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Abstract

The stability and Hopf bifurcation of the positive steady state to a general scalar reaction—diffusion equa-
tion with distributed delay and Dirichlet boundary condition are investigated in this paper. The time delay
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significantly different from the discrete delay case, and the first Hopf bifurcation value is decreasing in n.
Examples from population biology and numerical simulations are used to illustrate the theoretical results.
© 2017 Elsevier Inc. All rights reserved.

MSC: 35R10; 92B05; 35B32; 35K57; 35B10; 92D40

Keywords: Hopf bifurcation; Distributed delay; Dirichlet boundary condition; Reaction—diffusion equation; Normal
form

* Partially supported by a grant from China Scholarship Council, National Natural Science Foundations of China
(No. 11571257), National Science Foundation grant DMS-1313243, and the Scientific Research Start-up Foundation of
Hangzhou Normal University (No. 201603).

* Corresponding author.

E-mail address: jxshix@wm.edu (J. Shi).

http://dx.doi.org/10.1016/j.jde.2017.07.024
0022-0396/© 2017 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2017.07.024
http://www.elsevier.com/locate/jde
mailto:jxshix@wm.edu
http://dx.doi.org/10.1016/j.jde.2017.07.024
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2017.07.024&domain=pdf

6538 Q. Shi et al. / J. Differential Equations 263 (2017) 6537-6575

1. Introduction

Reaction—diffusion models have been used to describe the spatiotemporal distribution of
density functions of substances from particles, chemicals, organisms, to plants and animals in
modeling biological and ecological systems [4,30,31]. In 1952, Alan Turing [40] proposed that
spatial patterns in embryonic morphogenesis were driven by diffusion-induced instability. Since
then, researchers in chemistry and developmental biology have successfully applied Turing the-
ory to explain and simulate the patterns arisen in Hydra growth [12,28], pigmentation patterning
in fish [25], spatial patterns in Chlorite-lodide-Malonic Acid-starch chemical reaction [26], reg-
ulation of Hox gene in the transition of fins to limbs during evolution [32], to name just a few.

On the other hand, real biochemical or ecological dynamics often depends on the historical
information of systems so time delays could occur in various modeling mechanisms, and the
presence of time delay may have profound impact on the dynamics of reaction—diffusion models
[6,17.,42]. The delay effect to a scalar reaction—diffusion population model has been considered
in, for example, [3,5,18,36,38,43]. In general, a larger delay destabilizes the stable steady state
of the system and an oscillatory pattern arises from a Hopf bifurcation. The stable steady state
under Neumann boundary condition is usually a constant one, thus the Hopf bifurcation analysis
is relatively easier [29,44]. For Dirichlet boundary problem, a positive steady state is always
spatially non-homogeneous which makes such analysis difficult. Following the approach in [3],
Su et al. [36] considered a general scalar diffusive equation with delayed growth rate per capita
and Dirichlet boundary condition:

du(x, 1) _dazu(x,t)

+rux,t)fu(x,t—1)), xe€(@,D), t>0,

ot 0x2
u©,t)=u(l,t)=0, t>0,
u(x,t) = n(xvt)a X € (0’1)5 te [_.[70]7

where d > 0 is the diffusion coefficient, T > O represents the time delay, A > 0 is a scaling con-
stant. The nonlinear function f is the growth rate per capita which can be chosen properly so
that this equation can embrace different kinds of population dynamics. They proved that the non-
homogeneous positive steady state loses its stability when 7 increases and analyzed associated
Hopf bifurcations. In [43], Yan and Li extended the results to a higher dimensional domain and
also proved the stability of the bifurcating periodic orbits.

The dependence of the rate of change of current population on the population at a particular
point of past time is usually a simplified assumption, and a more reasonable dependence would
be on the whole historical information of the population. A distributed delay has been proposed
to describe the population growth of some species, which can date back to the work of Volterra
[41]. Here we propose a diffusive population model with general growth rate incorporating a
distributed delay and Dirichlet boundary condition based on the previous work in [36]:

ur(x,t) =dAu(x,t) +rulx,t) f(g*xulx,t —s)), xe€Q,t>0,
u(x,1)=0, xe€d, t>0, (1.1
u(x,t) =up(x,1), xeQ, te(—00,0],

where  is a bounded domain in R¥ (k > 1) with smooth boundary, and ug € C 2 C ((—00, 0], Y)
with Y = L%(Q). Here, d > 0 represents the diffusion coefficient, A > 0 is a growth rate coeffi-
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cient and the growth rate per capita function f is assumed to be logistic type. Instead of using
fu(t —1)), weuse f(g*u)in (1.1) where g xu(x,t —s) is a distributed delayed population
density which has the following form,

t 0
g*u(x,t—s):/g(r,t—s)u(x,s)ds:/g(r,—s)u(x,t—i—s)ds,

where the kernel function g(z, ¢) is a probability distribution function satisfying g(z, ) > 0, and
o0

/g(r, t)dt = 1. Here we choose g(t, t) to be the Gamma distribution (see [15,27]):
0

13
tﬂe*?

T+ 1) 2

gn(l-’ t) =

where n > 0 is the shape parameter of Gamma distribution, and the mean and variance of g, (z, -)
are given by E(g,(t,-)) = (n + 1)t and Var(g,(z,)) = (n + 72 respectively. This includes
the two well known distributions used in ecological studies: the weak kernel (n = 0) and the
strong kernel (n = 1):

EYEN

1 ¢ t
g()(l', t) =—-€e T, gl(f,t) - _26
T T

In our analysis, we will take T as the bifurcation parameter, which is associated with the aver-
age delay upon a scaling of the shape parameter. It is known that (1.1) has a unique positive
steady state u; when A > X, (principal eigenvalue of —d A in H& (£2)), and when 7 = 0, the pos-
itive steady state u, is locally asymptotically stable [4]. Our main results are for the dynamical
behavior of (1.1) when 7 > 0 and X is near A, and our results can be summarized as follows:

1. for n = 0, that is the weak kernel case, the positive steady state u; is locally asymptotically
stable for any 7 > 0;

2. for each positive integer n, there exists an increasing finite sequence {z,} }Z": o Where m, =
[(n — 1)/4] (the integer part of (n — 1)/4), such that the positive steady state u; of Eq. (1.1)
is locally asymptotically stable when t € (0, r,?k) and is unstable when t € (Tr?w 00); more-
over, the system (1.1) undergoes a Hopf bifurcation at T = 7,; near the steady state u; for
each0 <m <m,;

tan(n7 )
3. the critical Hopf bifurcati 1 tisf cn) = lim (A —A)7" = —— 7 with
e critical Hopf bifurcation values satisfy g (m, n) ALH)LI*( T cos"+1(n,’1"/x ) wi

m 4m+ Hm
Mire = 500 210
* 2(n+1)
which means that the critical t value is smaller for a larger n. In other words, it is easier
(taking a smaller delay value) for the system (1.1) with a larger shape parameter #n to lose its
stability.

for 0 <m <m,. And g(m, n) is strictly decreasing with respect to n,

These results show that the shape parameter n significantly affects the dynamics of system (1.1).
Note that the finiteness of bifurcation values 7.} is quite different from infinitely many bifur-
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cation values in the case of discrete delay case considered in [36] which corresponds to a Dirac
delta distribution function. Hence combining with this earlier results, we now know that the num-
ber of the critical values of Hopf bifurcation can be zero (weak kernel), a finite number (strong
kernel or Gamma distribution with higher n), or infinitely many (Dirac delta distribution).

The spatiotemporal delay effect to the population models has been studied extensively in
recent years. In fact, since the individuals in the population move freely, so the population density
variation at a spatial location depends on the population in a neighborhood of the location, that
is, on a spatial average weighted according to distance from the original position. Based on such
assumption, Britton [2] proposed a model with spatiotemporal delay term:

u,:Au+u[1+au—ﬁu2—(1+a—/3)g>!<>l<u], xeQ, t>0,

where

'
g**u://g(x—y,t—s)u(y,s)dyds.

—00 Q

Here the function g(x,t) is a general spatiotemporal average, which is studied in [1,13,14,16]
on an infinite spatial domain. Recently, Chen and Yu [7] considered a diffusive logistic model
incorporating a class of spatiotemporal delay on a bounded domain with Dirichlet boundary
condition, and found that the nonhomogeneous steady state is locally asymptotically stable and
Hopf bifurcations do not occur. Zuo and Song [46] studied the bifurcation in a general scalar
reaction—diffusion model with spatiotemporal delay under Neumann boundary condition. Guo
[19] also considered Hopf bifurcation for a Dirichlet boundary value problem.

When the spatial variation of the averaging kernel is negligible, a reasonable simplifica-
tion is that g(x,r) is a purely temporal average, which means that g(x,r) = §(x)g(¢), that
is the distributed delay case. In [15], Gourley and Ruan investigated a Nicholson’s blowflies
equation incorporating both distributed delay and diffusion under Neumann boundary con-
dition, and they obtained the local and global stability of homogeneous steady state. Zuo
and Song [45] studied the stability and bifurcation of positive constant steady state in a
general scalar diffusive equation with distributed delay and Neumann boundary condition.
For Dirichlet boundary problem with distributed delay, a two-species diffusive population
model with distributed delay under Dirichlet boundary condition and its bifurcation problem
were investigated in [23]. But the kernel function in [23] has support in [z, 00), which is
quite different from the Gamma distribution considered here. Another idealized assumption
is that g(x,r) only depends on spatial information, that is, g(x,t) = g(x)5(t — t). Stabil-
ity of positive steady state and associated Hopf bifurcations for such nonlocal spatial delay
effect with Dirichlet boundary condition have been studied in for example [5,8,21]. And,
in [24,39], the nonlocal delay effect in a scalar diffusive population equation under Neu-
mann boundary condition is investigated. When g(x,¢) = §(x)5(r — t), then g * xu becomes
the discrete and local delay effect. The Dirichlet boundary value problem with discrete de-
lay for diffusive logistic model has been considered in [3,36,38,43], and similar problem for
Nicholson’s blowflies and Dirichlet boundary condition equation [20,34,37] and the references
therein.

