"(wo)[p2, P2])/(2(l, G" (wp)[P1, P2])). Hence the two solution
branches are in form of wg + s¢1 + s61(s) and wg + s(pad1 + ¢=2) + sb2(s),
and it is verify that ¥1 = ¢; and 12 = ps¢1 + ¢o are the two linear
independent solutions of (I, G" (wq)[4, 9]) = 0. O

As an application of Theorem 3.11 and the maximum principle, we prove
an anti-maximum principle:

Theorem 3.12. Recall the linear operator L. : WJP(Q) — LP(Q) by
L.(u) = —Au+ c(x)u where c(x) € L>®(Q) and p > 2n. Consider

Lou—Jd=f ze€Q, u=0, z € N, (3.71)
where f € LP(Q2). Let (A1(c), ¢1) be the principal eigen-pair in Proposition
2.4 such that ¢1 > 0 in Q. Suppose that f > 0 in Q.

(1) If A < M\i(c), then the unique solution u of (3.71) satisfies

0

8—2(1) <0, € 0%; (3.72)

(2) There exists 6y > 0 which depends on f, such that if M(c) < A <
Mi(c) + &y, then the unique solution u of (3.71) satisfies

u(z) >0, zeQ,

ou
an
Proof. (3.71) is uniquely solvable when A # X;(c) from Fredholm alter-
natives in Section 2.2. The result in part (1) follows from the maximum
principle (Theorem 2.6). Let W = R x Wy?(2) and let Y = LP(Q). Define
G:W —Y by

u(z) <0, zeQ, () >0, xze . (3.73)

G\ u) = Leu—Mu— (A= i (e)*f. (3.74)
G(M(c),0) =0, and
G' (N u)[(s,v)] = —su — 2s(A — A\1(c))f + Lev — v,
G"(\u)[(s,v), (r,2)] = —2srf — sz — rv.
Then N(G'(AM(c),0)) = span{(1,0),(0,¢1)} is two dimensional, and
R(G'(M(e),0)) ={y € Y : [, y¢1dx = 0} is codimension one; G”(A1(c),0)

[(0,¢1),(0,01)] = 0 € R(G'(M(c),0)), and G"(M(¢),0) [(1,0), (0, ¢1)]
= —¢1 & R(G'(M(c),0)). Hence we can apply Theorem 3.11, and the

(3.75)
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solutions of G(A,u) = 0 near (A1(c),0) form two crossing curves. The tan-
gential directions of the curves are ; = (0,¢1), and 2 = (1,kd1) where
k=— [, fordx/ [, ¢7dx. The direction ¥ corresponds to the trivial solu-
tions A = A1(c) and u = s¢1 for s € R; and 9 gives non-trivial solutions:
A(s) = M(e)+s+o(|s]) and u(s) = ks¢1+0o(]s]). Since k < 0, then u(s) <0
and the solution u of (3.71) is u = [A — Ai(c)]%u(s) < 0 for small s > 0,
which corresponds to A1(c) < A < Ai(c) + d. O

This is an interesting application of a nonlinear bifurcation theorem to a
linear problem, see [S7] for a more general abstract result. Notice f > 0
can be replaced by fQ fo1dx > 0 and the same result holds. We will show
in Chapter 5 that the anti-maximum principle is useful in constructing
subsolutions in some semi-positone problems.

3.5 Global bifurcation

Bifurcation theorems in the last two sections are of local nature, as they
only describe the structure of the solution set near the bifurcation point.
Global bifurcation theorem gives information of the connected components
of the solution set in the function spaces, and they are usually proved via
topological tools such as Leray-Schauder degree theory. As preparation,
we first review the concept of Leray-Schauder degree and a key topologi-
cal lemma. No proof is given here, and the readers can consult standard
references such as [Ch2; De].

Let X be a Banach space, and let U be an open bounded subset of X.
Denote by K (U) the set of compact operators from U to X, and define

M ={(I - G,U,y): U C X open bounded , G € K(U),
and y & (I — G)(9U)}.

Then the Leray-Schauder degree d : M — Z is a well-defined function,
which satisfies the following properties:

(3.76)

(1) d(I,U,y) =1ify € U, and d(I,U,y) =0 if y ¢ U;

(2) (Additivity) d(I — G,U,y) =d(I — G,Uy,y) +d(I — G,Us,y) if U; and
U, are disjoint open subsets of U so that y ¢ (I — G)(U\(U; JU2));

(3) (Homotopy invariance) Suppose that h : [0,1] x U — X is compact
and y : [0,1] — X is continuous, and y(t) & (I — G)(0U), then D(t) =
d(I — h(t,-),U,y(t)) is a constant independent of ¢ € [0, 1].

(4) (Existence) If d(I — G,U,y) # 0, then there exists u € U such that
u—G(u) =y;
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(5) If for G1,G2 € K(U), G1(u) = Gz2(u) for any u € 90U, then d(I —
G1,U,y) =d(I — G2, U, y).

Let L be a linear compact operator on X. From Riesz-Schauder theory,
the set of eigenvalues of L is at most countably many, and the only possible
limit point is A = 0. For any eigenvalue A of L, the subspace

Xy=J{ue X : (L-AD)"u=0} (3.77)
n=1
is finite dimensional, and dim(X)) is the algebraic multiplicity of the eigen-
value A. The geometric multiplicity of X is defined as dim{u € X :
(L — MI)u = 0}. The Leray-Schauder degree of a nonlinear mapping can
be calculated from the following facts:

(1) If L is a linear compact operator on X, then d(I — AL, Bg(0),0) =
(—1)P, where Bg(v) is a ball centered at v with radius R, and 3 is the
sum of algebraic multiplicity of eigenvalues p of L satisfying Ay > 1.

(2) Suppose that G € K(U), up € U and R > 0 such that wug is the
unique solution satisfies u — G(u) = 0 in Br(ug), then the derivative
G'(ug) : X — X is a linear compact operator; if A = 1 is not an
eigenvalue of G’ (ug), then d(I — G, Br(uo),0) = d(I — G’ (ug), Br(0),0)
for some sufficiently small R > 0 (this number is also called fized point
index of ug with respect to G).

