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ABSTRACT. An attraction-repulsion chemotaxis model with nonlinear chemo-
tactic sensitivity functions and growth source is considered. The global-in-time
existence and boundedness of solutions are proved under some conditions on
the nonlinear sensitivity functions and growth source function. Our results
improve the earlier ones for the linear sensitivity functions.

1. Introduction. In this paper, we consider the following parabolic-elliptic-elliptic
attraction-repulsion chemotaxis model with nonlinear chemotactic sensitivity functi-
ons and a growth source function:

S = Au— XV () VO) +EV - (V) + f(u), €D, >0,
0 =Av — v+ du, zeQ, t>0,
0 = Aw — nw + pu, xeQ t>0, (1.1)
ou(z,t)  Ov(z,t)  Ow(x,t)

T =0, x €0, t>0,
’U;(J?,O) = Uo(l'), x € .

Here u(x,t) represents the density of cells at location z € Q and time ¢, v(z,t)
denotes the concentration of an attractive chemical signal and w(z,t) is the concen-
tration of a repulsive chemical signal;  is a bounded domain in R (n > 1) with
smooth boundary 9€2; homogeneous Neumann boundary condition is imposed for w,
v and w so that the system is a closed one; the smooth function f(u) is the growth
rate of the cells; positive parameters y and £ are the chemotactic coefficients, which
measure the strength of the attraction and repulsion respectively; the mortality
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rates of v and w are  and 7 respectively, and parameters  and p are growth rates
of the chemicals; and the chemotactic movements are cell density dependent which
are indicated by nonlinear functions ¢(u) and ¢(u). Here the equations of v and
w are assumed to be in steady state mode due to different reaction time scales. So
(1.1) is a coupled system of a quasilinear parabolic equation and two linear elliptic
equations.

Throughout the paper, we assume that functions f(u), ¥ (u) and ¢(u) satisfy the
following hypotheses:

(H1) The function f(u) € C*(]0,00)), and f(0) > 0;
(Hz2) The functions 9 (u), ¢(u) € C%(]0,00)), and 0 < t(u) < uP with some p > 0
for all u > 0,

and one of the following hypotheses:

(H3) The functions f(u) and ¢(u) satisfy f(u) < a —b(1+ u)" and 0 < ¢(u) <
(1 + w)? with some a > 0,5 >0, r > 2 and ¢ > 0, for all u > 0; or

(Hy) The function f(u) satisfies f(u) < a — bu” with some a > 0, b > 0, r > 2,
for all u > 0; The function ¢(u) satisfies p(u) = u9, ¢ > 0, u > u, with u, > 1.

The studies of system (1.1) is motivated by recent extensive investigation of che-
motaxis models arisen from biology. Chemotaxis is a chemosensitive movement of
biological species which detects and responds to chemical substances in the envi-
ronment. The first chemotaxis model was proposed by Keller and Segel [18], which
describes the aggregation process of the slime mold formation in Dictyostelium
Discoidium. In the Keller-Segel model, the cell movement is directed towards the
increasing chemical signal concentration, which is called the attractive chemotaxis.
There have been numerous results on the boundedness and blow-up of the soluti-
ons of Keller-Segel type models, and a remarkable characteristics of such models is
that solution blow-up may occur in a finite time and whether the blow-up occurs
or not is not only dependent on the initial data, but also the spatial dimension n
and geometric shape of the spatial region Q. It was known that when n = 1, all
the solutions are globally bounded [29], and when n > 2, solution blow-up may
happen [12, 13, 41]. Furthermore, under some additional assumptions, when n > 2,
the global existence and boundedness of solutions was also obtained in [27, 39]. A
recent survey of Keller-Segel type chemotaxis models can be found in [4].

There is another type chemotaxis model called repulsive chemotaxis, which in-
dicates that cells move away from the increasing signal concentration and it also
produces various interesting biological phenomena (see [10, 30, 43] for instance).
There are only a few work concerning the repulsive chemotaxis systems. In [5], the
global existence of smooth solutions and convergence to steady states based on a
Lyapunov functional approach were obtained with f(u) = v when n = 2, and when
n = 3,4, the global existence of weak solutions was obtained. In [33, 38], it was
shown that under some assumptions, the classical solutions to the repulsion che-
motaxis model are uniformly bounded in time and converge to the constant steady
state as time goes to infinity.

Many biological processes may involve interactions between cells and a com-
bination of attractive and repulsive signalling chemicals, and the corresponding
attraction-repulsion chemotaxis model was proposed in [26, 30] to describes the
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aggregation process of microglia:

5,
ait”=Au—xv-(uw)+gv(qu)+f(u), zEeQ, t>0,
ﬁ@:Av—'yv—i—éu, ref, t>0,

gfu (1.2)
To— = Aw — nw + pu, zeQ, t>0,
ou(z,t)  Ov(z,t)  Ow(x,t)

e =0, xed, t>0,

For the case without growth term (f(u) = 0), it was shown in in [34] that the
solutions of (1.2) are globally bounded for the full parabolic case of 71 = 75 = 1 and
n = 2 if the repulsion prevails over the attraction and the initial mass is small. In
[15, 24], when the repulsion dominates over the attraction, the global existence of
classical solutions of (1.2) when n = 2 for any nonnegative initial data was proved,
and the global existence of a weak solution when n = 3 was also obtained in [15].
On the other hand, when 0 < f(u) < a—bu” for all w > 0 (a,b > 0, r > 1), the
global existence and uniform boundedness of the classical solution of (1.2) when
71 =72 =1 and n = 1,2 were proved in [20, 22].

