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ABSTRACT. We study a host-pathogen system in a bounded spatial habitat
where the environment is closed. Extinction and persistence of the disease
are investigated by appealing to theories of monotone dynamical systems and
uniform persistence. We also carry out a bifurcation analysis for steady state
solutions, and the results suggest that a backward bifurcation may occur when
the parameters in the system are spatially dependent.

1. Introduction. Mathematical disease models play an important role in studying
the mechanism of infectious disease. Recent evidences have shown that diseases can
affect the dynamics of animal populations and communities. In classical epidemio-
logical models, the host population is divided into infected and susceptible classes,
with one differential equation representing each class. Anderson and May [3] intro-
duced an additional class representing the population of infectious pathogen parti-
cles. These particles are found in invertebrate pathogens and they allow pathogens
to survive in the environment for several decades. The following host-pathogen
system was proposed by Anderson and May [3]:

du
ddtl =71 (u1 + uz) — Buyus,
U
dd; = Bujuz — oy, (1.1)
% = —duz + Aug — B(u1 + ug)us,

2000 Mathematics Subject Classification. Primary: 35K57, 92B05; Secondary: 92D25.

Key words and phrases. Extinction, persistence, steady states, pathogen, backward bifurcation.

Research of F.B. Wang is supported in part by Ministry of Science and Technology, Taiwan.
Research of J. Shi is partially supported by NSF DMS-1313243. Research of X. Zou is partially
supported by NSERC.

2535


http://dx.doi.org/10.3934/cpaa.2015.14.2535

2536 FENG-BIN WANG, JUNPING SHI AND XINGFU ZOU

where u; () is the density of susceptible hosts, us(t) is the density of infected hosts,
usz(t) is the density of pathogen particles, r is the reproductive rate of the host, 8
is the transmission coefficient, « is the rate of disease-induced mortality, A is the
rate of production of pathogen particles by infected hosts, and § is the decay rate
of the pathogens.

Dwyer [9] revised the system (1.1) and obtained a mathematical disease model
that includes density-dependent host population dynamics:

du _(p_mtue), g
o —_— I% (5 uyusg,
d
C;; — Buyus — iy — T%U% (1.2)
U
ditg — 75'“3 —+ )\UQ — B(Ul + u2)“37

where the new parameter K is the carrying capacity for the hosts. In order to
simplify the system (1.2), Dwyer [9] further ignored the consumption of the pathogen
by the hosts and investigated the following system:

AR (e 0 P

dt - K 1 143,

d

d;; = Pujuz — aug — r%ug, (1.3)
u

d—;:féu\ng)\uQ.

In many situations ordinary differential equations are appropriate mathematical
models for the progress of infectious diseases. However, it has been recognized
that spatial structure is also a central factor that affects the spatial spreading of a
disease. Taking into consideration the host movement, the author in [9] modified
(1.3) to a reaction-diffusion model in a spatial environment:

% =dAuj +7r <1 - ul;;l@> uy — Buyug,
Z;f = dAus + Sfuiug — aug — r%u% (1.4)
% = —(5U3 + )\’LLQ.

Here the host movement is described by the diffusion terms dAwu; and dAus where
A is the usual Laplacian operator; d > 0 denotes the diffusion coefficient, which
represents the rate of host movement; x and ¢ represent location and time, respec-
tively. All coefficients in (1.4) are positive constants. Dwyer [9] assumed that the
habitat in (1.4) is one-dimensional and unbounded, and accordingly, investigated
the existence of travelling wave and spreading speed.

In the real world, a habitat in which a host population settles is typically
bounded, and this motivates us to consider a mathematical system modelling the
dynamics of a disease in a bounded spatial domain (not necessarily one-dimensional).
Also, the parameters in a model involving space are typically space dependent due to
the spatial heterogeneity. Based on these basic facts, we will, in this paper, further
modify the more general (than (1.4)) model system (1.2) by replacing the constant
parameters with spatial dependent parameters, and consider the solution dynamics
on a general bounded domain with zero-flux boundary condition. In other words,
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we consider the following problem:

Z@utl:dAm —&—r(l—%) up — B(x)uus, z €, t>0,

u ur +u

68752 = dAug + B(z)uius — qug — rﬁuz, z €N, t>0,
g+ A — B +ua,  wefe>0, 0
8’&1 6uz

—_——— = Q

v B 07 T €O s t > O,

ui(x,0) = uf (), zeq, i=1,2,3.

Here Q C R™ is a bounded open set with smooth boundary 0¢2; 6% denotes the
differentiation along the unit outward normal v to 9Q; K (z) is the carrying capacity.
The spatially dependent functions 8(x), A(z), K(x) are assumed to be continuous
and positive in .

We point out that although there have been numerous ODE models for disease
and/or pathogen dynamics in literature, the studies of PDE models with spatial
variables are much fewer, among which are Allen et. al. [2], Capasso and Mad-
dalena [4], Capasso and Wilson [5], Guo et. al. [12], Li and Zou [18], Peng [24],
Peng and Yi [25], Vaidya et. al. [34], Wang and Zhao [36, 37]. The main reason
is that a PDE model with spatial variables (important in disease spread), such as
(1.5), is infinite dimensional, and thus, is much harder to analyze. Taking basic
reproduction number as an example, for an ODE model, following the “recipe”
given in [33], the basic reproduction number can be easily identified as the spectral
radius of the next generation that enjoys some nice properties, and can be conve-
niently calculated in most cases. However, for a PDE model, one needs to work on
operators between function spaces in order to obtain the next generation operator.
Moreover the spectral radius of a general operator is very hard, or even impossible
in most cases, to calculate, and thus, one has to heavily depend on numerical sim-
ulations. See, e.g., [2, 4, 12, 24, 25, 34, 36, 37] for a taste of what is stated above.
Furthermore, unlike in [2, 4, 12, 24, 25, 34, 36, 37] where all equations in the models
have diffusion terms and hence the solution semiflows are alway compact, here in
our model (1.5), the compactness is an issue because of the lack of diffusion term
in the uz equation, and this makes analysis more challenging. In [5], a model on
temporal and spatial evolution of orofecal transmitted disease with immobile human
population and Dirichlet boundary condition was considered, but our approach is
quite different.