We also recall the following topological lemma (proof can be found in
[Ch2; De)):

Lemma 3.1. Let (M,d) be a compact metric space, and let A and B be
close subsets of M such that A(\B = 0. Then there exist compact subsets
Ma and Mp of M such that Ma|JMp = M, Ma(\Mp =0, Ma D A,
and Mp D B.

Consider
F\u)=u—ALu— H(\u), (3.78)

where L : X — X is a linear compact operator, and H(\, u) is compact
on U C R x X such that ||[H(\ u)|| = o(||u]]) near v = 0 uniformly on
bounded A intervals. Note the conditions imply that F,()\,0) = I — AL,
and if 0 is an eigenvalue of F,(\o,0), then \;' must be an eigenvalue of
the linear operator L. We will say that A is a characteristic value of L, if
A7l is an eigenvalue of L. Define S = {(\,u) € U : F(\,u) = 0,u # 0}.
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We say (\o,0) is a bifurcation point for the equation (3.78) if (\g,0) € S
(S is the closure of S).

Theorem 3.13. (Krasnoselski-Rabinowitz Global Bifurcation The-
orem) Let X be a Banach space, and let U be an open subset of R x X
containing (A, 0). Suppose that L is a linear compact operator on X, and
H(\w) : U — X is a compact operator such that |[H(\,u)|| = o(||u||) as
u — 0 uniformly for X in any bounded interval. If 1/Xg is an eigenvalue of
L with odd algebraic multiplicity, then (Ao, 0) is a bifurcation point. More-
over if C is the connected component of S which contains (g, 0), then one
of the following holds:

(i) C is unbounded in U;
(i) C(OU # 0; or
(iii) C contains (\i,0) # (Xo,0), such that ;" is also an eigenvalue of L.

Proof. First we prove that (Mg, 0) is a bifurcation point. Suppose not,
then there exists a R > 0 such that in the region O = {(A\,u) : [A = Ag| <
R, |u] < R}, the only solutions of F(A,u) = 0 are {(},0) : |\ — Xo| < R}.
We choose A\_; A4 so that \g — R < A_ < Ay < Ay < Ao + R. From the
homotopy invariance of the Leray-Schauder degree,

d(F(/\*a )aBP(O)vo) = d(F()\Jrv ')7BP(O)7O)a

for any p € (0,R). For p small enough, d(F(A\+,-),B,(0),0) = d(I —
A+L,B,(0),0). But on the other hand,

|d(I — Ay L, B,(0),0) — d(I — A_L, B,(0),0)| = 1, (3.79)

since Ay !is the only eigenvalue of L in between A~! and )\jrl, and the
algebraic multiplicity of A lis odd. That is a contradiction. Thus (Mo, 0)
is a bifurcation point.

Next we assume the stated alternatives do not hold, then C is bounded
inU, CNOU =0, and CN{(A,0) € U} = {(X,0)}. From the compactness
of L and H, C is compact since it is bounded. Let C. = {(A\,u) € U :
dist((A\,u),C) <e}. Let A= C and B = S()9C.. From Lemma 3.1, there
exists compact M4 and Mp such that M4\ Mp =0, Ma|JMp = SN C.,
My D C and Mp D S 0C.. Hence there exists an open bounded Uy =
M 4 such that

CclUycUycU, andS[)oU=0. (3.80)

Define Up(A) = {v € X : (A\,u) € Up} for A € I where I = {A € R :
({2} x X)NUo # 0}. Then D(X) = d(F(A,-),Up(N),0) is constant for
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A € I since S(dUy = () and the homotopy invariance of d(F,(2,0), where
d(F(A,-),8,0) is the Leray-Schauder degree.

Since (Ao, 0) is the only intersection of C' with the line {(A,0)}, Uy can
be chosen so that Uy ({(A,0) € U} = [Ao — J, Ao + d] x {0}, and no any
point X in [Ag — 26, Ao + 26] satisfies that A~! is an eigenvalue of L. We
choose Ay which satisfy A\g—0 < A_ < A\g < Ap < Mg+ . We choose p > 0
small enough so that FI(A,u) # 0 for A € [Ay, Ao + 26] and u € B,(0)\{0},
and we also choose A* > Ao+ 24 such that Up(A*) = (). From the homotopy
invariance of the Leray-Schauder degree on Up\ ([A1, \*] x B,(0)), we have

d(F (s, ), UpA)\B,(0),0) = d(F(V, ), Ug(A),0) = 0. (3.81)
For the same argument,
d(F(A—,),Us(A-)\B,(0),0) = 0. (3.82)
On the other hand, from the additivity of the Leray-Schauder degree,
DO) = d(F (s, ), UoAe \B,(0),0) + d(F(As, ), By(0),0).  (3.83)
Hence we obtain
d(F(At,-),B,(0),0) = d(F(A—,-), By(0),0). (3.84)
For p > 0 small enough,
d(F(A+,+), B,(0),0) = d(I — A+ L, B,(0),0). (3.85)

From the formula of Leray-Schauder degree of I — AL, we have (3.79) again.
But (3.79) is a contradiction with (3.85). Hence the alternatives in the
theorem hold. O

Krasnoselski [Kr] proved that (M\g,0) is a bifurcation point if Ay is a
characteristic value of odd algebraic multiplicity, and the global bifurcation
result in Theorem 3.13 was due to Rabinowitz [R1]. One can also prove
similar result for a cone in X, see for example, Dancer [D1], Amann [Al]
and Deimling [De]. We also mention that degree theory can also be defined
for Fredholm operators between X and Y, different Banach spaces, and
global bifurcation theory can be established for nonlinear operators with
linearized operators being Fredholm operator with index zero. For these
development see Kielhofer [Kil; Ki3], Ize [I], Fitzpatrick, Pejsachowiz and
Rabier [FPR; PRI1; PR2|, Lépez-Gémez [LG], Shi and Wang [SWang?2] for
details.