Since the chemicals diffuse much faster than cells, then the cases that 71 = 75 =
0 (parabolic-elliptic-elliptic) or 71 = 1 and 72 = 0 (parabolic-parabolic-elliptic)
of (1.2) have also been considered. For the parabolic-elliptic-elliptic case without
growth term, it was shown in [32, 34] that the solutions are globally bounded when
n > 1 and the repulsion dominates over the attraction; while blow-up may occur
if the attraction dominates the repulsion when n = 2. In [44], the parabolic-
elliptic-elliptic case of (1.2) with logistic source was considered, and the global
existence of solutions and asymptotic behavior of solutions were obtained under
some additional conditions. The parabolic-parabolic-elliptic case was considered
recently in [17]: again when the repulsion dominates the attraction, the global
existence of uniformly-in-time bounded classical solutions with large initial data
was proved, and if the attraction dominates. solution blow-up may occur. Such
model without repulsive signalling chemicals were also studied by many people, see
[3, 7, 8,9, 21, 37, 45, 46, 47] for example.

Furthermore there have been many other work on other aspects of the attraction-
repulsion chemotaxis model (1.2): traveling wave [31], steady states [23, 25], time-
periodic solutions and pattern formation [25], global attractor and convergence to
stationary solution [16].

In this paper, we consider the parabolic-elliptic-elliptic attraction-repulsion che-
motaxis model with growth source (1.1). Our main global existence results are as
follows:

Theorem 1.1. Let Q be a bounded domain in R™ (n > 1) with smooth boundary
00. Suppose that the parameters x,&,v,8,n,p > 0, the functions f(u), ¥(u) and
o(u) satisfy (Hy), (H2) and (Hs), and the parameters in (Hz) and (Hs) satisfy
a,b,p,q > 0 and v > 2; the initial condition ug € W1H°°(Q), and ug(xz) > 0 for
x € Q. If one of the following sets of conditions holds:

(i)

2
p>p0:max{l,}, 0<g<p<r—1, b> by, (1.3)
n
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where 5
pn —
by = 3xy6———; 1.4
0 Xpn+2p—2 (1.4)
or
(ii)
2
O<p<—, O0<qg<p<r-—1, (1.5)
n

then the system (1.1) possesses a unique global classical solution that is bounded in
2 x (0,00).

Under different assumptions on f(u) and ¢(u), we have another different global
existence result:

Theorem 1.2. Let Q be a bounded domain in R™ (n > 1) with smooth boundary
OQ. Suppose that the parameters x,&,7v,0,1,p > 0, the functions f(u), ¥(u) and
o(u) satisfy (Hy1), (H2) and (Hy4), and the parameters in (Hs) and (Hy) satisfy
a,b,p,q > 0 and r > 2; the initial condition ug € W1>(Q), and uo(z) > 0 for
x € Q. If one of the following sets of conditions holds:

(iii)
2
q>qO=maX{1,}, 0<p<g<r—1, b>by, (1.6)
n
where ( )5
qn — 2 2(q — p)ox
by = ——— | Ox — T A E 1.7
! qn—2+2q<x £p+qn—2+2p>’ (1.7)
or
(iv)
2
O<q<£, O<p<g<r-1, (1.8)

Then the system (1.1) possesses a unique global classical solution that is bounded in
2 x (0,00).

We can apply Theorems 1.1 and 1.2 to the following model with power chemo-
tactic sensitivity functions:

g—?:Au—xv~(uva)Jr{V-(quw)Jrf(u), x e t>0,
0=Av — v + du, x e t>0,
0=Aw — nw + pu, ze, t>0, (1.9)
ou(x,t)  Ov(z,t)  Ow(x,t)
A e =0, r €I, t>0,
u(z,0) = up(z), x € .

where f(u) < a—0b(1+u)” with some a > 0, b > 0 and r > 2. Apparently Theorem
1.1 covers the case of p > ¢, while Theorem 1.2 deals with the case of p < gq.
Combining Theorems 1.1 and 1.2, we have a quite complete picture for the question
of global existence and boundedness of solutions to (1.9) in the following diagram
and corollary:

Corollary 1.3. Let Q be a bounded domain in R™ (n > 1) with smooth boundary
090. Suppose that the parameters x,€,7,6,m,p > 0, f € C*([0,00)), £(0) >0, and
f(u) <a—>b(1+u)" with some a >0, b > 0 and r > 2. Then the system (1.9)
possesses a unique global classical solution that is bounded in  x (0,00) if (see Fig.

1)
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q q
n<2 (r=2) n>2 (r=2)
r-1 r-1
(iii) ; ()
? (1,1)
2/n ' (i) 2/n ' (i)
(1v) (1,1) (1v) 2
(i) (ii)
0 2/n r-1 p 0 2/n 1 r-1 p

FIGURE 1. Regions in (p, q) plane where the global existence and
boundedness of solutions to (1.9) are proved. The regions labelled
by (%), (i), (iti) and (iv) correspond to the ones defined in Theo-
rems 1.1 and 1.2, and for the region labelled with 7, the result is
not known. Left: n < 2; Right: n > 2.

1. n=1,2, and 0 < p,q < 2/n, or 2/n < max{p,q} <r —1 and b large; or
2.n>3,and 0 < p,q<2/n, or 1l <max{p,q} <r—1 andb large.

Note that our results for system (1.9) are symmetric with respect to the two
exponents p and ¢, and our results in Corollary 1.3 generalize earlier results with
linear sensitivity functions in [44, Theorem 1.1] and [22, Theorem 1.1, 1.2] in which
the case of p = ¢ = 1 is considered. For the case of n =1 or 2, our results cover all
small p, g values (< r —1). On the other hand, for the case of n > 3, there is still a
gap region (see Fig. 1 right panel) for which the global existence and boundedness
of solutions to (1.9) is not known.

The organization of the remaining part of the paper is as follows. In Section 2,
we recall some preliminaries and also obtain the local existence of the solution. In
Section 3, global existence and boundedness of the solution under one sets of as-
sumptions is obtained, while in Section 4, results under another sets of assumptions
are obtained. We use || - [|z»(q) as the norm of LP(Q), 1 < p < oo; and || - |lywm.r(q)
as the norm of W™P(Q), m=1,2,1 <p < .

2. Local existence and preliminaries. First we state the local-in-time existence
result of a classical solution of (1.1), which is similar to the ones in [34, 37, 45, 6,
35, 42].