This paper is organized as follows. In Section 2, we study the stability and Hopf bifurca-
tion of the positive steady state through analyzing the corresponding eigenvalue problem. Then
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the normal form of Hopf bifurcation is calculated in Section 3 to determine the bifurcation
direction and stability of the bifurcating periodic orbits. In Section 4, we apply our results to
two reaction—diffusion population models: logistic model and food-limited model, and we per-
form some numerical simulations. Here, we want to introduce some notations in this paper. The
Lebesgue space of square integrable functions defined on a bounded and smooth domain 2 is
denoted by L2(2) and we use HF, Hé‘ denote the real-valued Sobolev space based on L3()
space. Denote X = H2(Q)N HO1 () and Y = L2(2). For a linear vector space Z, we define its

complexification to be Z¢ L7®iZ= {x1 +ixz:x1, x2 € Z}. The Banach space of continuous
mappings from s € (—oo, 0] into Y is denoted by C = C((—o0, 0], Y) and the complex-valued
Hilbert space Y¢ has the inner product: (i, v) = |, Q i(x)Tv(x)dx. And throughout the paper, we
define A, as the principal eigenvalue of

—dAp(x) =Arp(x), x €,

¢(x) =0, x €09, (13)

where ¢ (x) is the corresponding eigenfunction of A, satisfying ¢ (x) > 0 for all x € Q2 and
Jq#*(x)dx =1.
2. Stability and Hopf bifurcation

In this section, we investigate the stability of the nonhomogeneous steady state of Eq. (1.1)
which satisfies the following boundary problem:

dAu(x) + ) f(u(x) =0, xeQ,

u(x) =0, X €9Q. @D

We always have the following assumptions for function f:

(H1) There exists a § > 0 such that f is a C3 function on [0, 48],
(H2) f(0)=1and f'(u) <0 forall u € [0, 5].

The existence of the steady state of system (1.1) satisfying Eq. (2.1) has been proved in [36],
so we will pay our attention to study its stability which can be determined by analyzing the
corresponding eigenvalue problems. First we decompose the spaces X, Y as follows,

X=K®X;, Y=KoY,

where

K = Span{¢}, X; = yeX:f¢(x)y(x)dx=O , Y1 = er:f¢(x)y(x)dx=0
Q Q

We directly give the result about the existence of steady state which is from Theorem 2.1 in [36].
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Lemma 2.1. There exist A* > A, and a continuously differentiable mapping » — (&, o) from
[As, A*] to X1 x RY such that Eq. (1.1) with f satisfying (H2) has a positive steady state given
by

up =0 (A —r) [@+ A — 1061, A€ [hy, A5]. (2.2)
Moreover,

— Jo @ (x)dx 1

T O) Jod3@dx T f0) [ 63 (0dx

o)

and &, € X is the unique solution of the equation

@A +22)§ +[1+ haas, (0P ] (x) =0, (p,&) =0. (2.3)

Let u, be the positive steady state obtained in Lemma 2.1, the discussion in the following sec-
tions is always based on the assumption that A € (A, A*] and 0 < A* — A, < 1 unless otherwise
specified. Here, we clarify that the following analysis is for a fixed shape parameter n € RT U {0}.

The linearization of Eq. (1.1) at u, is given by

wu(x, 1) =dAu(x,t) +Af(u)u(x, t) +ruy f'(u;)gn xu(x,t —s), x€,t>0,

2.4)
u(x,t)=0, x€d, t>0,

where g, xu(x,t—s) = fioo gn(t,t—s)u(x, s)ds. We introduce the operator A(A) : D(A(X)) —
Yc defined by
A) :=dA + Af(uy), 2.5)

where ©(A(L)) = Xc. By letting § = s — ¢ and dropping tilde on s, Eq. (2.4) can be rewritten as

0
ut(x,t):A(A)u(x,t)—i—)\u;\f/(m)/g,,(t,—s)u(x,t—}—s)ds, xe, t>0,
—00

u(x,t)=0, x€eo, t>0.

(2.6)

From Chapter 3 of [42], the semigroup induced by the solutions of Eq. (2.6) has an infinitesi-
mal generator A, (1) which is given by

Ant M) @ = @, 2.7

and the domain of A,,; (1) is

0
D(Anr (W) = { n € Cc NCE = 6 (0) = A (0) + haay [ (1) / gn(T, =)gn(s)ds ¢,

—0o0

where C(I: =C! ((—00,0], Yc) and ¢, (0) € Xc. The spectrum of A,; () is
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0(Anr (V) ={u e C: A, pu, ) =0, for some ¥, € X \{0}}, (2.8)

where

0
A, 1, T) = AQ) + daus f(u3) / gn(t, —s)e"*ds — p

—00 2.9

=AM+ A ! —_— — i

M) +ruy f (”A)(] v

Note that (2.9) holds from the integral
; 1 ; 1
,—s)eds = ——— neSTeMdy = — 2.10
/8;1(1’ s)e'ds r”“l‘(n—i—l)/se eMSds T (2.10)
—0o0 —0oQ

The stability and associated Hopf bifurcation of the nonhomogeneous steady state u; of
Eq. (1.1) are investigated in this section with the delay measure t considered as the bifurca-
tion parameter. In the following lemma, we show that, as T — 0, the stability of steady state of
Eq. (1.1) is determined by the limiting operator

Ano(A) = AV + Ay f (uy). (2.11)
Lemma 2.2. For t > 0, we have the following results for the spectra of A and Ayp:

(i) 0(An(2) SR,
(it) liH})Gb(Am(K)) = 0p(Ano (1)), where op(Apr (1)) := 0 (Anz (W) N {p € C: Re(u) > b},

b = —min{l, A} + & with some small ¢ > 0;
(iii) sup  Re(u) <0 holds for t > 0 sufficiently small.
neo (Ayr (1))

In particular, for A € (Ay, A*] and © > 0 sufficiently small, the positive steady state u,_is locally
asymptotically stable with respect to Eq. (1.1).

Proof. For (i), it is well-known that A,o(}) is a self-joint linear operator, so that any spectral

point of A;((1) is real-valued. Moreover, from the assumption (H 1) that f'(u;) < 0, the princi-
pal eigenvalue of A, (%) satisfies

—d [ IVY? + & [ F@)Y? +x [ us f/(up)y?

M1 = inf
O#£yeHY () fsz y?
. —d [o IVYP?+ & [q fu)y?
< inf 5 =0,
0£yeHL () Jay

and the last equality holds because of the fact that A(A)uy = (dA + Af (u))u; =0 and O is the
principal eigenvalue of A(A) with u, being its eigenfunction. This proves (i).
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To prove (ii), we follow the setting in [42]. Define A7y =dAy for y € X¢. Then the closure
of A7 generates an analytic compact semigroup 7T (¢) in X, and it satisfies | T (¢)| < Me~*! for
t > 0by [42, Theorem 1.1.5 and 3.1.4]. Then (2.6) can be rewritten as

t

v(t)=T(t)v(0)—i—/T(t—s)f(v(O),v(s))ds, t>0,
0

with f : Cx — Yc defined by

0
F@) ) = Af (w3)(0) + Aus £/ (u3) f gn(—5)p(x,5)ds, x € Q, (2.12)

where the space Cy, is defined as (for y > 0)

Cr ={¢: (—00,0] = Yc, ¢ is continuous and lim e”*|¢(s)| = 0}.
§—>—00

Here the norm in Cy is defined by ||¢~5||Ck :=supe’’ |¢(s)]. For a fixed n, we choose ¥ = 1. When
5<0

0 <1t <1/2, we have

oo

/e”slgn(S)ldS =

0

o0
1 1
17/s"e(7’71/7)5ds =— <2l oo, (2.13)
"I+ 1) (yT — 1ntl
0

Then, by (2.13) and the boundedness of uy, f(u;), f'(uy), we have

|F(@)]:=sup | F(@) )| < [Af @)l Pllc, + 1hus £/ (us)] / " |gn(s)lds|dllc,
0

xeQ
< (1 @1 +2" e £ @)1) 1Bl < Milc;.

for some M > 0. Therefore f is a bounded linear operator on Cy. With b = —min{1, A,} +& <0
and by using [42, Theorem 3.4.2 and 3.4.5], we know that the set 0;(A,; (1)) contains only a
finite number of points of P, (A, (A)) which is the point spectrum of A,;(A), and all of these
points are of finite multiplicity. Then, when 7 — 0, the conclusion in (i7) holds.

Then, we show that o3, (A,,0(1)) # @ by proving | € op(A,0(1)). By the variational method,
we can also write the A, which is the principal eigenvalue of —d A into the following form:

d [ |Vy|?
A= inf Ja ¥yl

SlalPA (2.14)
otver @  fq¥?
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So, we can calculate that

Ao F@)Y? 4 fqun f1u)y?

pm1—(=ry) = inf
U ogvent@ Jay?
_ e Melf @)+ fw)ly?
0yeH) (@) Jay?

When A — A, that is u) — 0, by the assumptions (H1) and (H2), we know that f(u;) — 1
and u; f'(u;) — 0. Therefore, we have | > —A, which means that | > b and thus u;| €
op(Ano(X)).