We apply Theorem 3.13 to (2.1). Recall from Section 2.1 that K =
(=A)~1: C*(@Q) — C3*(Q) is well defined as K(f) = u that u € C;*(Q)
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such that —Au = f for any f € C*(Q2). We apply K to equation (2.1), and
it becomes

G\ u)=u—AKf(u) =0. (3.86)

We set the domain of G(\,u) to be R x C%(Q). Apparently if u € F =
C(Q) satisfies (3.86), then u is a classical solution of (2.1). Combining
with the maximum principle, we prove the global bifurcation theorem for
the positive solutions of (2.1).

Theorem 3.14. Let f € CY(R*), f(0) = 0 and f'(0) > 0. Then \g =
A1 /f'(0) is a bifurcation point. Let E = C*(Q), and let S = {(\u) €
R™ x E : G(\,u) = 0,u # 0}, where G is defined in (3.86). Then there
exists a a connected component C of S such that (\o,0) € C. Moreover, let

Et={ue E:u(z)>0in Q}. Then C+ =C(RT x ET) is unbounded.

Proof. First we extend f to R by an odd extension f(u) = —f(—u) for
u < 0. Then f € C*(R), and the operator G : RT x E — E can be written
as

G\ u) = u— A (0)Ku — AK(f(u) — f(0)u). (3.87)

Then H(X\,u) = AK(f(u)—f'(0)u) is a nonlinear compact operator from the
compactness of K, and apparently for A in a bounded interval, || H(X, u)|| —
0 as |[u|| — O uniformly since f € C'(R). When A = X\g = \1/f/(0),
NI = Af'(0)K) # 0 where Ay = A1(0) is the principal eigenvalue defined
in (2.11). Since K is symmetric, then the algebraic multiplicity is same as
the geometric multiplicity, and it is dimN (I — Af’(0)K). From Theorem
2.6, the multiplicity of the principal eigenvalue is 1. Hence all conditions
in Theorem 3.13 are satisfied, and there is a a connected component C of
S such that (Ao, 0) € C.

From the alternatives in Theorem 3.13, C is unbounded, or C( (R x
E) # 0, or there is another A, such that (A,0) € C and A, f’(0) is another
eigenvalue of —A. If (A\g,u,) € CNO(RT x E), then \, = 0, hence u, =0
from the uniqueness of Laplace equation. But near (A\,u) = (0,0), the
only solutions of (2.1) are (A, 0) for A > 0 from the implicit function the-
orem (Theorem 3.3), while S only contains (A, 0) such that . f’(0) is an
eigenvalue of —A. That is a contradiction since —A has no eigenvalues ap-
proaching 0. For the remaining cases, we note that from Holder estimates,
S C R x Cy*(Q). Hence C C R x Cg*(9).

Define By = {u € C;*@Q) : w(z) > 0in Q}. Then the inte-
rior int(Ey) of ES is non empty, and indeed int(Ef) = {u € Ef :
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u(r) > 0in Q,0u(z)/0v < 0on 0N}. Let C, = CO(R' x Ef) and
C_ = CNR* x (=E)). From Theorem 3.10, Cy+ # 0 and C_ # 0. We
claim C; N(R* x0ES) = {(Xo,0)}. In fact, if (A\,u) € C4, then A > 0 from
the argument in last paragraph, and w is a non-negative classical solution.
From the maximum principle (Theorem 2.7), either u > 0 or w = 0. But if
u > 0, (A, u) is in the interior of R™ x E™, that is contradiction. Hence
u =0, and Af’(0) is an eigenvalue of —A. Near the bifurcation point, all
solutions have the form (), s¢y) where ¢y is the corresponding eigenfunc-
tion. But ¢; is the only eigenfunction of one sign from Proposition 2.4,
thus A\f’(0) = Ay and A = Ag. Similarly C_ (R x d(—E™)) = {(Xo,0)}.
Define C; = C4+J{(N0,0)} UC-. Then C; C O, where O = (R x
ENUMRY x (=EF))JO1 and O1 = {(A\,u) : [\ = Xo| + ||u]| < €} for some
small € > 0. Moreover, C1 ()90 = 0 where O is the boundary of O. Since
C is the connected component of S, then C = C; from the definition of
connected component since C; C C and C; C int(O). As a consequence, C
cannot contain another (A, 0) so that A, f’(0) is another eigenvalue of —A.
Hence C is unbounded. From our definition, f(u) is an odd function, then
C_ and C; are symmetric in the sense that if (A, u) € C4 then (A, —u) € C_.
Therefore C4 is unbounded. O

It is useful to remark that Theorem 3.14 implies that the global con-
tinuum C; is also unbounded in Rt x C°(Q2). In fact, if C; is bounded in
R* x C°(Q), C; have uniform LP norm for any p > 1, f is C! and f can
be assumed as bounded, then Cy also satisfy uniform LP estimates thus
uniformly bounded in W2P? norm. From Sobolev embedding theorem, C,
is also bounded in C* norm where v < 2— (n/p), that contradicts Theorem
3.14. On the other hand, if one can establish uniform a priori estimates for
the positive solutions of (2.1), i.e. given A > 0, for A € [0, A], ||u]|oco < Ka
for any positive solution (A, u), then C4 can be extended to A = co. That
is, let p4 be the projection of C4 onto the M-axis, then py D (Mg, 00). In
that case, the a priori estimates and global bifurcation theorem give the
existence for not only large A but a continuum of solutions.

Example 3.5. First we continue the discussion started in Example 3.2.
Consider
Au+ AMu —uP) =0, in €,
( ) (3.88)
u =0, on 0,
where p > 2. We have shown in Example 3.2 that A = A; is a bifurcation
point, and the solution set near (\1,0) is a curve. Now applying Theorem
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3.14, then the branch bifurcating from (A1,0) is indeed unbounded. More-
over the maximum principle (Theorem 2.7) implies that max, g u(z) < 1
for any positive solution (A,u). From remark above, this implies the ex-
istence of a positive solution (A, u) of (3.88) for any A € (A;,0), and
(A, u) € Cq4, the continuum emanating from (A1,0). In fact py = (Ao, 0)
in this case since (3.88) has no positive solution when A < \; (see Proposi-
tion 2.8). In Section 5.2, we will return to this problem, and we will show
that the positive solution of (3.88) is unique hence C is globally a smooth
curve.
Next we look at an equation:

{Au + Au+uP) =0, in Q,

(3.89)
u =0, on 0,

where p > 1. Similar to (4.33), a bifurcation occurs at (A1,0) and the
global continuum C4 is unbounded. But we can show that (3.89) has no
positive solution when A > A (see Proposition 2.8). Hence p+ C (0, 1) is
bounded, and the unboundedness of C; implies that ||u||s is not uniformly
bounded for (A, u) € C4+. Note that we do not assume p < (n+2)/(n — 2),
as the bifurcation occurs for (3.89) for any p > 1. For the critical case
p=(n+2)/(n—2), (3.89) was studied in Brezis and Nirenberg [BN].