Lemma 2.1. Assume that the initial data satisfies ug > 0 and ug € WH(Q), the
function ¥(u) and ¢(u) are nonnegative which satisfy (Hz) and (Hs) (or (Hz2) and
(Hy)), and the function f satisfies (Hy). Then there exists a positive constant Tpqz
(the mazimal existence time) such that the system (1.1) has a unique non-negative
classical solution (u(x,t),v(z,t), w(x,t)) which belongs to CO(Qx (0, Tae))NC?1(Q
X (0, Trnaz))- If Tinae < 00, then

lim  |[(u(-, t)|[ () = oo. (2.1)

t—=Tmax
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Proof. Let T € (0, 1) be a positive constant which is to be determined below. Define
the Banach space

X :=C%Q x [0,77), (2.2)
and we consider the closed bounded convex subset of X,
S:={ue X :|[u(t)||p=@) < Rforalltecl0,T]}, (2.3)

where R = |[uo||r(q) + 1. We define a mapping © : S — S so that ©(u) = u,
where @ € X and u is the unique solution of

% = Au—xV - (P(u)Vv) + £V - (¢(u)Vw) + f(u), z€Q, tel0,T],
augz, D _y z €09, t€[0,7T],
u(e,0) = up(x), rel

(2.4)

with v being the solution of

0=Av—qv+du, z=ze€Q,tel0,T],
0 t 2.5
ov@.t) _ x €09, tel0,T], (2:5)
v
and w being the solution of

0=Aw—nw+pu, z€Q, tel0,T],
ow(z,t) _ 0, e d, telo,T) (2:6)
v

Then we will use the Schauder fixed point theorem to show that © has a fixed point
in S for T small enough. From the elliptic regularity theory in [11, Theorem 8.34],
there exists a unique solution v(z,t) € C1T40(Q x [0, T]) to (2.5) for each ¢ € (0, 1).
Similarly, there is a unique solution w(z,t) € C1+40(Q x [0,T]) to (2.6) . Then
by elliptic LP-estimates and the Sobolev embedding theorem, there exist positive
constants ¢y, co such that

[V Lo (@x (0,1)) < C1l|AV|]Los (0,7);w2p(2)) < C2llTl|Loe (0,117 (0)) (2.7)
where p > n. Similarly, we have
[[Vw|| Lo (ax(0,1)) < €3l|Aw|| Lo (0, 1);w2r(2)) < callTl| Lo ((0,1);27 () (2.8)

where c3,cq4 > 0. Thus, according the classical parabolic regularity theory in [19,
Theorem V6.1], there exist ¢ € (0,1) and A > 0 such that

HuHC"’%(ﬁx[O,T]) S A (29)

for u € C*%(Q x [0,7T]), where A depends on VOl oo (0,700 @y) @nd
IVl o< (0,700 @) - Hence, we have

. oy < o 3, )
OI%I%XT\IU( Bl @) < luollLee (o) + At2 (2.10)

Now, choosing T" < A% in (2.10), then we get

) . < - 1. 11
e [[u( )= (@) < lluol <o) + (2.11)

So © maps S into itself for 0 < ¢t < T, which is shown to be a compact mapping
from (2.9). Therefore, the Schauder fixed point theorem ensures the existence of a

fixed point u € S of ©. Using the regularity theory for elliptic equations we have
(v(-, 1), w(-,t)) € (C**(Q2))2. Then we get (v,w) € (C?*T43(Q x [r,T]))? for all
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7 € (0,T) by (2.9). The regularity theory for parabolic equations [19, Theorem
V6.1] ensures that u € C?T415(Q x [r,T]). The solution may be extended to a
maximal interval [0, Tynaz), and either if T},q, = 00 o1 Thar < 00, where the latter
case entails that (2.1) holds.

Since f(0) > 0, then the parabolic comparison principle ensures that u is nonne-
gative. Moreover applying the elliptic comparison principle to the second and third
equations in (1.1) implies v and w are nonnegative. O

Next we recall some preliminary estimates which will be used in our proof. First
we review some well-known estimates for the diffusion semigroup for the homoge-
neous Neumann boundary conditions (see [14]).

Lemma 2.2. Assume that m € {0,1}, i € [1,00] and j € (1,00), then there exists
some positive constant cs, for any u € D((—A +1)%) such that

lullwmi() < esll(=A +1)%l| i), (2.12)
where 0 € (0,1) satisfies

m — B < 20 — E
t J
If in addition j > i, then there exist cs > 0 and v > 0 such that for any u € L*(£2),

Li(Q), (213)

where the associated diffusion semigroup {e"A~1 Y5 maps L(Q) into D((—A +
1)%). Moreover, for given i € (1,00) and any € > 0, there exist c; > 0 and p > 0
such that

1
J

[[(—A + 1)06t(A_1)UHLj(Q) < CGt—"—%(%— )e_7t|\u|

(=2 +1)%e"2V - ul|Lig) < C7t797%7€€7”t|\u||m(9) (2.14)
holds for all R™-valued u € L*(£2).

The following Gagliardo-Nirenberg inequality also plays a key role in our proof
(see [28] for detail).

Lemma 2.3. Suppose that u € W*3(Q) N LY(Q), h,k are nonnegative integers
satifying h/k < a <1, 1 < i,5 < oo, and m > 0. Then there exists a constant
cg > 0 such that

10"l 2y < esl Dl 3 oy lull oy + sl o, (2.15)
where 1 R 1k 1
tea(z-Hra-ar
m n ] n 1

Finally, we give the following two elementary inequalities (see [37, 42] for detail).
Lemma 2.4. Assume that y,z > 0 and b > 0, then we have

(y+2)b < 2°(y° + 2°). (2.16)

Lemma 2.5. Let z(t) : [0,00) — Ry be a continuously differentiable function

satisfying

#(0) = 2, (2.17)

with B >0, k>0, C >0 and xg > 0. Then we have

z(t) < max {mo, <g> k} , fort e (0,00). (2.18)

{x’(t) +Bz*(t)<C, t>0,
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3. Global existence and boundedness of solutions under (H3). In this section,
we assume that f(u), ¥(u) and ¢(u) satisfy (H;), (H2) and (Hs), and we study the
global existence and boundedness of solutions. Before proving the main result, let
us give some a priori estimates for u(x, t), which are vital ingredients for our proofs.
First we prove the following L'(£2) estimates.