Part (ii7) is a direct consequence of (i) and (ii). From part (iii), we know that all the eigen-
values of A, (}) have negative real part for sufficient small t > 0, which implies that the steady
state u, of Eq. (1.1) is locally asymptotically stable. O

In order to investigate Hopf bifurcations in system (1.1), we consider the case that A,,; (1) has
a pair of purely imaginary eigenvalues u = £iw, (@, > 0) for some 7 > 0. From (2.9), we know
that the operator A, (1) has an eigenvalue i w;, is equivalent to

[A(?») + huy f (u3) - iwn] Yn=0, V¥neXc\{0}, (2.15)

1
(1+i6,)"+!
where 6, := w,T.

Next we will show that there exist some triples (wy, 0, ¥y) which solve Eq. (2.15) for n > 0.
For further discussion, we need the following lemma.

Lemma 2.3. Recall that ), is the principal eigenvalue of —d A, we have

(i) ifz€ Xc and (¢, z) =0, then |{(dA + 1)z, 2)| = (A2 — )»*)||z||§,c, where Ay is the second
eigenvalue of —d A;

(ii) for each n >0, if there exist some (wy,, 6,,, ¥y) solve Eq. (2.15) with v, € X¢, then w, /(A —
Ay) is uniformly bounded for A € (Ay, A*].

Proof. Part (i) is the same as [5, Lemma 2.3]. We prove part (ii). By Eq. (2.15), we have

<[A()»)+fo/(ux) —iwn} 1//n,l//n>=0- (2.16)

1
(14 i6,)r+!

Since A () is self-adjoint, then (A(A)¥n, ¥,) is real. And by using 1 +i6, = /1 + 6? e with
tann, = 6,, Eq. (2.16) can be rewritten as

([AG) + At £ @) (1 4 6O DRTI 0TI s, |y, ) =0, @.17)
Separating the real and imaginary parts of Eq. (2.17), we have

n Wi V) = = (14 )7V 5in (G + D)t £ @), Y
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Therefore, we obtain

onl _ o (14677 D2 sin((n + D) ()l + G = 2)ETYn, Yin)|
b= e 19

According to the boundedness of f’ and 6,, we know that there is a constant M > 0 such that
|((1+62)=@*FD/2sin((n + Dna)) £/ ()| < My, which implies that

||

A=Ay

<M (1+ G =26 Mo0) s A€ (A, 271

The boundedness of w, /(A — A,) follows from the continuity of A > (o, [|€xllco). O

Suppose that (wy, 6,, ¥,) is a solution of Eq. (2.15) with ¥, € X¢, then i, can be decom-
posed and normalized as

Yn=PBnd+ (A —A)zn, (P,24) =0,

(2.18)
1¥ally, = Balldll 7. + A = 1) llzallF. = 1117,

Substituting Eqgs. (2.2), (2.18) and w, = (A — Ay)h, into Eq. (2.15), we get the following system
which is equivalent to Eq. (2.15):

81n, B> i, On, A) i=(dA + A)zn + (Bpd + (A — )‘*)Zn){l +Ami(&, an, )

+ (@ + (0 — 1IE)f (u2) - ihn} =0, (219

(1 £ i6,)n+1
82 n 1) 1= (B2 = 1) 191, + G- = 20 l12a 1, =0,

where
f) —1 Aot Ay,
mi&,on,0) =1 A~ A (2.20)
f/(o)a)\,*¢s )\,2)\‘*'

We define G : X¢ x R3 x R — Y¢ x R as

G(Zna ﬂnvhl‘la 9’19)") = (gla 82)

We will show that the equation G = 0 can be solved for A near A,, and we first solve the limiting
equation when A = A, in the following lemma.

Lemma 2.4. When A = A, for n >0 and m € NU {0}, we define

mo. dm + D

Moo, = ETER 3, = {Q,ﬁ* = tan (nn’")\*) :sin (’7:1"1*) >0, cos (nza*) > O} ) (2.21)
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Then G(zy, Bns hn, 64, As) =0 has exactly | X, | solutions given by

m .__ (. m m m m
nix " (an*’ ﬂnk*’ hnk*’ nk*)

(2.22)
= ((1=7cos"" (i5.)) €. 1, cos™ ! (i) tan (1))

where 9,’3* € X, (here | X, | is the number of elements in the set ¥,). Moreover,

(i) ifn=0, |Z,|=0;

(ii) ifn eN, | X, | =m, + 1 where m,, := [(n — 1) /4] (here [k] is the integer part of k € R);
(iii) ifn e Qt —N, |Z,| < oo;

(iv) ifn e RT —QT, |Z,| = co.

Proof. Our purpose is to solve G(z,,, Bn, hn, 6n, A) = (g1, g2) = 0 when A = A,. Firstly, we have

m

0., = 1 through solving g[3=, = 0. When A = A, g1 =0 is equivalent to

. / 1
dA+ )z + A —ihy)d + Ay, f(0) (1 + m) ¢2 =0. (2.23)

Multiplying Eq. (2.23) with ¢ and integrating over €2, we obtain that

o 2 / 1 / 3
(1 lhn)/¢ dx + reay, f(0) (1 + 7(1 T i@n)"+1> ¢ dx
Q Q

— ; 1 2 _

Q

which implies that

1

W +ih, =0. (2.24)

Separating the real and imaginary parts of Eq. (2.24), we have

(1+67)~ "D/ cos((n + 1)n,) =0,

2.25
—(1 462~V 2gin((n + 1)ny) + hy =0, (2:29)

where tann, = 6,. Since 6, = w,t > 0 and h, > 0 which is from the second equation of (2.25),
then we have

_ (4m+ Dn

n = , m=NU{0}, 6, =tan(n,), with sin(n,) > 0, cos (n,) > 0. (2.26)
2(n+1)

Hence we have 6,, = erlnx* € X, defined in (2.21) when A = A,. When n = 0, from (2.25), there
@dm+ DHr
2(n+1)

T o T or equivalently —1 <
2(n+1) 2

is no solution satisfying G = 0. When n € N, since k(m) = tan ( ) is periodic in m,

and from (2.26), the number of 9,’3* is determined by 0 <
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4m < n. It is easy to see that the number of integers m satisfying —1 < 4m < n is my, + 1 for
n € N. When n is rational but not an integer, that is n € Q7 — N, then we can write n as a
fraction. By an analogous argument of the n € N case, it can be shown that the number of 6" i, 18
still finite. When n is irrational, the function k(m) defined above is not periodic, so the number
of solutions of G = 0 is infinite.

By the second equation of Eq. (2.25), h,, is obtained when A = A,:

R =cos" ! ().
Substituting Eq. (2.24) into Eq. (2.23), we get
A+ 2020 + (1= i) (¢ + s, f’(0)¢2) —0. (2.27)

Because (dA + 1,) " Lis bijective in (X1)c, so the solution of (2.27) is given by

an/\* __ (1 _icos"t! ( )) dA +A*)_ (¢ —i—)\*a)\*f/(O)qﬁz) = (1 —icos™t! ( )) Enys
where &, is the unique solution of Eq. (2.3). This completes the proof. O

Lemma 2.4 shows that 6, (frequency parameter) can be explicitly solved as in (2.21) for
any real-valued shape parameter n > 0. For simplicity, in the following we will only consider the
case of n being a positive integer, although the rational » case can also be established with similar
approach. Note that in the integer or rational case, the number of potential critical frequencies 6,
is finite, which is different from previous case of discrete delay case in [36] (which corresponds

to the distribution function is a Dirac delta function). For that case, it was shown that 6™ =

4 Dr
w is a critical frequency for any m € N U {0}.

Now by applying the implicit function theorem, we obtain the following result regarding the
eigenvalue problem for A near X,.

Theorem 2.5. For n € N and 0 <m < m,, and with W;"A* defined in Eq. (2.22), we have

(i) for each m, there is a unique continuously differentiable map W™ : [Ay, A*] = (X1)c x R3
defined by W™ (L) := ( o Bgs Py s nk) such that G(W™ (L), A) =0and W (Ay) = Wr'l'}\*.

Moreover, if there exists W1 A) = ( Znh s ,8,’3, h;"w 9,2';) such that G (Wl’” A), A) =0 with

A" >0, 6™ >0, then WI"(A) = W™ (A);
(ii) for A € (Ay, A*], the eigenvalue problem

A iwp, T, =0, 17, >0, ¥, € Xc \ {0}
with A defined in (2.9) has solutions, that is, iwy, € 0 (A, (A)) if and only if

wy = a) =A—- )L*)hn)u Th = Tnk eﬁ/wlrf}t’

. . (2.28)
w” =Tn wn)» with wnk = IBnA(l) + (- )‘*)Zn)»’

where r, is a nonzero constant and (z%, B by 9;’;») = W™ (L) is defined in part (i).
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Proof. We define T = (T}, T») : (X1)¢ xR > Yo x Rby T := Dz, g, o) G (W,;'; , *) that

is the Fréchet derivative of G with respect to (z,, Bn, hn, 6n) at (Z:';A*’ h%\ ,0m ‘e ). Then we

nAsx’
have

Ti(x, &, €,9) = (dA+ 1)y + (1 =il ) kp [1+ hean, f/(0)¢] — i€
i(n+ D)0 ke, f/(0)g?
n+2
(1+i02.)

T2 (<) = 2[5,

’

where oy is defined in Lemma 2.1. It can be verified that T is bijective from (X )¢ x R3 to Y¢ x
R. By the implicit function theorem, for each m, there exists a unique continuously differentiable
mapping W™ (1) : [As, A*] = (X1)¢c x R3 such that G (W™ (1), ) = 0 with W™ (1) = W,ﬁ*.
This completes the proof of existence. And we need also to prove the uniqueness of the solution.