We also point out that if f(0) > 0, then the curve emanating from
(A, u) = (0,0) is also part of an unbounded continuum:

Theorem 3.15. Let f € CL(R™') and f(0) > 0. Assume that S, E, E, and
G are defined as in Theorem 8.14. Then there exists a a connected compo-
nent C of S such that (0,0) € C, and Cy = C((R* x E*) is unbounded.

The proof is similar to that of Theorem 3.13 in spirit, and we omit the
details here. It is also a special case of a result of Rabinowitz [R1] (Theorem
3.2).

3.6 Bifurcation from infinity

We say that (As, 00) is a bifurcation point for F(\, u) = 0 if there exists a
sequence of solutions (Ag,ux) to the equation such that limg oo Ak = Aso
and limg_, o ||ug|| = 0o, and we say that a bifurcation from infinity occurs
at A = Aoo. We recall the equation defined in(3.78) again:

F\u)=u—ALu— H(\u)=0. (3.90)
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Again we recall that S = {(\,u) € R x X : F(\,u) = 0,u # 0}. The
following result by Rabinowitz [R2] is in the same spirit as Theorem 3.13,
but for bifurcation from infinity:

Theorem 3.16. Suppose that L is a compact operator on X, H(\ u) is a
continuous operator on R x X, H(Au) = o(||u]]) at u = oo uniformly on
bounded X intervals, and |[u|[*H (N, u/||ul|?) is compact. If \g" is an eigen-
value of L of odd algebraic multiplicity, then (Ao, 00) is a bifurcation point,
and there is a closed connected component Cy of S which meets (A, 00).

Moreover if A C R is an interval such that /\a1 is the only eigenvalue
of L in A, and M is a neighborhood of (Ao, 00) whose projection on R lies
in A and whose projection on X is bounded away from 0, then either (i)
S\M is bounded in R x X in which case S\M meets {(A,0) : A € R}; or
(i) S\M is unbounded, and if S\M has a bounded projection on R, then
S\M meets (\i,00) where \; ' (# \;') is an eigenvalue of L.

Proof. Let w = u/||u||>. Then the equation (3.90) becomes
w — ANLw — ||w||> H\, w/||w|*) = 0. (3.91)

Define Q(\,w) = ||w||*H (A, w/||w||?) for any w # 0 and Q(\,w) = 0 for
w=0. Then @ : R x X — X is continuous, Q(A\,w) = o(||w||) as w — 0
uniformly on bounded X interval, and @ is compact from the assumptions.
Now if Ay !is an eigenvalue of L of odd algebraic multiplicity, then from
Theorem 3.13, (X, 0) is a bifurcation point for (3.91), and consequently
(Ao, 00) is a bifurcation point for (3.90). Moreover (3.91) possesses a con-
nected component C7 of nontrivial solutions containing (Ap,0), which is
either unbounded, or C contains ();,0) # (Ag,0) such that A;* is another
eigenvalue of L. Then using the inversion w +— w/||w||?> = u, we obtain the
results stated in the theorem. U

Theorem 3.16 has a global nature, but it does not specify the structure
of the solution set near the infinity bifurcation point. As suggested by
Theorem 3.8, the solution set is locally a smooth curve if 0 is a simple
eigenvalue of I — )¢ L and related operator is also continuously differentiable.
The following result is an easy application of Theorem 3.8.

Theorem 3.17. Let \g(#0) € R and let F : Rx X — X be a continuously
differentiable mapping such that F(\ u) = u — A\Lu — H(\,u), where L is
a continuous linear operator on X. We also assume that
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(1) Ay is an isolated point of the spectrum of L such that dimN(I —
ML) = codimR(I — AL) = 1, dimN(I — ML) = span{wo}, and
Lwo & R(I —MoL);

(2) [|HN\w)l|/||ull — 0, as ||u]| — oo, uniformly for A near \o;

(3) Define Q(\,w) = ||w|[?H(\,w/||w||?) for any w # 0 and Q(\,w) =0
forw =0. Then Q is continuously differentiable in R x X, Q.,(),0) =
0 for A € R, and Qxy exists and is continuous near (Ao, 0).

Let Z be any complement of span{wg} in X. Then the solution set of
F(\ u) = 0 near (Ao, 00) consists precisely the curve {(A(s),u(s)) : |s| > d},
where X(s),u(s) are continuous functions such that lim s o, A(s) = Xo, and
u(s) = swo + sz(s) with z(s) € Z and lim |y 2(s) = 0.

Proof. We apply a weaker version of Theorem 3.8 (see remark after The-
orem 3.8) to F(A\,w) = w — Aow — Q(A,w). Then F is continuously dif-
ferentiable, and ﬁ(/\,()) = 0. From assumptions, ﬁu()\,u), f‘A(/\,u) and
Fyu(\ ) exist and are continuous near (Ag,0). Moreover (F1) and (F3)
are satisfied. Hence, from the weaker version of Theorem 3.8, the solution
set of ﬁ(/\, w) = 0 near (Ao, 0) are exactly the continuous curves w = 0 and
{(\(t),two+1tz(t)) : |t] < €}. For e small enough, t — t/||two+tz(t)||*> = s(t)
is one-to-one for 0 < |t| < € thus invertible, hence there exists § > 0 such
that {(A(t(s)), swo + sz(t(s))) : |s| > d} is a solution curve for F(A,u) =0
where t(s) is the inverse of s(t) defined above. Clearly t(s) — 0 as s — okl

The assumption that the nonlinear operator @ is differentiable is neces-
sary for the smoothness of the solution curve, and it requires the differen-
tiability of the norm function in Banach space X. The condition that the
norm function u — ||u|| is C* for u # 0 is not restrictive. We can assume
that X is based on LP(Q2) for bounded domain €2, and it is well-known that
the norm of LP(Q2) is C' for u # 0 and p € (1,00). In general, Restrepo
[Res] proved that a separable Banach space X has an equivalent norm of
class C' on X\{0} if and only if X* is separable. Hence if that is the case,
we work with this equivalent norm from the beginning. See also [SWang2]
for related results. We also notice that we do not need compactness as-
sumptions in Theorem 3.17.