Lemma 3.1. Assume that (Hy) and (Hs) are satisfied, then there exists a positive
constants Cy such that

/ u(z,t)de < Cy  for all t € (0, Thnax),

Q

/ v(z, t)de < éCo for all t € (0, Thaz)s (3.1)
Q Y

/ w(z, t)dr < BCO for all t € (0,Tmaz)-
Q n

Proof. Integrating the first equation of (1.1) and using (H;), (Hs), we have

%/gzu(fvt)dz:/Qf(u(x,t))dx S/Q(a—b(uu(x,t))r)dx g/ (a—bu"(z,t)) dz.

Q
(3.2)
Then using Holder inequality, we obtain that
d T
D e, )z + b0 (/ u(m,t)dm) < a0, (3.3)
where r > 2. Thus from Lemma 2.5, we get
1
/ u(z,t)dx < max {/ uo(z,t)dx, (9) v |Q|} = (Y. (3.4)
Q Q b
Then integrating the second equation of (1.1), and using (3.4), we obtain that
) 0
/ v(x,t)de = 7/ u(z,t)dr < —=C. (3.5)
Q Y Ja v
Similarly, we obtain that
/ w(z,t)dr = B/ u(z, t)dr < BCO. (3.6)
Q nJja n
O

Next we prove that u(z,t) is bounded in L*(Q) for certain positive k. Inspired
by the work in [36], we have the following lemma.

Lemma 3.2. Assume that f(u), ¥(u), and ¢(u) satisfy (Hi), (Hz), (Hs) and
condition (i) in Theorem 1.1 are satisfied, then for all k € (ko, k1), where

n
kozmax{1,§+1—p}, (3.7)
and 3xd—b+b b
XOZDEP e s 2
kl — 3X5—b 30 b (38)
00 if 0<x< 35

there exists a positive constant Cp > 0 such that

[Ju( )| Lr) < C1 for all t € (0, Thax)- (3.9)
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Proof. If x > b/(36), from the assumptions on p and b in (), we have

pn  3x6 —b+bp
ko< —< ——— =k 3.10
0= < 30— b 1 ( )
where ko and kp are defined as (3.7) and (3.8). So the interval (ko, k1) is nonempty.
In the following we assume that &k € (ko, k1). Multiplying the first equation of (1.1)
by (14 u)*~1 and integrating over Q, we have

1d

:/(1+u)k*1Au—/(1+u)k*1Xv-(¢(u)W)
Q Q
uk_1 . uw)Vw uk_l U .
+/Q<1+ VLEY - (p(u)V >+/Q<1+ Y £ (u) (3.11)

=— (k- 1)/9(1+u)k_2|Vu|2+x(k— 1)/9(1—|—u)k_2w(u)Vu-Vv

k—1 k—2
+/Q(1+u) f(u)—g(k—l)/g(l—i—u) ¢(u)Vu - Vw.

Since k > 1, then from (3.11), we obtain that

ld
kdt /g

gx(k—1)/QV\I/1(u)-Vv—g(k—l)/gvfbl(u)-Vw
a W)kl — w)k+r—1
+ /Q(1+ ) b/Q(1+ )
:fx(kfl)/Q\Ill(u)Aerf(kfl)/ D (u)Aw (3.12)

Q

a ” k-1 " k+r—1
+ /Q(l+ ) b/Q(1+ )
= X(E-1) /Q W, (u)(yo — bu) + £(k — 1) /Q By (u) (1w — pu)

+a/(1+u)k—l —b/(l—f—u)k"”_l,
Q Q
where from (Hy) and (Hj),

Uy (u) = /Ou(l + 2)k 2y (2)dz < /Ou(l + 2)k P2, =

(1 +u)”

(14 w)ktP=t,
(3.13)

k+p—1

u) = ' 2)F24(2)dz ' z)k—2 z)4dz
Bi0) = [0+ 9F 0 < [ 14280 20 -

< / (1+2)k*t92dz = (1 +u)kta-t,
0

E+qg—1
Then we have,

Xk = 1) [ o - u) <3680 1) [ i< m [,
(3.15)
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and
el = 1) [ @) - pw) < g 1) [ @atwpo < EH 1t
(3.16)
Combining (3.11), (3.15) and (3.16), we obtain that
1d xd(k —1) k+p En( ) w) a1y,
pa 0t < 3 [t S [ (3.17)

+a/ﬂ(1+u)k*1 —b/ﬂ(1+u)k+’”’1.

By using the assumption p > ¢, we estimate the second term on the right hand side
of (3.17) by Young’s inequality,

En(k —1) / ka1, < X0k 1) / k / k

B — 14 w)™9™ T 14+ w) P +d wh TP, 3.18

k+qg—1 Q( ) k+p—1 ( ) ! Q (3.18)
where

= —_ 3.19
k+q—1\x6(k+p)(k+q—1 k+p (3.19)
And since r — 1 > p, then we have

Javwrr s P [aratr i s [arw v d 30)
Q k+7”71 O

k+r—2

-2 Q

gy — (Frr=2 _ (3.21)
E+p k+r—1

Applying the Agmon-Douglis-Nirenberg L? estimates (see [1, 2] for detail) on
linear elliptic equations with Neumann boundary condition, for any [ > 1 we have
that there exists a positive constant dz such that

w(, Ollw2i o) < dsllu-t)]|iq) for all t € (0, Thaa)- (3.22)
Then by using Lemma 2.3 and Lemma 3.1, the last term in (3.18) can be estimated

as
k
[ =l
Q (3.23)

k+p) k+p) k k+p)
< | D*wl| T, o [l + dalfwl (51, < ds[ull 55275 o) + ds,

~én(k—1) enk+p—12 \*P 1
o ( >>

where

where
1

1— L
dy >0, d5>o,k+p>g+1andx:ﬁe(o,1). (3.24)

n k+p—1
Because of (3.24), we have
(k+pA<k+p-—1. (3.25)
So we obtain that
/Q B < dg || P50 L+ s < do([[ullF 00 o) + 1) +ds = de/ uF P4 2d.