From the implicit function theorem, we need to verify that if G (Wlm A), A) = 0, then
Wi'(A) — W”;\ as A — A, in the norm of X¢ x R3. From Lemma 2.3 and Eq. (2.23), we
see that {h b {,3 5.} and {6 "} are bounded for each n. From Lemma 2.3 and the first equation
of Eq. (2. 2%) we have

{1+ 2o 20 = i ) (Bsd + 0= 202 ) 2o )|

=m |2
Z =<
12l < =5

N <Aax(¢ + (A — A8 [ (u5)
- n+1
(1+idp)

<(1 + Ay (e, Ex, M) — iR,

(B +0—202). nk>

T =
— D@+ 0= k6D F ) (Bg + (=207 ) 2 )|

The boundedness of {h " { } {f'(u;)} and {&,} implies that there exists M, > 0 such that

PR 14 Amy (s, £, &) — iR™ — ida (@ + (A — A& f(u)h™, =M,
- *
then we have
[z 5. < Mallllve B | 125 ]y, + MaGh— 1) |25 )15, (2.29)

We can choose proper M» such that M> (A — A,) < 1/2, then Eq. (2.29) implies that

” Zna “Y <2M>

IBnA

117 (2.30)
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Hence, {Z%} is bounded in Y¢ when A € [A4, A*]. Since the operator dA + A, : (X1)c — (Y1)C
has a bounded inverse, by applying (dA + A*)’l on g (anw ﬁ;l”}», ﬁ%, ér’l"k, A) =0, we find that
{ZZ’A} is also bounded in X, and hence {W{” (A) i h e (s, A*]} is precompact in Y¢ x R, There-
fore, there is a subsequence [Wl’” ) = (22’”, Z;j,h,’;’uﬁ;’;j)} such that

W (W) — W (), A — Ay as j— oo.

By taking the limit of the equation (dA + A,)~'G (Wlm A9, )J) =0 as j — oo, we have that
G (W]"(A), 1) = 0. Also, by Lemma 2.4, we know that G (zu, Bu, hn, On, A+) = 0 has a unique
solution given by (z,,, B, hu, 6,) = W;’i*, thus W' (A4) = Wg’i*. Hence, Wi (L) — W;’/’\* as A —
As in the norm of X¢ x R3. This proves part (i), and part (ii) is immediately observed from
part i). O

When using the delay t as bifurcation parameter, Theorem 2.5 identifies m,, 4+ 1 possible Hopf

bifurcation values rr:’j\ for 0 < m < m,. We show that the bifurcation values rﬂ are monotonic
with respect to n and m.

Proposition 2.6. For A € (A, A*], n € N and 0 < m < my,, we have the following results:

(i) for a fixed n, T} is strictly increasing with respect to m;
(ii) for a fixed m, 13 is strictly decreasing with respect to n.

Proof. It is sufficient to show that the monotonicity holds for

M (2.31)

g(m,n):= lim (A — A7)} = .
A= cos+1 (’7”1 )
A%

_ @m+ D7

From 7)), = m, we see that n7", is strictly increasing in m and strictly decreasing
k n *
. . m . tan(x) .
in n. Moreover, by definition 0 < n;, < /2, and the function G(x) = ——— is strictly
* cos"t1(x)

increasing in (0, r/2). This shows that g (m, n) is strictly increasing with respect to m and strictly
decreasing with respectton. 0O

Proposition 2.6 shows that the possible Hopf bifurcation values satisfy
0 1 mp
O<t <t <--<1,,",

and the minimum value T;?)\ is where the steady state u; of Eq. (1.1) loses stability.
Next we verify that the simplicity and transversality conditions for Hopf bifurcation are satis-
fied.
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Lemma 2.7. For each . € (Ay, A*], n € Nand 0 <m < m,,, we have

1
(l) S;ln)h ::/ (l + (f’l + ))\.T )Luknjiz(uk)> (w::;h(x))2dx ;éO,
Z (1+i6)

(if) w=nu (r,ﬁ) i=iw) is a simple eigenvalue of Ap;(A) when T =1, ;

(iii) Re (Z—/TL (rﬁ)) > 0.

Proof. For part (i), substituting Eq. (2.24) into the definition of S , we have

m _ m 2, i(n+ l)kf/(ux)uké};’a ) )
n _Q/(wn)\(x)) dx Q/ (h— Ay) (1 ‘i‘l@:&) (lﬁ,,)\(x)) dx

Let A — Ay, we obtain that

] DA f'(0 o
* o "

140"
Q ni

2

1+ +2) (67 o

( ;) +l(”+ )n)\* /¢ (Odx (2.32)
1+ (o) 1+ (o)

=1+ (n+ Dsin® (n};) it Lsin 2m5.) -
This shows that S7} # 0 and it proves part (i). The proof of part (i) is similar to that of Theo-
rem 3.5 in [36], so we omit it here.

Now we come to the proof of part (iii), by applying the implicit function theorem, we obtain
that there exists a neighborhood O x D x H C R x C x X¢ of ( 0, lwnk, 2’;\) and a continuous
differential function (i, ¥) : O — D x H such that, for each 7 € O, u(7) is the only eigenvalue
of A,;(}) with its associated eigenfunction v (7) and the following equalities hold:

p(on) =ioly, ¥ (mn)=v5,
0 (2.33)
MG w(@),7) = [AG) + 2 fw3) [0 0. =5)e"Pds = u(r) |y (1) =0, T €.

Differentiating Eq. (2.33) with respect to T at 7 = 1, , we get

0
du .
d_‘[ (T’,’ln)\) 1— )\,MA f/(MA) / S8n (‘L', —S)elwn)ﬁsds w;{i

—00

d d T som
NCRPR d‘r”(m)ﬂm ) / L) GO dsy =0,
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Multiplying the equation by ¥} and integrating over €2, we obtain

0
/ 98n (T, =5) iwtts / Ja () (¥y)* dx

ot
L () == :
d " m /
B O [T
2 (1+i6)

—i(n+ 1o 2
g [ ()
na Q

:/( (n+ DAt )Lu;Lf (M)L)lh >(wrﬁ)2dx

140
J ni
1 [ =@+ D" Hm 2 ?
DB [ ()P [ (v
Ry o (1416]3) Q Q
2
. (n+ DA 2
0 g [ s 0 (v
ni Q
Then, we have
2
o (du( )> —(h— 1)’ (n+1) hZﬁ / /’\”“N(”A)( ) g
dr (1 + (9,;”A Sal & e
When A — Ay,
) auy f! (uk)
I =
)»lﬁn;»l*/ A— )»* /¢ (X) '
Q
so we have

20+1) (,m

d (n+ 1)cos (77 A*)
T b) L,
A=A (A — Ay) dt m

sin? (n,’f}\*) Sy

-

where

| s | = \/(1 + (n 4+ 1)sin® (77,’1")\*))2 + ((n + 1) sin (2’7?1*))2/4-

d
This implies that Re (d_,u (rﬂ)) >0for ke (Ae, A*]. O
T
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Now from Theorem 2.5, Proposition 2.6 and Lemma 2.7, we have the following results for
the Hopf bifurcations near the positive steady state u of (1.1) when the delay is near the critical
value T =1, .
Theorem 2.8. Suppose that f satisfies (H1) and (H2), d > 0 and g, is Gamma distribution
Sfunction with shape parameter n € NU {0}. For each ) € (Ay, A*],

(i) when n =0 (weak kernel), all the eigenvalues of An. (L) have negative real parts for all
T > 0, and the positive steady state u; of (1.1) is locally asymptotically stable for all T > 0;
(ii) when n € N, there exists an increasing finite sequence r,ﬁ > 0 for 0 <m < m, such that
all the eigenvalues of A, () have negative real parts when T € (O, TI?A), Apz(X) has a pair
of purely imaginary eigenvalues Liw) (a),"fx > ()) when T =15, Apr(A) has 2(m + 1)

eigenvalues with positive real parts when T € (tﬂ ‘Cﬂ-"—l), and Ay:(\) has 2(m, + 1)

eigenvalues with positive real parts when t € (r,’:;" , oo)
(iii) for n € N and 0 <m < my, a Hopf bifurcation occurs at T =1, for (1.1) so that there is a
continuous family of periodic orbits of (1.1) in form of

{(7) (), ul (x,1,9), T (5)) 15 € (0,81)},

where u) (x,t,s) is a T, (s)-periodic solution of (1.1) with T = 1,'(s), and 1,'(0) = 1)},

lim u™(x,t,s) =uy(x) and Lm T,"(s) =2m/wy;
s—>0F s—>0t
(iv) for n € N, the positive steady state u; of Eq. (1.1) is locally asymptotically stable when

TE (O, rr?k), and it is unstable when t € (rr?k, oo)

Proof. Part (i7) and (iii) follow from Theorem 2.5, Proposition 2.6, Lemma 2.7 and the Hopf
Bifurcation Theorem [22]. Part (iv) is a straightforward corollary of part (ii). We prove part (i)
by modifying an approach in [5,7].
Assume that the conclusion of (i) is not true, then there exist two sequences {A/ }‘/’.‘;1 and
{rj}?‘;l, satisfying A > A, for Jj =1, lim A= As and /> 0, and for each Jj, the eigenvalue
]*)OO
problem

0
. . | R .
A()»J)lp—i-)ujukjf/(ukj)/;e‘/ﬂe’“dsw=/up, x €, (234)
—0o0

¥(x) =0, x €0Q,

has an eigenvalue 1,,; with nonnegative real part and corresponding eigenfunction v, satis-
tying ||¥yllve = 1. Then, we write v,; as ¥, = c;ju;; + ¢, where ¢,; € C and ¢, =
(), ¥yi)/(uyj,u,;). Here u,; is the positive steady state of Eq. (1.1) for A = A4, and ¢, € X¢
satisfies (¢,,, u,;) =0.