One can also prove a bifurcation from infinity at a simple eigenvalue
theorem without differentiability assumption on the nonlinear operator,
but only assuming some weaker conditions. Here we state such a result due
to Dancer [D2], and the proof can be found in [D2]:
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Theorem 3.18. Let A\o(# 0) € R and let F: R x X — X be a continuous
mapping such that F(\u) = u — ALu — H(\ u), where L is a continuous
linear operator on X. We also assume that

(1) Ny is an isolated point of the spectrum of L such that dimN(I —
ML) = codimR(I — NL) = 1, dimN(I — ML) = span{wp}, and
L’wo Q/ R(I — )\QL),'

(2) | HM\w)|/||ull — 0, as ||u]| — oo, uniformly for A near \o;

(3) For any € > 0, there exist M,y > 0 such that, if |A¢ — No| < v and
X — Aol <7, u=awy +w, v=awy+ z where |a| > M, ||w|| <~v|al,
and ||z|| < v|al, then

IHH (Ao, w) = H (X, 0)[| < elllu = o[ + ([Jull + [[o])[Aa = Aol

If Z is a complement of span{wg} in X, then there exists N > 0 and
continuous mappings A : {s:|s| > N} = R andtp: {s:|s| > N} — Z such
that A(s) — Ao and ||¥(s)|| — 0 as |s| — oo and F(A(s), swo + s¢(s)) =
0. Moreover, there exist C and p > 0 such that each solution (A, u) of
F(\u) =0 with |\ — Xo| < p and ||u|| > C has the above form.

Bifurcation from infinity for asymptotically linear problems has been stud-
ied in many papers. Besides [R2; D2], we mention Arcoya and Gémez
[AG], Ambrosetti and Hess [AH], Deimling [De], Kielhofer [Ki3], Peitgen
and Schmitt [PeS], Schmitt [Sch], Shi [S2], Stuart [Stu], and Toland [To].
We now apply the abstract theorem of bifurcation from infinity to the
positive solutions of (2.1).
Theorem 3.19. Su that L{R* = m LW
.19. Suppose that f € C'(R'), and fo = lim =

u—oo U

A
lim f'(u) € (0,00) and Moo = ——. Then all positive solutions of (2.1)
near (Moo, 00) have the form (A(s),sp1 + z(s)) for s € (6,00) and some
§>0, lm A(s) = Ao, and ||2(s)|| = o(]s]) as |s| — .

|s|—o0

Proof. We extend f to C'(R) so that lim flw) _ lim f'(u) = feo-

——00 U U——00

Recall the operator defined in (3.86), which can be rewritten as

G\ u) =u— ANooKu— AK[f(u) — fooul. (3.92)
Here we use X = LP(Q) for p > n. Then A\l is a simple eigenvalue
of L = fooK, and L¢y ¢ R(I — A\ooL) since Loy = A l¢1 > 0. Also
HH A w)|] = A K (f (w) = foor)|] = o(||ul]) for [|ul| — oo uniformly for A
near Ao, from the assumptions.
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Define Q(\, w) = AK [[[w]| f(w/[Jw][?*) = focw] for w # 0, and Q(\, w) =
0 for w = 0. Then apparently @ is continuous for any (A, w) € R x X. For
w # 0,

QuO vl =21 2ol |1 (e ) = ot (e )| el )

+AK [f’ <L) - foo} v,
[|wl[?
where ||w||'[¢] is the Frechét derivative of the norm function || - || at w # 0.
Then as w — 0, Qu (A, w)[¢)] — 0 from assumptions, hence Q. (\, w) is
continuous at w = 0 for any A € R and Q.,(\,0) = 0. Also Qxw = A1 Qu
also exists and is continuous. Now we can apply Theorem 3.17 to obtain

the result stated. Notice that any solution on the portion of the solution
set with large s > 0 must be positive since ¢1 > 0 and z(s) = o(|s|) as
5§ — 00. g

To use the information from local bifurcation in determining the global
bifurcation curve, it is important to know the bifurcation direction of so-
lution curve at bifurcation point. Let (A(s),u(s)), s € I, be a curve of
positive solutions to (2.1), where I = (0,46), (d,00) as in Theorem 3.10 or
3.19. Here we denote the bifurcation point by (A, us). In Theorem 3.10,
if we assume that f is C? at v = 0, then the bifurcation direction can be
determined by (3.57). In the following result, we only assume that f € C!,
thus the solution curve is only continuous.

Definition 3.1. If there is 69 > 0, such that A(s) > A, for s € I, then we
say a supercritical bifurcation occurs at (As, u.); Similarly, if A(s) < A, for
s € I, then we say a subcritical bifurcation occurs at (A, tx).

Proposition 3.1. Assume that f € C*(RT).

(1) Suppose that (Ag,0) is a bifurcation point where a bifurcation from the
trivial solutions occurs, and (A(s),u(s)), s € (0,6), is the curve of
positive solutions in Theorem 3.10. If there exists 61 > 0 such that
Ffw)/u > f'(0) (resp. < f'(0)) in [0,01], then the solution curve
(A(s),u(s)) is subcritical (resp. supercritical).