Q
(3.26)
By using Young’s inequality, we have

/uk+p_1 S 60/ uk+p +d7, (327)
Q Q
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where
- <k+p_1)k+p—1 1| - xo(k —1) (3.28)
eo(k + p) k+p’ didg(k+p—1) '
Combining (3.26) and (3.27), we arrive at
/’LUker S 50d6/ uk+p+d8 S 50d6/(1 +U)k+p+d8, (329)
Q Q Q

where dg = dgd7 + 2dg.
Substituting (3.18) , (3.20) and (3.29) into (3.17), we find that

1d k 3X6(l€— 1) / k4 / k—1
=~ la < _(p_R2XA "2 1 P 1
v Q( +u)t < (b P Q( +u)ftP taq Q( +u)f 1 4 bdy + dids,
(3.30)
where from (3.8), we have
3xo(k—1
b— M >0, (3.31)

Since p > 0, then from Young’s inequality, for some dg > 0 we also have
1 3x0(k — 1)) k
1+t (b F——uodHt /1+ Pt dy. 3.32
o [artsg (0-20020) [avwrria e
Hence, we obtain that
d k 3xdo(k —1)
— [A+uwr<—-(b-2——u=X=*t L+ u)"P 4+ d 3.33
G [t <=5 (- 2820 [avws i a, (3.3)

where dig = k’(bdg + dqidg + dg)
By the Holder inequality, we have

k+p

d k 3xd(k—1) _p ANLE
— [(Q+uwf<—c(b-2———2]0 1 dio.  (3.34
g farr <5 (-2 Dot ([avwt) " v @3
Then according to Lemma 2.5, the boundedness of ||u(:,t)|| (o) is obtained. [

From the proof of Lemma 3.2, we find that if b > 3xd, then for any k > kg
the boundedness of ||u(-,?)||.r(q) is obtained. In the following we consider the
boundedness of [|u(-,t)||xq) for large k in the case of b < 3x4.

Lemma 3.3. Assume that (Hy), (H2), (H3) and condition (i) in Theorem 1.1 are
satisfied, then for all k > ko which is defined in (3.7), there exists a positive constant
Cy > 0 such that

[fu( )| ey < Ca for all t € (0, Traq)- (3.35)

Proof. If b > 3xd, then this is proved in Lemma 3.2. In the following, we assume
that 0 < b < 3xd. For any k > 0, from (3.11) and (3.12), we have

ta farwr =22 vas i xo-n [ wiee- o)
ek =1) [ aa(m— o)+ [ (140w,
(3.36)
where ¥y (u) and ®;(u) are defined as in (3.13) and (3.14).
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The last term in (3.36) can be estimated as

k—1 k—1 _ " r U k—1 a— ’U,T
Au+w fwwgéu+w «zbu+>>sLu+> (a— bu")

< / 14wk Ya—b+rb—rbu) = / (14w a—0b+2rb) — / rb(1 + u)*.
Q Q
(3.37)
Then by Young’s inequality, we have

k—1 k&
/Q(l—i—u) (a—b+2rb)§/9rb(l+u) —&—?, (3.38)

where e; is a positive constant.
Hence, from (3.15), (3.16), (3.18) , (3.29), (3.37) and (3.38), we obtain that for
any k> 1,

d 4 3xSk(k — )/ X
1 — ( 1>+ 1 P e, (3.
7 ( +u)k < /|V +u — Q( +u)" P +ey. (3.39)

where ey =e1 + kdldg.
Next, we consider the first two terms on the right side of (3.39). From the
assumption on b in (i), we have

pn 3x6—b+bp

1< = k. 3.40

=2 3x6 — b ! (3.40)

We fix some k* € (pn/2,k1). Then from Lemma 3.2, there exists C; > 0 such that
llu(-, )] e (@) < Cr, for all £ € (0, Trnga)- (3.41)

Now we choose k > k* and using Lemma 3.2 and Lemma 2.3, there exist es > 0
and eg > 0 such that

1 ktp 1 % 2(k):rp)
AR e (SRR e v

(©)

2(k+p)
20+p)
< V(1 2 1 2|t 1
<ea (IV-+ 0B 521+ 5 I+ 0 e .
. 1 2(k+p)
<e (I\V(l +u)? |73l + uIILk*(Ql +11+ UIIW
. 2aj(k+p)
<ea (IV0+ 0158 ™ + 1),
where
L
N 2k*  2(k+p) (k+p—Kk")kn
1 = =
1_P kn kE*(k+p)(2—n)+ (k+p)kn (3.43)
2 " 2k
B (k+p—Kk*)kn
~(k+p—Kk*)kn+ k*(2k — pn + 2p)’
Since k > k* > %” > ko, then a; € (0,1) and
20(k+p)  kn—k*n+pn (3.44)

k T Tkn — k*n 4+ 2k
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Hence, combining (3.42) with (3.43) and using Young’s inequality, we have
3x0k(k — 1) ) / ey Ak —1) L
SXOREZ ) g L) < 22— [ V(1 +u)5 2+ ey, 3.45
(BEC=2 1) [arwrr < 2D [ w0 wiPre @

where e4 is a positive constant.
Inserting (3.45) into (3.39), we find that there exists a constant e5 > 0 such that

d
— [ Q4uw)k < - / (1 +u)**P +es. (3.46)
Then from Holder inequality, we derive that
ktp
d P k
— [ Q4+uw)k< |Qk</(1+u)k) + es. (3.47)
Therefore, the desired result is obtained from Lemma 2.5, that is,
/(1+u)k gmax{/(uuo)k,(%mi)kip}. (3.48)
Q Q

O
Finally we prove the L*(2) boundedness of u(z,t) under the condition (i7).