Substituting ¥ = v, = c;ju,; + ¢, and u = w,; into Eq. (2.34), multiplying by v, ; and
integrating, we have
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0
(A()‘])¢Afs¢kj> =My — A <M)Lj f/(u)\j) / ?es/r et ds‘/ija W}J> s (2.35)

—00

from that (A(AY)gi, uy;) = (¢, A uy ;) and A(A)u,,; = 0. Define

0
. 1 ; )
Dj =3 <“u‘f/(uxi) / ;e“/f’eumsw, I/fm‘>,
—0o0
then we can obtain that

/ .
@I 0, as j— oo (2.36)
I+t

D1 < M Ml lloo
From Eq. (2.35) and the fact that (A()»j)q&)\_,' , ¢,;) <0, it can be inferred that
0= Re(u;) < |Djl, 0= |Zm(u; )| < |Dj1,
hence by (2.36), we have
jl_i)rr;o Re(u,j) = jl_i)rrgo |Zm(1y,)] = 0.
From (2.35) and using similar argument as in the proof of Lemma 2.3 part (i), we have

1Dj| + 11301 = AR 1. 30 = 120D - b .- (2.37)

where A (A7) is the second eigenvalue of A(A/). When j — oo, both | D il and |u; ;| go to zero
because of lim; ., o |1 j [lco = 0, so the inequality (2.37) implies that lim ||¢;;ly, = 0.
j—>00

Since Yy = cyju;; + ¢, and ||, ||y, = 1, then we obtain

M}L/
M= Ay

=1,

—> 00 Y(C

lim [, [(A) = Ay) lim H

. 1
and hence lim |c;;|(A/ —A4) = — > 0. Now we calculate that
Jj—o© o),

*

D;
M= e A — A

0
. 1 j .
A <”Ajf/(uxj)/ ;es/fjeﬂxfst(CAj”xj +@,5), (ciu; +¢Aj)>
—00 (2.38)
b¥i
=— (N1 + D+ I3+ Js),
1+Mmff( 1+h+J3+J4)

where
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u; (x) f'(uy; (x))
Ji= |C)J| ()»] Ax) /‘—)L T — )3

X,

) f (1 (X)) byj (X)d

J_ u“
h=c;; (A *)/ T X,
ul () f’ (um (X)) (x)

I _/(P)L,(x)d))h,(x)uk,(x)

Since lim ||¢;;llyc =0, then lim |l¢;;ll;1 =0, so
]A)OO ]*)OO

1
lim J1=ou*f/(0)/¢3dx=——, lim J; =0,i=2,3,4.
j—00 A i

* J—>00

Therefore, by letting u; ; = uf_, + iui_,, when j — oo,

D; _ l+o() _ l+o()  —(+pde)+inlv/ +o()
M=t THmytl T TpRoivipl i A4 R 4 (w12

So, Re(D;) < 0 which implies that

Re(ny) = (AR by i, ¢,i) + Re(D;) < 0. (2.39)

That is a contradiction with Re(u, ;) > 0 for j > 1. Therefore, all the eigenvalues of Ao (1)
have negative real parts for all T > 0, which implies that the steady state of Eq. (1.1) is locally
asymptotically stable whenn =0 forany 7 > 0. O

3. Stability and direction of Hopf bifurcation

In the previous section, when n € N, we obtain conditions under which system (1.1) undergoes
a Hopf bifurcation near the positive steady state u; at T = 7,)} . In this section, we apply the theory
in [10,11,38] to compute the normal form of the Hopf bifurcation to determine the bifurcation
direction and the stability of bifurcating periodic orbits. Firstly, by letting U (f) = u(-,t) —
and U; =U(t +a) eC=C((—00,0],Y¢),a =7 — 1)} and t — t/7, for each A € (A4, A* ] we
translate the steady state and parameter t to the origin, then o = 0 is the Hopf bifurcation value.
For the simplicity of writing, we give the following new notations:

T = T,ﬁa Yy = W,Z'i, Onp = e,ﬁa Nna = n;tn)” Wpy = U)Zl)\v Sy = S,T)\a (3.1)

for A € [A«, A*], where 6,3, T/}, V5, o, are defined in Theorem 2.5, S} is defined in
Lemma 2.7. Also we recall the following limits for the subsequent computation:
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. up
lim
A—=hs A — Ay

=, ¢, lim Y =@,
A=Ay

1 (3.2)

. .2 .n .
Ahnxl Spa = Sna, =14+ (@ + 1)sin (Tlnx*) +1i sin (Zflnx*)
—> Ay

with u,, , defined in Lemma 2.1 and ¢ being the eigenfunction of —d A with eigenvalue A,
and norm fQ ¢*dx = 1. For the simplicity of writing, we define

0
T(F) = f () Fs) :' TS 4.

where F(s) can be a function or a vector-valued function defined on (—o0, 0]. Then, we rewrite
Eq. (1.1) as follows:

du(t)

=1 dAU(0) + Lo(U;) + F(Us, ), 3.3)

where

Lo(Up) =2t (f @)U () +us f () T (UD)
F(Up, @) =a ((dA +rf @)U @) + 2 f @) T (Up) + e + ) f (@)U O T (Uy)
+ @+ T U@ +uw) [ (TWUD) +un) = fwn) = f @) T U]

For the convenience of computation, we rewrite F (U;, ) as

1 1
F(U;,oc):EFQ(Ut),(x)—G—§F3(U,,(x)—|—h.0.t., (34)

where h.0.t. stands for “high order terms”, and

Fy(Ur, @) = 2la ((dA +2f @)U (0) + Ay f'(w3) T (Uy))

u; " ()

+ 21A a0 <f/(MA)U(t)T(Ut) + 2

(T(U[»Z) ,
1
F3(Uy, @) = 3! [axf’m)U(r)T(U» 5 MU0 + @) £ ) (T(U))?

1
+§Mnxuxf”/(ux) (T(Ut))3i| :

The linearized equation of (3.3) is

dU (1)
dt

=Ty d AU () + Lo(U;). (3.5)



Q. Shi et al. / J. Differential Equations 263 (2017) 6537-6575 6557
Denote the infinitesimal generator of Eq. (3.5) by A;, we have A,y = 1ﬁ, with its domain
D) = [ e Ce (e : ¥ O=ru (AGIFO) + Aar f @) T(W)}

Then Eq. (3.3) can be rewritten in the abstract form:

dU (1)
dt

=AU+ xoF (U, ) (3.6)
with

0. ae(-00,0),
XO(a)_{I, a=0.

For ¢ € C, ¢ € C* = C((—00, 0], X*), we introduce a bilinear functional ((-, -}) defined by

0 a

({9, ) = (9(0), ¥ (0)) — / /(fp(é —a),d8(a)y(§))d§, (3.7

—00 0

where (-, -) is the formal duality between X and X* and §(a) is a bounded variation function
such that

0
Low=/d5(a)1/f(a), vec.

By Theorem 2.8, tiw,;1,, are a pair of simple purely imaginary eigenvalues of .A; and we
denote wy) 7, as 6,,. Let A = {if,,, —i6,,}, then the eigenspace associated with A is

P =Span{®}, ®(a)= (xp,,kei@n%“, Iﬁn,\e_ie"*a) , a € (—00,0].
Then C can be decomposed as C = P @ Q with

O={peC:{{},¢@))=0, forall y € P*},

where P* is the generalized eigenspace of the adjoint equation associated with A and

T
* _ 1 —i0p).8 1 - 178K
P* =Span{W¥}, W(s)=|——"Vme s =— Ve , 5 €[0, +00).
Snk Snx

In order to apply the method in [10] to compute the normal form, we consider the enlarged
phase space

BC ={y : (—00,0] — X : ¢ is continuous on (—oo, 0) with a positive jump discontinuity at 0},
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and BC can be decomposed as BC = P @ Ker(s) with 7 is the projection from BC to P and
defined by

(g + x0y) = (V. 9)) + (¥(0),y), 9 €C, ye X.
The extension of A; : Cé — BCis
Arv=0(a) + xoltnnd Av(0) + Lov — v(0)]
with v(a) = U,(a) and CL ={p € C: ¢ € C, ¢(0) € X} C BC. So Eq. (3.6) can be rewritten as

dv(0)
dt

=A v+ xoF (v, ). (3.8)
By letting v = ®z(¢) + y(¢) and following the process of [10], Eq. (3.8) can be decomposed as

{ 2(t) = Bz(t) + (¥ (0), F(®z() + y(1), @)),
(3.9)

() =Acy(®) + U — ) xo F(Pz(1) + (1), @),

where z(t) € C%, y(t) € Q) = 0 NC},

_(ib O
B‘(o —i@n,\)’

and A;q : Q(l) — Ker(x) with A;jv=A.v, ve Q(l).
We write the Taylor expansion of the high order terms of Eq. (3.9) as follows:

1 1
(W), F(@z() + Y1), 00) = 5.z, 0) + 7 f3 (2, y, @) + hoo.t.,
%) %
(I =m0 F (@20 +y(1).0) = 5 [ y.0) + 3 1@y @) +hodt.,
where
[}z y,0) =(¥(0), Fj(Pz+y, @), f{(z y,@) = —m)x0Fj(®z+y, ) (3.10)
are homogeneous polynomials in (z, y, o) of degree j with j =2, 3.

Then, by using the transformation (z, y) = (z, y) + %(U} (2), U}(Z)), we obtain the normal
form of Eq. (3.9)

1 1
(D =Bz + 58y @) + 584Gy @) +hodt.,
2! 3! (3.11)

. 1 2 1 2
y)=Any@) + 5782@ v ) + 583 v @) +heodt.,
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where
gj(z y,@) = f}(z,y,0) = [D.U} Bz = BU}(2)],
87z, y,@) = f}(z,y,@) = [D.U} Bz = A1 (U3 ()]
Define

Mj(p)(z,@) = D.p(z,@)Bz — Bp(z, @), j =2, a1
M3(p)(z. @) = D:p(z.0) Bz — Ar1 (p(z. @), j =2, '

then we have

gjl (Z’ Y, Ol) = PrOjKer(le)fjl (Zv Y, Ol),
(3.13)
8@y, @) = Projye ) f7@ v, @).