(2) Suppose that that (Aso,0) is a bifurcation point where a bifurcation
from infinity occurs, and (A(s),u(s)), s € (§,00), is the curve of pos-
itive solutions in Theorem 3.19. If f(u)/u < foo (resp. > foo) for
u € (0,00), then the solution curve (A(s),u(s)) is supercritical (resp.
subcritical).
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Proof. (1) Let ¢1 be the normalized positive eigenfunction corresponding
to A1 = Ao f’(0). Then ¢; and u(s) satisfy

A¢r +Xof'(0)p1 =0 (3.93)
and
Bufs) + o Ou(s) + A6) = M) f Outs) o
+A(s)[f (uls)) = f'(0)u(s)] = 0.
By integration, we get
() =2 0) [ us)onds
& (3.95)

flu(s))
—i—)\(s)/Q [ ws) f (0)} u(s)prdx = 0.
By the regularity theory of elliptic equation, since f € C*, u(s) € C%*(Q),
then for 1 > 0, [|u(s)||c2.a(q) < 61 when s > 0 is small enough. If f(u)/u >
£/(0) for u € [0,41], then for s > 0 is small enough, the second integral in
(3.95) is positive, hence A(s) < Ag for small s > 0. The case of f(u)/u <
1'(0) is similar.
(2) Similar to (3.95), we have

2 [ [ g sy —o

If f(u)/u < fo, the second integral in (3.96) is negative, hence A(s) > Ay
for all s > 0. The case of f(u)/u > foo is similar. O

(3.96)

Example 3.6. Consider the following modified logistic equation with a
“saturated crowding effect”:

ku?
A A — =0, in ,
u + (u n > n

m+u
u =0, on 01,

(3.97)

where m > 0 and 0 < k < 1. From Theorem 3.10, Ay = A1 is a bifurcation
point where positive solutions of (3.97) bifurcate from the line of trivial
solutions. On the other hand, A\os = A1/(1 — k) is a bifurcation point
where positive solutions bifurcate from infinity. From Proposition 3.1, the
bifurcation from w = 0 is supercritical, and the bifurcation from infinity
is subcritical. Indeed (3.95) and (3.96) shows that (3.97) only has positive
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solutions when A\g < A < Ao, thus the global bifurcation theorem (Theorem
3.14) implies that the curve of positive solutions near © = 0 and the one near
infinity connect to each other. In fact, the growth rate per capita f(u)/u
is strictly decreasing, hence we will show in Theorem 4.1 that (3.97) has a
unique positive solution wuy if and only if A € (Ao, Aso), and for any s > 0,
there exists a unique A € (Mg, Axo) such that ||ux||c = s.

In (2) of Proposition 3.1, we require f(u)/u < fs for all u > 0, which is
a very strong condition. In the future applications, we need a result which
only imposes conditions on f near oo. The following result is proved in

Ambrosetti and Hess [AH]:

Proposition 3.2. Suppose that (A, 00) is a bifurcation point where a bi-
furcation from infinity occurs, (A(s),u(s)), s € (§,00), is the curve of the
positive solutions in Theorem 3.19. We assume that

liminf[f(u) — foou] <0, (resp. limsup[f(u) — foou] > 0,) (3.98)
then (A(s),u(s)) is supercritical (resp. subcritical).

Proof. Again we use (3.96). Since u(s)/||u(s)|loc — ¢1 almost every-
where in Q as A — A, thus u(s)(x) — oo for almost all = € Q. Therefore,
let ¢ = liminf[f(u) — foou] < 0, then by Fatou’s Lemma,

lim [ [f(u) — foulprde <c | ¢1dz <O0. (3.99)
A=A o Q
Thus (A(s),u(s)) is supercritical. O

3.7 Stability

The stability of the solution (Mg, ug) of an equation F(\ u) = 0 is deter-
mined by the linearization F, (Ao, uo): X — Y. Very often it is related to
a generalized eigenvalue problem. Let B(X,Y) denote the set of bounded
linear maps from X into Y. Let K € B(X,Y). Then u € R is a K-simple
eigenvalue of T if

dimN (T — puK) = codimR(T — pK) =1, (3.100)
and if N(T — uK) = span{wg}, then
Kwo & R(T — uk). (3.101)

First we prove a perturbation result for the K-simple eigenvalue due to
Crandall and Rabinowitz [CR2] (Lemma 1.3):
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Theorem 3.20. Suppose that Ty, K € B(X,Y) and po is a K-simple
eigenvalue of Ty. Then there exists 6 > 0 such that if T € B(X,Y) and
||T—To|| < 9§, then there exists a unique u(T) € R satisfying |u(T)—po| < 6
such that N(T — p(T)K) # 0, and p(T) is a K-simple eigenvalue of T.
Moreover if N(To— poK) = span{wg} and Z is a complement of span{wg}
in X, then there exists a unique w(T) € X such that N(T — u(T)K) =
span{w(T)}, w(T) —wo € Z, and the map T — (u(T),w(T)) is analytic.

Proof. Define g: B(X,Y)xRxZ —=Y by
g(T, 1, z) =T(wo + 2z) — pK (wo + 2).

Then from assumption, g(Tp, o, 0) = 0 and D, .yg(To, p0,0)[n,y] = (To —
poK)y —nKwo. It is easy to show that D, .yg(To, ft0,0) is an isomorphism
from R x Z to Y. Thus from the implicit function theorem (Theorem 3.2),
for T in a neighborhood of T in B(X,Y'), there exists a unique (u(7T), 2(T"))
near (ug,0) such that g(T, u(T), z(T)) = 0 and u(To) = po, 2(To) = 0. Let
w(T) = wo + 2(T). Then (u(T),w(T)) is a K-eigen-pair satisfying the
existence part of the theorem.

Next we prove that if ||T — Tp|| and |p — pol| are sufficiently small, and
(1, w) is an K-eigen-pair of T, then p = p(T) and w = k(wy + z(T)) for
k € R. In fact, we decompose w = wg + z, then (T — uK)(wo + z) =0, or
equivalently

(To — oK)z = (n — po) K (wo + 2) = (T' = To) (wo + 2).