Lemma 3.4. Assume that (Hy), (H2), (Hs) and condition (ii) in Theorem 1.1
hold, then for all k > ko which is defined in (3.7), there exists a positive constant
C3 > 0 such that

[fu( )| ry < Cs for all t € (0, Tha)- (3.49)

Proof. In this part, we consider the case of 0 < p < 2/n. In this case, (3.39) still
holds as k > kg > 1. By using Lemmas 2.3 and 3.1, we obtain that

2(k+p)

k -
/u+uwwznu+w4|ﬁﬂ>
Q Lk

(@)

2(k+p)
<eo ([IV(1+ )2 [T 11+ 2 1157 +[1(1+w)?]], k
=6 L (@) Lt (@) L#(Q)
2(k+p)

E E(1-B1) k G 3.50
<es (||V(1+u)2||§12(9)\|1+u||L1((Q)1 +||]‘+UHL1(Q)) ( )
. i . 2(k+p)

<eo (171 +u) 1170 (1] + Co) B2 (12 + Co) )
k 281 (k+p)
<er (IFG+ 0¥ lh ™ +1).
where
kn kn
B = 2 Ftn) _ (k+p—1Dkn (k+p—1)kn
! 1—-2+%2  (k+p)(2—n+kn) (k+p—1)kn+ (2k—pn+2p)
(k+p—1)kn
< <1,
(k+p—1)kn+ (2 —pn+2p)
(3.51)
since k > kg and 2 — pn > 0, then 8; € (0,1). And we have
281 (k k+p—1
bulktp) _,, ktp=l (3.52)

k 2+nk—n
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Thus, combining (3.50) with (3.52) and using Young’s inequality, we have

(?W;k(k_l) + 1> /(1 + u)ktP < w/ V(1 +u)§|2 + es. (3.53)
Q Q

k+p-—1
Then substituting (3.53) into (3.39), we arrive at
d
@ ) ATt s /QU TP e, (3.54)

Thus the L¥-bound of u(x,t) is obtained by using Lemma 2.5 and we complete the
proof. O

By using Lemmas 3.1-3.4, we now can obtain the L°>*-bound of u(z,t).

Lemma 3.5. Assume that all assumptions in Theorem 1.1 hold, then there exists
a positive constant Cy > 0 such that

[[u(-,t)|| ooy < Cs for all t € (0, Thaz)- (3.55)

Proof. We use semigroup arguments similar to the ones in [39, 40, 14] to get the
L°°-bound of u. First, u(z,t) can be expressed by

¢
u(-,t) = et Dy — X/ et A=DY . (y(u(-,t)Vo)ds
0

t t
+£/0 e(t_s)(A_l)V-(¢(U(-,t))Vw)d8+/o BN o (u(-, ))ds

=U; + Uz + Us + Uy,

(3.56)
where ¢(u) = f(u) + u. Then we study the L*-bound of Uy, Us, Us and Uy
respectively.

For Uy, we find that
Ul(',t) < ||U0||LOC(Q) for all ¢ € (O;Tmax)~ (357)

2%., %), and in this case

e € (0, % — 0) in Lemma 2.2. Then there exist positive constants k1, k2 and p such
that

NU2(-, ) o) < (A + DUs (- )]s o

t
< xm/ 1= ADT - (ul-, 1) Vo, )] Loy ds
0

For Uy, let j > n, ¢ = co in Lemma 2.2, so there exists 6 € (

t
< XM/ e 79| eETDAT - (Y(u(-, 1) Vo (-, 1))|| £i ) ds
0

t
< HQ/ (t — 5)70= 372~ GEDE=) | [y (-, )V (-, £)]| s (e ds
0
(3.58)

for all ¢t € (0, Thhax)-
Then from Lemma 3.3 or Lemma 3.4, we have |[u(-,)||5i (o) < Cs for i > kg and
using the elliptic regularity theory to the second equation in (1.1), we have

sup |[v(-,t)||w2io) < w3 for all i > Ko. (3.59)
0<t<Tmax
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Choosing ¢ > n, from the Sobolev embedding theorem, we obtain that

sup  ||[Vo(-,t)||pe(q) < ka for all t € (0, Traq)- (3.60)
0<t<Tymas

Hence, there exists x5 > 0 such that

Therefore, from (3.57) and (3.61), we obtain that, for all t € (7, Tpnaz)

i) < ks forallt € (7, Thaz)- (3.61)

t
||U2(-,t)”Loo(Q) < /{/2%5/ (t— 5)—9—%—66—(IL+1)(t—S)d8
- 0 ) (3.62)
Sliglis/ - P UL < ﬁgf(i —0—¢),
0

where I'(3 —6 —¢) > 0 for £ — 6 — & > 0. Similarly, the L°-bound of Us can be
obtained.

Finally, for Uy, by using (2.12), (2.14) and ¢(u) < a — b(1 4 w)" for all u > 0
with any b < b and some G > a, we have

t t
Uy(-t) g/ =)A= Ngads < 56/ e =)ds < 57 for all t € (0, Thnaz)- (3.63)
0 0 v

Therefore, by (3.57), (3.58) and (3.62), we obtain that u is bounded in 2% (0, Tyaz)-
Along with (2.1), this proves that Tj,q: = 0o and hence, (u,v,w) is bounded in
Q x (0,00). O

Next we prove Theorem 1.1.

Proof of Theorem 1.1. From Lemma 3.5 and the blowup criterion (2.1), we obtain
that there exists a constant C4 > 0 such that

[lu(-, t)|| o) < Cy for all t € (0,00). (3.64)

This completes the proof of Theorem 1.1. O

4. Global existence and boundedness of solutions under (H;). In this
section, we assume that f(u), ¥(u) and ¢(u) satisfy (H;), (Hz) and (Hy), and
we consider the global existence and boundedness of solutions of (1.1). Similar to
the proof in Section 3, we also need the L'(£2) bounds of u, v and w. The following
lemma can be proved in the same way as that of Lemma 3.1, and we omit the proof.