By the results of Faria [10], g? =0 for any j > 2. So on the center manifold, we have y =0
and Eq. (3.11) has the following form:

1 1
HD:JHU%+5gﬂ&&a}+§ﬂﬂLQa)+hﬂL. (3.14)

And we can calculate that

oo (1)
1 2222 7102 0 0
ool (5) () () (2]

First we compute g% (z,0,«). From (3.13), we need to compute le (z,0, o) which is defined in
Eq. (3.10). According to its definition, we have

1 1
5i42(2,0,0) = 2 (W(0), H(®z+y, @),
:<440La[dAdKOk—%Af0”)¢UDz+AuAfKuU7Yd0{

1
=2t f" @) (@ (0)2) (T (®)z) + Ektnxu;\f”(ux) (T(®)z2)? >

ad(0)z

Tna

= <\I’(0), > + AT (W(0), f'(u3) (@ (0)2) (T (P)2))

1
+ 540 (WO, 12 £ 1) (T(@)2)?)
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K8 (i, Y21l
_ AT (W), £ (u3) (D (0)2) (T (D)2))
lwm ('(//n)” wnﬂZzot

+ 5“’” (W), un 1" (w2 (T(@)2%),

so by the definition of Ker(le) we can get

1>

?T'?(an, Yur)z1a (

41““) (3.15)

I, . I
Egz(z, 0,0)= Pm]Ker(l"le)Ef2 (z,0,2) = A2

_;w'“\ (Vs Yrma) 2200
with

la)n)k
Sn)L

Al

(l/fn)\ w)1k> (316)

Let K :="Re(A;), then from (3.2), we have

] 1
)\hm T K1 =0, Re <Sl ) = n—;— sin (277nx*) i, = (0 + 1) sin? (Un)\*) >0. (3.17)
—> Ax NAs

Note that K is an important number in determining the direction of Hopf bifurcation and K| =
O (1A — A«D.
Next, we calculate g31 (z,0,«). By Eq. (3.13) and the definition of Ker(M3] ), we know that

1 , 1.
5gé(z, 0,a) = PrO]Ker(M;)if; (2.0, ) = Pro,s—]g (2.0,0) + O(|z]e?) (3.18)

2
_ 7122 0
s=se{(57)- ()}

and ];31 (z,0,0) is given in [10] as follows,

with

f1(z2,0,0) = f1(2,0,0) + %[szz‘ (2,0,0)U1 (z,0) — D.UJ (z,0)g1(2,0,0)
+ Dy f5(z,0,0)U5 (z, 0)],
where
Uy (2.0) =Uj (z, )| ,_y = (M)~ ProjKer(le)fQI (z,0,0), (3.19)
and U22 (z,0) is determined by

(M3U3)(z,0) = £2(z.0,0). (3.20)
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By Eq. (3.15), we know that g% (z,0,0) = 0. Therefore, f31 (z,0,0) has there terms left:
f31 (z,0,0), D, f2l (z,0, O)Uz1 (z,0) and Dyle (z,0, 0)U22(z, 0) which will be computed one by
one in the following.

By the definition of f31 (z,0,0) which is in Eq. (3.10), we can get

1
510,00 = (w(), F3(<I>z 0))

1 -
<‘If(0) T [ () @ (0)z (T(P)2)* + Mnxuxf’"(ux)(’f(@)z)>—(E,E)T,

where
2
<S Vs Mn/\f”(u/\)(lﬁnxm + VUnn22) (Pna¥nazt + pnaVnaz2)
ni
1 " - 7 3
+ ykfnkukf 3) (Pna¥mrz1 + Pun¥naz2)
. 1
with p, 1= W Therefore, we can get
[4%7V%
(1 Coz? zz
Projs| 5 /320,00 ) ={ & !
rojs (3!1”3 z )) (C e
with

ATn),
Sux

Co= <(¢nx,f”(ux)wnx|1lfnxl Monal* + 5 (I/fnx,f W) V¥ o

(3.21)
+ Ewm ukf”’(unw,%k&nm;)ﬁmm) :
When A — A, according to Eq. (3.2), we have
tim G0 _ 2 Oy, Jo o'dx
A= ds T, 2Sn)»* '
which means that Co = O (J]A — A,|~!), thus we have
C
lim TO =0. (3.22)
A=Ay tnk

Next we calculate szzl (z,0, O)U21 (z,0). First of all, we have

f2(z,0,0) = (¥(0), F; (¥z,0))
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= ATux (\IJ(O), 2 ) (@(0)2) (T (®)2) + us £ (uz) (T(@)z)z)
=T (H, H)T
with
2
H= S, |:<,0m\ (Yurs f1 VR + P,,,\ (Vs un f (M)VM)
+ (2Re (pun) W £/ @ W) + Lo 2 3 £ @) o)) 2122
- / T2 1 =2 / T2 2
+ (pmm, F V) + 5 o (s ur f (unwm) z2} .

Hence, by the definition of U21 (z,0) and M21 which are in Egs. (3.19) and (3.12) respectively, we
obtain

Ul (z,0)= (M)~ £)(2,0,0) =

with
2 / 2 1 2 /" 2 2
Uy = 5 [(pnx(wnx, F )y, + E,Onx(lﬂnmuxf (M)%M) b
— (2Re (o) W /@) Ws ) + o PV s f " @) ) 2122
1 _ 1 _
-3 (ﬁmwnk, fla)vn) + —ﬁ,%m,m uxf’(m)l/fﬁ)) z%} :
2 |1
U= [3 (m(% fl @) + p,mwnx w f' (m)%))zl
ni
+ (2Re (o) G /@i ) + Lo (B 0 £ @l ) 2122
< Wnk f (MA)WM + pn)L Wnk u)»f (u)\)l//n)L) ]
Therefore,
. C172
Projs(D. £} (z.0,00U3 (z,0)) = (ngig) :
where
8A22, | Re (pny) ,
Cr=—p" [ A (Vs @) [P |)

2
X (an(llfnx, Fu)vs) + p—gk(’ﬁnx, MAf”(M)‘/Gﬁ))
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= S W 1 @) (2Re (o) W £ @) )+ s W s f ) ) )
ni
ﬁnk
31501
Re (pnr)
|Snk |2

_ _ 1 _
+ (Ynrr [ () U2 (pnmm, F@)VE) + =5 Vs, fo/,(ux)w,fx))

2

+ W £ @) (2Re (Pua) Wi £ @) )
- low P i @) )|

With the fact that Re (0,,,) = Re(—ih,,) =0, C; can be reduced as:

Si}‘ztr%)» 1 2 i 2 " 2
Ci=——"= ST|,01M| P {Wans [ @)Y ) (Yo un 7 (o) [ ¥nal )
ni

9nk

1 7, / , -
_ 315, <|pnk|2<1/frzk, f (”A)Wr%A)(lﬁnx, f (“)L)I//,%)L) (3.23)

1 - -
+ §|pnk|2pnk(¢nks F @) ¥nn) (Yns uxf”(ux)lﬁ,ﬁ)) }

When A — A, we have

C,  —S8ird?, [, b dx
. Tl _ i, Jo . (3.24)
A=Ay Tn)» 30{)\*911)\*|Snk*|
Therefore,
C
lim Re <Tl) —0. (3.25)
A— Ay Tn)»*

Finally, we determine Projs(Dy fi(z,0,0)U3(z,0)), and define h(z,a) = U3(z,0) with
h(z,a) = hao(@)z} + hi1(@)z122 + hoa(a)z3. Then, hag(a), hii(a), hpa(a) can be uniquely
determined by

(M31)(2) = £3(2,0,0), (3.26)

which is equivalent to

Deh(z, @) Bz = At (h(z, @) = (I = 1) x0F2 (@2, 0)
=221 [0/ W) @OD(T(@)2) = (W), f W) @OT@2)]  (327)
2 X0t S w2) (T(@)2)? = & (W (0), s f @) (T(®)2)7)] .
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Applying the definition of A;; and yxo, we have

h(z,a) — D;h(z,a) Bz =21, ® (W (0), f(2) (¥nrz1 + $nr22) Wnapnrz1 + Gnrpnrz2)
+ ATa @ (W (0), [ (u3) Wnaourz1 + Purfniz2)?).
h(z,0) — Tynd Ah(z,0) — Loh(z, @) = 27Tu () Wnr21 + $nr22) Wnr oun21 + G fnn22)
+ ATs (Wi PnrZ1 + Gnapninza)>
(3.28)

Matching the coefficients of z% and z;z2 of Eq. (3.28), we can get the following equations about
hyo and hyy,

hao(a) — 2i6uha0(a)
(Wi S @)Y ) Ymae + (Vi [/ @)Yy Yrmre”
Sna S
(W 13.f" () Yy ) Yrur e . (Wnns un " U)W ) Yrnpe ™0
Sna S,
120(0) — Ty, [A20(0) + Ay £/ (u3) T (h20) | = Atun. 2 f (3 s + . 7 () p2) V2,
(3.29)

/ 2 iOpa 7 ’ 2\ .7 —iOppa
h1(@) = 41,3 Re (o) (Yar, f (MA)|;ﬁnA| )Ynse n (Yan, [ (W)Wnﬂ )¥nre )

A . _ Sn _ .

o ((Wnn o " @)Y ) Ynne 29 Pz, uxf”(u/\)Ilﬁnxlé\)%xe_’e"*”

+ 2ATp5.] onal S + R ’
ni ni

h1100) = Tup [AQR11(0) + Ay £/ ()T (h11)] = 207 (2 ' (up)Re (on3)
+ s £ )| ona ) W2,

= 2ATpaPn).