Since (Tp— 1o K)| 7 is an isomorphism, then (Tp— o K)|,* : R(To—poK) —
Z is bounded. Hence

2]l < Cr(lp = 1ol Ca + IT = Tol[) (lwol | + [I2]]),

where C; = ||(Ty — poK)|;*||, and Co = ||K||. In particular, if we choose
lw — po| < 1/(4C1C%), and ||T — To|| < 1/(4C4), then

[|12]] < 2C1 (| — polC2 + ||T — To|)|Jwoll, (3.102)

which implies that z is in a neighborhood of z = 0if ||T—Tp|| and |u— o] are
sufficiently small. Therefore (p, wo+ z) is near (uo, wo), and the uniqueness
from implicit function theorem implies (u,wo + 2) = (u(T),wo + z(T)).
This also proves that N(T' — u(T)K) is one-dimensional. It is well-known
that a small perturbation of a Fredholm operator is still Fredholm, and the
Fredholm index is locally constant ([Kat] Theorem 5.31). Hence dim (N (T—
w(T)K)) =1 implies that codim(R(T — u(T)K)) = 1.
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Finally we prove K(w(T)) € R(T — u(T)K). Suppose this is not true,
then there exists y € X such that (T'—p(T)K)y = K|w(T')] for some T close
to Tp. From the continuity of w(T'), we have X = span{w(T)} & Z. Then
y = Bw(T)+2; for some § € Rand 21 € Z, and # satisfies (T'—u(T)K)z =
K[w(T)]. From the properties of (u(T"), w(T)), we have

(TQ — /L()K)Zl + [(T — TQ) - (/L - /,LQ)K]Zl = Kwo + K[Z(T)] (3103)

Define | € Y* which satisfies R(Tp — oK) ={v € Y : (I,v) = 0}. Applying
[ to (3.103), we have

(I, [(T = To) = (n = muo) Klz1) = (I, Kwo) + (I, K[2(T)]).
Since z(T) satisfies the estimate (3.102), then we obtain
|1, Kwo)| < Cs(|p — polCo + [|T — Tol])

for some C3 > 0, which contradicts with Kwy ¢ R(Ty — pokK). Thus
Klw(T)] ¢ R(T — u(T)K). O

Now we apply the perturbation result to consider the stability of so-
lutions near a saddle-node bifurcation point in Theorem 3.6 (see [CR2]
Theorem 3.6):

Theorem 3.21. Let F, Z, Ay, ug and wy be as in Theorem 3.6, and
(A(s),u(s)) be the solution curve in Theorem 3.6. Suppose that for K €
B(X,Y), p =0 is a K-simple eigenvalue of F, (Ao, up). Then there exist
Cl functions i : (—€,€) >R, w: (—¢,€) — X such that

F,(A(s),u(s))w(s) = u(s)Kw(s) for s € (—e,e), (3.104)

and w(0) = wo, p0) = 0, w(s) —wy € Z. Moreover, let | €
Y* satisfy N(I) = R(F,(M\o,uo)), then near s = 0, (I, Kwo)u(s) and
=N (s){l, Fx(Xo,u0)) have the same zeros and, whenever N (s) # 0, the
same sign. More precisely,

Proof. The existence of (u(s),w(s)) follows directly from Theorem 3.20.
To derive (3.105), we differentiate F'(A(s),u(s)) = 0 to obtain

Frx(A(s),u(s))N (5) + Fu(A(s),u(s)) [ (s)] = 0. (3.106)
Then from (3.104) and (3.106), we obtain
Fu(A(s) u(s))[w(s) — u'(s)] = p(s) Kw(s) + Fx(A(s), u(s)) N (s). (3.107)
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Fu,(A(s),u(s))|z is an isomorphism since F is C' and F,()\o,ug)|z is an
isomorphism. Thus w(s) — u/(s) € Z implies that

[lw(s) = u'(s)l] < Ca(IN(s)] + |ua(s)]) (3.108)
for some Cy > 0. On the other hand, (3.107) can be rewritten as

w(s)Kwo + N (s)Fx(Xo, uo)
=F, (Ao, uo)(w(s) — u'(s)) + [Fu(A(s),u(s)) = Fu(Xo, uo)](w(s) — u'(s))
+ () K (wo — w(s)) + N (s)[Fa(Xo, uo) — Fa(A(s), u(s))].
(3.109)

Applying ! to (3.109) and using (3.108), we obtain
|1(s)(L, Kwo) + X (s)(1, Fa (Ao, uo))| < o(L)(IN'(s)] + |n(s)]),

then the desired conclusion is reached via algebraic observation: if a,b € R,
0 € (0,1), and |a + b|] < O(|a| + |b]), then

1-46 1+6
ab<0 and — b < la] < —2p).

146 1-6 0O
We also consider the stability of bifurcating solutions when bifurcation

from simple eigenvalue occurs from a line of trivial solutions (Theorem 3.8)
(see [CR2] Corollary 1.13 and Theorem 1.16):

Theorem 3.22. Let F', Z, Ao and wy be as in Theorem 3.8, and (A(s),u(s))
be the solution curve in Theorem 3.8. Suppose that for K € B(X,Y),
u =0 is a K-simple eigenvalue of Fy(\o,uo). Then there exist € > 0, C*
functions v : (Ao — €, A0 +€) =R, p: (—€,€) =R, v: (Ao —€, o +€) = X,
w: (—€,€) = X such that

E,(\,0)v(A\) = vV Kv()\) forxe (Ao — €, Mo +€), (3.110)
F,(A(s),u(s)w(s) = p(s)Kw(s) for s € (—e,€), (3.111)
and y(Ao) = p(0) = 0, v(Ao) = w(0) = wo, and v(A) —wo € Z, w(s) —
wo € Z. Moreover, v'(No) # 0, and near s = 0 the functions p(s) and

—sX(8)y (No) have the same zeros, and, whenever u(s) # 0, the same sign.
More precisely,

—sX'(s)7'(Ao)

lim =1. 3.112
5—0,1(s) 70 (s) ( )
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Proof. The existence of (u(s),w(s)) and (y(A),v())) follows directly
from Theorem 3.20. Differentiating (3.110) and evaluating at A = Xg, we
obtain