Lemma 4.1. Assume that (H1) and (Hy) hold, then there exists a positive constant
Cs such that

/ u(z,t)de < Cs  for all t € (0, Thnas),
Q
)
/ v(z, t)de < 505 for all t € (0, Traz), (4.1)
Q
/w(x,t)dx <20y for all t € (0, Tnas)-
Q n

Next we prove that u(z,t) is L*(2) bounded for certain positive k.
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Lemma 4.2. Assume that (Hy), (Hz), (Hy) and condition (iit) in Theorem 1.2
are satisfied. Define

—F+VF? - 4EG
kQ:max{l,g+1—q}7 k3: + 2E R (42)

where
E=b—06x+¢&p,
F=0b(p—1)+&p(p—2)+blg—1)—dx(g—2), (4.3)
G=bp—1)(¢—1)+dox(g—1) —&p(p—1).

Then for k € (max{ka, ks},00) if b—dx+E&p > 0(b—x+Ep =0, then ks = —% ,

or for k € (ko,k3) if b — dx + &p < 0, there exists a positive constant Cg > 0 such
that

[u(-, )| k) < Cs  for all t € (0, Thax)- (4.4)

Proof. Multiplying the first equation of (1.1) by u*~! and integrating over Q, we
have

1d [ ,
%&/Q“
:/Quk_lAu - /Quk_lxv - ((w) V) +/Quk-lgv (B (u) V) +/Quk_1f(u)
=—(k—1) /Q uF 2| Vul? + x(k — 1) /Q w24 (u)Vu - Vo
—&k—1) /Q w2 (u)Vu - Vw + /Q uF L f (u)
<x(k — 1)/qu/2(u) Vv —&(k — 1)/QV<I>2(u) -Vw + a/Qu’f—l - b/Q uktr=t
=—x(k—1) /Q o (u)Av +E(k — 1) /Q Dy (u)Aw + a/ﬂuk_l - b/Quk”_l

— (k1) / W (u) (v — 8u) + E(k — 1) / By () (1w — pu)

—‘rCI,/ uk—l _ b uk+r—1’
Q Q

(4.5)
where
Wy (u) ::/0 y’“‘%(y)dyé/o y’”p_Qdy:ﬁuk”_l, (4.6)
wat = [ty = [yt = [Tty = et
> YTy = [y Tyt = e
(4.7)

Then we have

—x(k-1) /Q Uy (u)(yv — du) < xo(k—1) /Q Uy (u)u < 326_'(_];__11)/Qu]“'p7 (4.8)
and

E(k—1) /Q Dy (u)(nw — pu) = in-f-kq_—ll) /Q ka1 — ipj_kq__ll)/gukﬂ. (4.9)
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Combining (4.5), (4.6), (4.7), (4.8) and (4.9), we obtain that

1d uk < xo(k—1) / kP 4 En(k—1) / wF a1y,
Q Q

kdt @ k+p-—-1 k+qg—1

- fp(k_]-)/uk+q+a/uk717b/uk+rfl'
k+q—1Jq Q Q

From ¢ > p in (4i7) and Young’s inequality, there exists a constant h; > 0 such that

/uk+pg kﬂ/ukﬂ—&—hl S/uk+q+h1, (4.11)
Q k+qJa Q

and also from ¢ <r — 1 in (i47) and Young’s inequality, we have

k+q / _ / _
k+q< k+r—1 ho < k+r—1 h 4.12
/Qu S A tha< [ + ha, (4.12)

where hs is a positive constant. Combining (4.10), (4.11) and (4.12), we obtain that
L[ e D) [ g 0 e,
Q Q Q

(4.10)

kdt T k+p-1 k+qg—1
Ep(k — 1)/ k+q / k—1 / k+q xO(k — 1)
7k+q—1 Qu +a Qu b Qu +7kz+p—1h1+bh2

_(x6(k—1) &p(k—1) / k+q fﬁ(kfl)/ ktq—1
_(k—i—p—l k+qg—1 b 0" JrIc—i—q—l 0" v

-1
+a/ w4 Mhl + bhs.
Q

k+p—1
(4.13)
From our assumption for k, we have
ok —1 k—1
k=1 _&k=b g (4.14)

k+p—1 k+qg-—1

Indeed for the case of b—dx +&p > 0, (4.14) holds when k € (max{ksa, k3}, 00), and

for the case of b — dx + &p < 0, (4.14) holds k € (ko, k3) as from the assumptions

on ¢ and b in (4ii), we have ky < 4¢ < k3, hence the interval (k2, k3) is not empty.
We estimate the second term in the right side of (4.13) by Young’s inequality,

gn(k—n/ fqo1 1 xXo(k—1)  &p(k—1) / ket / k

ST = ) <= (b-— T+ h a

k+q—1 Qu Y= k+p—1+k—|—q—1 Qu " 39w ’
(4.15)

where hj3 is a positive constant. Similar to the proof of (3.26), there exists a constant
h4 > 0 such that

[t [ bt on, (4.16)
Q Q
Then by Young’s inequality, we arrive at
/ warq § 51h4/ ’ll,k+q —+ h5. (417)
Q Q

where
) Xk—1)  gp(k—1)
k+p—1 k+qg-—1
4hshy

g1 = (418)
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and hs is a positive constant. Substituting (4.15) and (4.17) into (4.13), we find
that

1d p_ 1 (x0(k—1) &pk—1) / k / k-1
1d <1 _ iy +a he. (4.1
kdt/Q“ _2<kz+p—1 ktq—1 e | u e (4.19)

where hg = hy + bhg + hghs. Since g > 0, then there exists a constant h; > 0 such

that
o1 xO(k—1)  Ep(k—1) /
k=1 o~ _ k+q
aLu _4(b . p—1+k .1 Qu + hr. (4.20)

Hence from (4.19) and (4.20), we obtain that
d k k xo(k—1)  &p(k—1) / k
— <—=(b- T4 h
dt/ﬂu = 4( ktp—1 krq—1) )" T
o(k=1) , &plk—1) o e
k Yok—=1)  €plk—1 » / L) F
<_ 2 — .
- 4(b k+p1+k+q1)|Q| k( Qu + he

where hg = k(h1+bho+hshs+hr). Then according to Lemma 2.5, the boundedness
of [|u(+,?)|[ k() is obtained. O

In Lemma 4.2, if F2 —4EG < 0, then (4.14) hold for any k, so we only consider
the case that k3 is a real number. And in this Lemma, we have shown that if
Ep+b > x0, then for any k > ka, [[u(-,1)|[1k o) is bounded. In the following we
prove the boundedness of L*(Q) in the case of £p + b < xd under condition (7).