+ )an)uo,%x

(3.30)
where A(}) is defined by (2.5). Moreover,
£2(2..0) =227 (W(0), ') (@(0)z + y(O)(T(@)z + T ()
2 (WC0). 1 w3) (T( @)z + T())?).
so we have
Dy f5 (2.0,0)y =247, [(¥(0). f' ) T(@)zy(0) + fun)@(0)z7 ()
+ (W), us f" )T (@)2T (»))] = 22700, (J, DT,

where

J Yar, f/(u)\)(l/anZI + &nAZZ)T(y) + f/(l/t)») (pn)\wnkzl + ﬁnk&nAZZ) y(0)

= §<
+us £ n) (Pna¥maz1 + Puat¥inaz2) T()).
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Therefore,
. 1 _ (G
Projs(Dy f5 (z,0,0)h) = (szﬁ)
with
2)»‘1,',,)L ’
Cr= S [(Wnrs £/ @) ¥ns (arh11(0) + T (h11)))
+ (Wars )V (Bushao 0) + T (o)) (3-31)
A (Wnrs wr £ @2) (Vnnomr T (h20) + Ynromr T (h11)))] -
‘We define
woo(a) := M, wip = M, a e (—o0,0], (3.32)
Tna Tna
then when A — A, we have
.G 20 f'(0)
Jim é =5 / ¢ [(ow i O) + T (wip) + (o wio(0) + T(wip))]dx. (333

where w3, = ,\gn)} wa0, Wi} = A11>Irxl wy1. For Egs. (3.29) and (3.30), dividing them by 7, and

letting A — A, we can get the following limit equations:

. ) 2lhn)\ ¢ ei@,,)h*a €_i0")‘*a
W3y (a) = 2i0,, why(a) = - 3 + — ,
Q) s Siis

W30 (0) — i, [ACL) W30 (0) + At [/ (O)T (Wi)] = —2ihps, ds f'(0)9%,

(3.34)

and

iy (@ =0, (3.35)
wT] 0) — T, [A()\*)le 0) + Asus, f/(O)T(wik] )1=0. .

In Eq. (3.35), we know that 1111"1(0) = 0 from the first equation, and we substitute it into the

second equation and obtain

A)w11(0) = (@A + 1)wi(0) =0

Hence we have w{,(0) = c,¢ for some constant ¢, and ¢ is the eigenfunction of —d A corre-
sponding to the eigenvalue A,. Again, we use the first equation of Eq. (3.35) and obtain that
wf, (@) = w},(0) which implies that w, (a) is constant for a € (—oo, 0]. Therefore, w,(0) =0
and w}, (@) = 0. Then, the following conclusion can be reached:

P w1 (0) + T (wy) =0. (3.36)
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With the same method, we solve Eq. (3.34). By the first equation of Eq. (3.34), we get the
expression of w3 (0), submit it into the second equation and have

206y,
A wio(0) = Ly, == — At f/(0)T (wio) + #w;O(O)
NAx

(3.37)

L 2. ¢ ( L1 ) N 2i0s ' Ohnr §?
W Tury \Sniy  Sun, Tnd,

It can be inferred that L), = O from the definition of u; and t,), so Eq. (3.37) becomes (d A +
A*)w§0(0) = 0 which implies that wﬁO(O) =d,¢. Here d,, is a constant depending on n € N. On

the other hand, by solving the first equation of Eq. (3.34), we can obtain

; 2
wiy(a) = eyt (0) —

hn)\ ¢ eignk*a _ €2i9,1)\*a e—ian,\*a _ €2i9")‘*a
*

. (33%)
a)t*en)\* >

+ =
Snk* 3Snk*

By using the integral (2.10), we can compute 7 (w3) as follows,

2hn)»*¢ (pnk* — Vnhs + ,5}1)»* - Vn)»*>

Sn)\* 35‘,,)\*

0
(=s)"e* w3, (s)
Fy= | 27 7200 g *(0) —
T(wzo) / .y S = Vnhs wzo( ) ak*enk*
—00

then we have

_ _ 280, @ ( Pnry — Virs . Pnis — Yars
P w30(0) + T (w30) = (P, + Var, ) w3(0) — —— < ; e =)

a)h* 8’1)\* Sn)h* 33}1)»*
(3.39)

where yy, 1= (1 4+ 2i6,;,)~ "+ . Substituting Eqgs. (3.36) and (3.39) into Eq. (3.33), we obtain

lim — = 5 +
= T2, U S 5, SniOni,

Co  2dy(pur, + ¥ur) 4hny, (Pm ~ Vnhs | Prr. = ”’“*) . (3.40)
SnA.* 3571)%

Now we determine the value of d,,. Applying the duality (3.7) on wyg, we have

0 s
0= (W, wa0)) = (¥(0), wp(0)) +Atms / o f (W(E — 5), uwan(€))dEds.
—00 ’ 0
When A — A, by using
xli»nxl* A — Ay =9,

we have
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1 gS pitnrs p )
(¢,w;0(0)) )L el‘lk;a)u* /( s)'e //¢2w>2k0($)6719n)fd§dxds. (341)

0 Q

Substituting w3, (0) = d,,¢ into Eq. (3.41), we have

/¢2dx_ (1) d ¢> A an*ak*f (O) / ( S)n s 19,,)\* //¢2€719nk*$ d ¢6210’M*é
nk*

_ 2hnk*¢
ay, O,

(Sl (e/fnd — @Onindy 4 (e !0md em’“”))] dxdéds
nhy

3 Ny

id, 2T 1 [in+ Dh, 1
= —" (Vury — +— - -
hnk* (Vnk* an*) as, |: ( 1+ iQnA* i‘gnk* (Vnk* pnk*)

1 1 1
_ 4+ .
3Snx* (21 enk (,On)u* pn)»*) enk* (Vnk* Pty ))j|

Snk*

(3.42)

Note that d,, here should be d', but because we use the abbreviated notations which are stated
in (3.1) in this chapter, so here we also simplify d)' as d,,. Then d)" is uniquely determined by
Eq. (3.42) for each n € N and m € [0, m,,]. Later we will show that (3.42) can be simplified for
more specific n and m. Finally we obtain

1 Arz3z
gﬁm&mz(ﬁlﬁ,

A22125

where

1
Ay =Cp—+ Z(Cl + Cr) (3.43)

with Co, Cy, C; defined in Egs. (3.21), (3.23) and (3.31), respectively. On the center manifold,
the normal form of Eq. (3.3) is given by

P R LA AZZIZZ +h.o.t. (3.44)
Arz2a Arzi23

By letting 71 = w1 —iw2, 220 = w1 +iwy and w1 = pcosé, wy = psiné, we transform Eq. (3.44)
into Eq. (3.45).

In the beginning of this section, we change some notations into an easier form for the sim-
plicity of the writing. But now, in order to avoid confusion, we use the notations in Section 2 to
elaborate our results.

Theorem 3.1. For each ) € (A, A*) and n € N, with f satisfying (H1), (H2), Eq. (3.3)
has a 2-dimensional local center manifold near the positive steady state uy at T = 1,); for
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0<m<m, = [%]. On the center manifold, the reduced flow is given by a norm form or-
dinary differential equation in polar coordinates (p, §) as

p=Ki (r—rﬂ)p+K2p3+0((r—rﬂ)2p+|(r—rﬁ,p)|4),

. ' (3.45)
§=—i0; +0([(r— 7. 0)]).
where K| =Re(Ay), Ky =Re(Ay) and
1
A W(%x%ﬂ Ay=Co+ L (C1+C) (3.46)
ni

with Co, C1, Co given by Egs. (3.21), (3.23) and (3.31), respectively. Especially, when . — ),
we have the following results for the limits of K| and K;:

i <K= 0+ Dsin? (1,) >0,

K> 1 C, (3.47)
lim 1= lim Re — ],
A Ay ( n)\) A Ay (r;’i)
and
. Cy 24, ) —(n+1) . —(+1)
1 =— = [(1-iep 1+2i6]! |
= (tm)? S, (=) +(+2ie.)
4hy; 1 1 . — 1
+75n;“9m [Sm (o )™ = (142005 )™ ")  Gag)
nhy Ny nhy
1 om \— (D) am A —(t D)
+ = (10 — (1 +2i6™ )
3521)% ( 1)»*) ( n)»*)

with d)}' being a complex number and uniquely determined by Eq. (3.42) and o, Ony,, Sna,
defined in Lemmm 2.1, 2.4 and 2.7, respectively. Moreover, the direction of Hopf bifurcation near
up at v =1, and the bifurcating periodic orbit can be determined according to the following
rules:

(i) when Ky < 0, the periodic orbit is locally asymptotically stable. Then, if K1 > 0, the direc-
tion of Hopf bifurcation is forward; if K1 < 0O, the bifurcation direction is backward;

(ii) when Ko > 0, the periodic orbit is always unstable. If K1 > 0, the direction of Hopf bifurca-
tion is backward; if K1 < 0, the bifurcation direction is forward.

Theorem 3.1 holds for any n € N. To conclude this section, we show that when n =1 (the
strong kernel case), we can more concretely determine the direction of Hopf bifurcation and the

stability of bifurcating periodic orbits of Eq. (1.1), as given in the following corollary.

Corollary 3.2. For each ). € (\y, A*] and f satisfying (H1), (H2), when n = 1, there is a unique

bifurcation value T = r& ~ where a Hopf bifurcation from the positive steady state u,

*
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occurs. Moreover the direction of the Hopf bifurcation at T = r?)\ is forward, and the bifurcating
periodic orbit is locally asymptotically stable.