F)\u()\o, UO)[U)Q] + Fu()\o, UQ)['UI()\O)] = 7'()\0)Kw0. (3113)
From (F3) Fi, (Ao, uo)[wo] € R(Fu(Xo,up)), thus v/ (Ao) # 0, and let [ € Y*
satisfy N(I) = R(F, (Mo, uo)), then
7’()\0)<l,Kw0> = <Z,F)\u()\0,u0)[w0]>. (3114)
On the other hand (3.106) and (3.107) hold, and since Fy(Ao,up) =
Fxx(Xo,up) = 0, then
F)\()\(S), u(s)) = SF)\u()\O, Uo)[wo] + O(S) (3115)
Hence similar to (3.109), we have
w(8)Kwo + s\ (8) Fxu (Ao, uo) [wo]
=F,(No,uo)(w(s) —u'(s)) + u(s) K (wo — w(s)) + N (s)-o(s)  (3.116)
+ [Fu(A(s), u(s)) = Fu(Xo, uo)l(w(s) — u'(s)).
Now (3.115) and (3.107) implies that
[lw(s) = u'(s)Il < Cs(IsX (s)] + |u(s)]) (3.117)

for some C5 > 0. Therefore applying ! to (3.116) and from (3.117), we
obtain

()L, Kwo) + sX ()L, Fxu(Xo, uo)[wo])| < o(1)([sX' (s)] + |u(s)]).

With (3.114), and using the same algebraic observation as in the end of
proof of Theorem 3.21, we obtain (3.112) and other conclusions. O

Finally we introduce a stability result for the solutions bifurcating from
infinity as in Theorem 3.17:

Theorem 3.23. Let F', L, H, Q, Z, Ao and wqy be as in Theorem 8.17, and
(A(s),u(s)) be the solution curve in Theorem 3.17. Suppose that for K €
B(X,Y), u =0 is a K-simple eigenvalue of F,(\g,00), where Fy(\, 00) =
I — AL. Then there exist € > 0, C! functions v : (Ao — €, X0 + €) —R,
pw:{s:|s| >} =R, v:(M—€ro+e) = X, w:{s:|s| > — X such
that

F,(\, 00)v(A\) = y(AN)Kv()) for X € (Mo —€,Xo+€), (3.118)
E,(A(s),u(s)w(s) = u(s)Kw(s) forse{s:|s| > d}, (3.119)
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¥(Xo) = limg o0 p1(s) = 0, v(Ao) = limyg) oo w(s) = wo, and v(A) —wy €
Z, w(s) —wy € Z. Moreover, 7' (Xo) # 0, and near s = oo the functions
u(s) and —sXN(s)y'(Xo) have the same zeros, and, whenever u(s) # 0, the
same sign. More precisely,
RV ’
im —sN(s)"(h) _ 1. (3.120)
|| —00,14(5)#0 (s)

Proof. The result follows directly from Theorem 3.22 and the proof of
Theorem 3.17. O

We apply all the stability results to the solution sets of (2.1).

Theorem 3.24. Let f, A, ux, w be as in Theorem 3.7, and (A(s),u(s))
be the solution curve in Theorem 3.7. Then for s € (—0,0), the linearized
equation

A ! =— ' Q
YA W) = s, i @, -
w = 0, on aQ,
has exactly one eigenvalue p(s) near 0, and
»)wd
li 208) _ Jo J(uwda (3.122)

s—0 XN(s) [ wde
In particular, if w(x) can be chosen as positive, and [, f(u.)wdz > 0, then
(A(s),u(s)) is stable if N'(s) > 0, and (A\(s),u(s)) is unstable with Morse
index 1 if X'(s) < 0.

Proof. The result is clear from Theorem 3.21, and K : C53*(Q) — C*(Q)
is the injection mapping K (u) = u. If w(z) can be chosen as positive, then
u(s) is the principal eigenvalue and p(s) > 0 implies that the solution is
stable. O

In Lemma 4.3, we will show that when w > 0, then [, f(u.)wdz > 0 often
holds. If u(s) is not the principal eigenvalue, then Theorem 3.24 shows
that the Morse index of the solutions on the curve changes by one when
passing through the degenerate solution (\.,us). More specific examples
of Theorem 3.7 and Theorem 3.24 will be shown in later chapters.

For the bifurcation from the line of trivial solutions u = 0, we have

Theorem 3.25. Let f, Ao, ¢1 be as in Theorem 3.10, and (A(s),u(s)) be
the nontriwvial solution curve in Theorem 3.10. Then for s € (0,4), the
linearized equation (3.121) has exactly one eigenvalue p(s) near 0, and for
s € (0,9), (A(s),u(s)) is stable if N'(s) > 0, and (A(s),u(s)) is unstable
with Morse index 1 if X' (s) < 0.
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Proof. The result is clear from Theorem 3.22, and K : C5*(Q) — C*(Q)
is the injection mapping K (u) = u. Note that v(A) = A — A1 here. O

In the case that f is C?, then X' (0) can be determined by (3.57) and the
bifurcating solutions are stable (or unstable) if X'(0) > 0 (or A'(0) < 0).
But the result in Theorem 3.25 still holds even if f € C!, and the turning
direction of the curve is determined by Proposition 3.1. For the logistic
type bifurcation in Example 3.2, X'(0) > 0, thus the bifurcating solution
(A(s),u(s)) is stable for s € (0,0). On the other hand, for the weak Allee
effect type equation in Example 3.3, '(0) < 0 when 0 < a < 1, hence
the bifurcating solution (A(s), u(s)) is unstable with Morse index 1 for s €
(0,8). Note that usually we only consider the stability for the positive
solution which satisfies s > 0. The stability of the negative solution (with
s € (—6,0)) can also be considered similarly, and it also satisfies the formula
(3.112).
Finally for the bifurcation from infinity, we have

Theorem 3.26. Let f, Ao, ¢1 be as in Theorem 3.19, and (A(s),u(s))
be the nontrivial solution curve in Theorem 3.19. Then for s € (§,0),
the linearized equation (3.121) has exactly one eigenvalue u(s) near 0; for
s € (6,00), (A(s),u(s)) is stable if N'(s) > 0, and (A(s),u(s)) is unstable
with Morse index 1 if X' (s) < 0.
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