Lemma 4.3. Assume that (Hy), (Hs), (Hy) and condition (iit) in Theorem 1.2
are satisfied, then for all k > max{ks, k3}, there exists a positive constant C7 > 0
such that

[u(-, )| k) < C7  for all t € (0, Thax)- (4.22)

Proof. If b — éx + &€p > 0, then this is proved in Lemma 4.2. In the following, we
assume that b — dx + £p < 0. Similar to (3.36), we have

1d 4(k —1)

1d o 52 (b
i Lo+ T [ V0w == 1) [ waae

@ (4.23)
FEk—1) /2 By (u) Aw + /Q (1+ ) f(u),

where Wa(u) and ®o(u) are defined in (4.6) and (4.7). The last term in (4.23) can
be estimated as follows:

k-1 k10— bu" W0 — b+ b — rbu
/Q(1+u) f(u)g/ﬂ(l—&—u) (a—b )g/(1+) (a—b+rb— rbu)

Q
- (a—b+2rb)/(1+u)k*1 —rb/(1+u)k.
Q Q
(4.24)
From Young’s inequality, there exists a constant hg > 0 such that
h
(a—b+2frb)/(1+u)k*1 §rb/(1+u)k+?9. (4.25)
Q Q
Hence, from (4.8), (4.9), (4.11), (4.17), (4.23), (4.24) and (4.25), we obtain that
d & 4(k-1) ko 3x0k(k—1) / Kt
— 1 < —— 1 —_ 1 94 hg. (4.26
g vt < =S v B EEEE | b, (1.26)
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Next, we consider the first two terms in the right side of (4.26). Since condition
(#41) is satisfied, then b > by where b; is defined as in (1.7), and recalling k3 defined
in (4.2), we have

We select k' € (qgn/2,ks), where ¢ > 2/n which implies gn/2 > 1. Therefore from
Lemma 4.2, there exists Cg > 0 such that

Hu(7t)||Lk/(Q) S CG; fOI' all t c (O,Tmaw)~ (428)

Hence, choosing k > k' and using Lemma 4.2 and Lemma 2.3, similar to (3.42), we
obtain that there exists h1g > 0 such that

jn &, 2(kta) k, 2o2(kt+q)
Jarwre =0t 5L <mo (IF0+0fE " +1). @)
Q L™F (Q)
where
L
N 2" 2(k+q) (k+ q)kn — k'kn
2 = =
k ! —
17ﬁ+7n K'(k+q)(2—n)+ (k+q)kn (4.30)
2 2K
_ (k+ q)kn — K'kn
(b +q)kn — K'kn + k' (2k — gn + 2q)
Since k > k' > % > ko, then as € (0,1) and
2a0(k + q) kn—k'n+qn
=2 2. 4.31
K kn— k't 2k (4:31)
Hence, combining (4.29) with (4.31) and using Young’s inequality, we find
3xok(k —1) ket 4(k—1) / ko
41 1 1< ——> 1 h 4.32

where hq; is a positive constant. Inserting (4.32) into (4.26), from Hélder inequality,
we derive that

k+q
d q R
— [ (1+uw)r< —|Qk</(1+u)k) + hia. (4.33)
where hio = hg + hy1. Therefore, from Lemma 2.5, we have
/(1—|—u)’C <max{/(l+u0)k7(h12|9g)kiq}. (4.34)
Q Q
O

The proof of the following lemma is similar to that of Lemma 3.4, and for the
sake of completeness, we give the proof here.

Lemma 4.4. Assume that (Hy), (H2), (Hs) and condition (iv) in Theorem 1.2
hold, then for all k > max{kq, k3}, there exists a positive constant Cg > 0 such that

[Ju(, )Lk ) < Cs  for all t € (0, Trax)- (4.35)
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Proof. In this part, we will consider 0 < ¢ < 2/n. Similar to the proof of Lemma
3.3, we also obtain (4.26). By Lemmas 2.3 and 4.1, we obtain that

+q) 2Bg(k+aq)

I Casil) k
Jarwse— a0t < (V040" 1) @0

where

kn  kn
By = 2 2k+q  (k+q—1kn (k+q—1)kn
T _n ke T (kv q)@—n+kn)  (ktq— Dkt (2k—qn+29)
2 2
(k+q—1)kn -
T (k+qg—1)kn+(2—qn+2q) ’
(4.37)
since k > ko and 2 — gn > 0, then S5 € (0,1). Also the following inequality holds:
26(k + q) k+q—1
=2 2. 4.
k " nk—n < (4.38)

Thus, combining (4.36) with (4.38) and using Young’s inequality, we have

3x0k(k—1) > / & 4(k—1) / ko
41 14u)fts< =2 V(1 4+u)z|” + hia. 4.39
(AP [aeuprr < 2D [ivaswipane. @)
Then substituting (4.39) into (4.26), we arrive at
d
— [ A +u)P<-— / (1 4+ w)F 9+ hys. (4.40)
So from Lemma 2.5, the L*-bound of u is also obtained and we complete the proof.
O

Finally we prove Theorem 1.2.

Proof. From Lemmas 4.3 and 4.4, we can show the L*°-bound of u(z,t) using the
exactly same way as in Lemma 3.5. Now using the L°°-bound and the blowup
criterion (2.1), we obtain that there exists a constant Cy > 0 such that

[lu(-, t)|| o) < Co for all t € (0,00). (4.41)
Hence we complete the proof of Theorem 1.2. O
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