Proof. The occurrence of Hopf bifurcation at the bifurcating critical value ‘L'IOA is proved in The-
orem 2.8. Moreover ‘[& is the unique bifurcating value for the case n = 1 by Lemma 2.4. From
Theorem 3.1, we determine the constants d? and K; to completely determine the bifurcation

direction and stability of periodic orbits. Substituting

1
9?1* =1, h(l)k* =5 S?;\* =241,

into Eq. (3.42), we obtain that

1+
d% = . 3.49
1™ 20y, (349)
Then by Egs. (3.40) and (3.49), we know that
C 1
Jlim Re ( = 2) = 5. <0. (3.50)
T (713) Fr
Thus, by Eq. (3.47), we have
. K> 1
lim 5 == <
A s (r&) 80ay,

Then, by the continuity of K, K7 in A, we have K| > 0, K> < 0 in a small neighbor of A..
By applying the results in Theorem 3.1, we know that the Hopf bifurcation is forward, and the
bifurcating periodic orbit is locally asymptotically stable. O

From our results in this section, when A is close enough to A, the direction of the Hopf bifur-
cations for (1.1) is determined by only f’(0) and does not depend on the higher order derivative
of f.Because we always have f’(0) < 0 which is the condition for the existence of locally stable
steady state without delay, so the Hopf bifurcation in Eq. (1.1) is always forward and bifurcating
periodic orbits are stable. This is in consistence with the local delay case considered in [3,36].
This is precisely verified for the most typical case of strong kernel case (n = 1), and the higher
but specific n case can also be calculated from the formulas given in (3.46), (3.47) and (3.48).

4. Examples and simulations

In this section, we apply our general results to two population models and perform some
numerical simulations. From Theorem 2.8, the critical delay value of stability switching for
Eq. (1.1) is r,?A which is independent of geometry of the function f(u), and the direction of
Hopf bifurcation depends only on f’(u) which is negative in our model. Therefore, the Hopf
bifurcations in the two following examples are both forward and stable periodic orbits arise.
However the parameters in f(u) will affect the amplitude of the steady state and bifurcating
periodic orbits.
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4.1. A diffusive logistic model

When f(u) =1—u/K, we have the diffusive logistic model with a distributed delayed growth
rate per capita:

=0, xe€@0,m), t >0,
K

u(x,t)=0, x=0,m, t>0,
“.1)

t
(e 1) = dAu(x. 1)+ hae(x. 1) (1 B Jonognlz, 1 — s)u(x,s)ds>

where u(x, t) is the population density of a biological species, A > 0 is the maximum intrinsic
growth rate and K > 0 denotes the carrying capacity. And for the purpose of numerical simula-
tion, we use the one-dimensional spatial domain €2 = (0, ), so that we can compute the exact
values of A, and TBA*. The kernel function g, is the Gamma distribution function defined in (1.2).
This is exactly the example considered in Busenberg and Huang [3] but the delay is a local one
there. Then all results proved in Theorems 2.8, 3.1 and Corollary 3.2 hold for (4.1).

Numerical simulations of (1.1) or (4.1) is challenging as the delay is an integral over an infinite
interval. Here we use a method motivated by Gourley and So [16] by defining

t 0
v(x,t):/go(r,t—s)u(x,s)ds=/go(t, —s)u(x,s)ds,

then the equation (4.1) when n = 0 becomes an equivalent new system:

e, 1) = dAulx, 1) + hu(x, 1) (1 - ”(x’t)), xeO,m), >0,
v,(x,t):%(u(x,t)—v(x,t)), xel0, ], t >0,
u(0,t) =u(m,t) =0, t >0, 4.2)
u(x,0) =up(x,0), x € (0,m),

0
v(x,0) = / go(t, —s)up(x, s)ds, x € (0,m).

The simulation of (4.2) can be treated as a regular reaction—diffusion system with a single
evaluation of an integral in the initial condition of v(x, 0). Especially converging to a steady
state or periodic orbit for (4.2) is equivalent to the same convergence for the original sys-
tem (4.1). For each n € N, a similar change of variables can generate a new system with
n + 1 variables which does not have an explicit delay in the system, and the system con-
sists of one diffusive equation and n linear equations without diffusion. So numerical sim-
ulations of (1.1) or (4.1) can be achieved through integrating the new (n + 1)-variable sys-
tem.

In Figs. I and 2, the parameter values are A = 1.1, d =1, K =1, with A, = 1 here. For t =
22, when n =0, Fig. | shows the convergence to the positive steady state u,, but for n = 1, the
solution with same initial value converges to a periodic orbit (see Fig. 2). In this case whenn =1,
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Fig. 1. Dynamic behavior of Eq. (4.1) with weak kernel (n =0). Here A=1.1, d =1, K =1 and t =22.

Fig. 2. Dynamic behavior of Eq. (4.1) with strong kernel (n = 1). Here A = 1.1, d =1, K =1, and the critical value
of Hopf bifurcation r& ~ 20. (Left): t =17 < r&, convergence of a positive steady state; (Right): 7 =22 > r&,
convergence to a stable periodic orbit.

we can compute the critical delay value to be 7, ~ 2/(A — A4) ~ 20. Then, the positive steady
state is stable for 7 € [0, 20) and unstable for t > 20. For t = 17, from the left panel of Fig. 2,
we can see that the solution of Eq. (4.1) with strong kernel converges to the positive steady state,
while when v = 22, as depicted in the right panel of Fig. 2, a stable spatially nonhomogeneous
periodic orbit arises.

4.2. A reaction—diffusion food-limited population model

Here we consider the food-limited model which is the case f(u) = H-;u The model is as
cu
follows:

du(x,t 1- ,
M=dAu()c,t)—|—)»u(x,t)L(xS)=0, xe0,m), t >0,
ot 14 cgyxu(x,s) “4.3)

u(x,t) =0, x=0,m, t>0,
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u(x,t)

Space x

Fig. 3. Dynamic behavior of Eq. (4.3) when n = 1. With A = 1.1, d =1, ¢ = 1, the critical value of Hopf bifurcation
r& ~20. (Left): t =17 < r&, convergence of a positive steady state; (Right): =22 > r&, convergence to a stable
periodic orbit.

t
where g, x u(x,s) = / gn(t,t —s)u(x,s)ds. Here, u(x,t), d, X, g, have the same meaning
—00
as in logistic case (4.1), and ¢ > 0 is the replacement of mass in the population at saturation.
The model without delay was originally proposed by Smith [33] who argued that a food-limited
species demands food for both maintenance and growth in its growing stage, while food is needed
for maintenance only when the population has reached saturation level. In [9], the dynamics
of (4.3) with a single discrete delay is considered. They proved the existence of the spatially
nonhomogeneous steady state and derived the condition under which the steady state loses its
stability. Su et al. [35] revisited this model and gave another method to prove the existence of
steady state. And in [36], Su et al. rigorously proved the occurrence of Hopf bifurcation for the
discrete delay case.

Again when the distributed delay is incorporated in this model, Theorems 2.8, 3.1 and
Corollary 3.2 can be applied to obtain the occurrence and stability switch of Hopf bifurca-
tion. The stability switching point is still 7, &~ 2/(A — A4). Then, we choose the parameters
asA=1.1, d=1, ¢=1, and we have A, = 1. The dynamics of this model is demonstrated in
Fig. 3 which is similar to the logistic case: when t < r&, the solution of Eq. (4.3) converges to
the stable steady state (see the left panel); when 7 > r&, the steady state u; loses its stability and
the solution will eventually converge to a periodic orbit (see the right panel).

5. Conclusion

In this paper we consider a general reaction—diffusion equation with distributed delay under
Dirichlet boundary condition. The delay feedback effect which reflects the dependence of growth
rate on the past time states are of significance in biological and physical systems. And it is reason-
able to consider dynamical system which is influenced not only by the information of a particular
past temporal point, but also the whole historical information of the system. Hence a distributed
delay is a more general setting for considering the delay effect and it can be used to incorpo-
rate different biological situations. In the present paper, we consider a distributed delay tuned by
a Gamma distribution function and we use the average delay as a parameter to investigate the
stability and bifurcation of spatially nonhomogeneous steady state of this system.
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Fig. 4. The effect of the shape parameter n on the critical delay values and critical periods of (4.1). Here 1 <n < 10

and A =1.1, d =1, K = 1. The star: the smallest Hopf bifurcation value T;?)J the dot: the period of bifurcating periodic

orbits.

Our analytic results show that the shape parameter n of Gamma kernel function affects the dy-
namics of system (1.1) significantly. Firstly, the parameter n determines whether a Hopf bifurca-
tion occurs or not in system (1.1): when n = 0, that is the weak kernel case, there is no Hopf bifur-
cation and the steady state u; is always locally asymptotically stable for any v > 0; whenn > 1,
Hopf bifurcations can occur and the critical bifurcating values can be obtained for each n. Sec-
ondly, the number of Hopf bifurcation values is m,, = [(n — 1) /4] which depends on n: the bigger
n, the more bifurcation points. Moreover, n also effects the smallest critical values of Hopf bifur-
cation and the values of periods of the bifurcating periodic orbits. We have obtained the smallest

critical values for Hopf bifurcation is 7, ~ tan T (A —Ay) cos" ! T
2(n+1) 2(n+1)
which is strictly decreasing with respect to n, which means that it become easier for the occur-

rence of Hopf bifurcation in system (1.1) with a larger shape parameter n. Also the period of the
bifurcating periodic orbits can be calculated as T = 27 / ((k — A*)hSAJ is also declining (see
Fig. 4).
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