In the rest of this paper, we will investigate the dynamics of this modified model.
In Section 2, we explore the solution properties of the system (1.5) by appealing to
the theories of monotone dynamical systems and uniform persistence. In Section 3,
we utilize bifurcation theory to investigate the steady state solutions of the system
(1.5). A brief discussion section concludes the paper.

2. Basic properties of solutions. This section is devoted to establishing some
basic properties of (1.5), starting with the well-posedness.

2.1. Well-posedness. We first show the existence of solutions to (1.5) via a semi-
group approach. Let X := C(£,R?®) be the Banach space with the supremum
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norm || - [|x. Define XT := C(Q,R%), then (X,XT) is a strongly ordered Ba-
nach space. Let I' be the Green function associated with the parabolic equa-
tion % = Awv in © subject to the Neumann boundary condition. Suppose that

Ti(t), Ta(t) : C(Q,R) — C(Q,R) are the Cy semigroups associated with dA and
dA — « subject to the Neumann boundary condition, respectively. It then follows
that for any ¢ € C(Q,R), t > 0,

(Ty(t)g) (x) = /Q P(dt, 2, y)o () dy,
and
(To(t)g) (x) = e~ /Q T(dt, z,y)e(y)dy. (2.1)

From [29, Section 7.1 and Corollary 7.2.3], it follows that T}(¢) : C(2,R) — C(Q,R)
is compact and strongly positive for any ¢t > 0 and ¢ = 1,2. We also define

(Ta()p)(x) = e *p(z).

Then T(t) := (T1(t), Ta(t), T3(t)) : X — X, ¢ > 0, defines a Cjy semigroup (see, e.g.,
[23]). Define F = (Fy, Fy, F3) : XT — X by

R =r (1= 452 o1 - Bla)onon
Fa(0)a) = Bla)onds = 2o,

F3(¢)(x) = Mx)p2 — B(x)(d1 + d2) 3,

for z € Q and ¢ = (¢1, P2, ¢3) € XF. Then (1.5) can be rewritten as the following

integral equation
t

u(t) =T()p + /0 T(t—s)F(u(-,s))ds.

The following lemma gives some basic properties of the local solution flow on
X+,
Lemma 2.1. For any ¢ := (¢1, g2, ¢3) € XT, the system (1.5) has a unique mild
solution u(-,t;¢) = (ui(-,t),ua(-,t),us(-,t)) on (0,7y) with u(-,0;¢) = ¢, where
7o < 00. Furthermore for t € (0,74), u(-,t;¢) € X and u(-,t;¢) is a classical
solution of (1.5).
Proof. By [19, Corollary 4] or [29, Theorem 7.3.1], it suffices to show that for any
¢ € XT,
lim dist(¢ + hF(¢),X") = 0. (2.2)
h—0+t
Let 3 := max 3(z) and K := min K (). Then for any ¢ € XT and h > 0, we have
z€eQ €

1t 92

o1 +h (7”(1 K@) )o1 — 5($)¢1¢3>
¢1+-¢2¢2>

2+ h (ﬁ(l‘)¢1¢3 - K@)
¢3 + h[A(@) 2 — B(x)(d1 + d2) 3]
G1[1 — h(—= (41 + ¢2) + Bos)]
Dol1 —h (61 + 6)]
¢3[1 — hB (o1 + ¢2)]

¢+ hF(¢) =

Y
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The above inequalities imply that (2.2) holds and thus the lemma is proved. O

For convenience of discussions later, we recall some well-known results for some
auxiliary systems. First consider the following equation
ow(x,t)
ot
It is easy to see that system (2.3) has a unique positive steady state 2((?) if A(z) > 0.

= Az) — A(2)w(z,t), z€Q, t > 0. (2.3)

By [38, Theorem 2.2.1], we have the following result:

Lemma 2.2. Suppose that A(z) > 0 and X(z) > 0 for z € Q, then the system (2.3)

admits a unique positive steady state 2((?) which is globally asymptotically stable in

C@OR).

Secondly we consider the dynamics of the following diffusive logistic equation:

W:dAW—kr(l—W)W, TeQ t>0,

ot K(z)

W _o, 2 Eo t>0, (2.4)
v
W(z,0) = W9 (z), x € .

The dynamics of the system (2.4) is well-known (see for example, [38, Theorem
3.1.5 and the proof of Theorem 3.1.6]):

Lemma 2.3. For any d,r > 0 and W°(z) # 0, the diffusive logistic equation (2.4)
admits a unique positive steady state uj (z) which is globally asymptotically stable
in C(Q,R) .

Now we are in a position to show that solutions of the system (1.5) exist globally
for t € [0,00) in XT.

Lemma 2.4. For every initial value function ¢ € XT, the system (1.5) has a unique
solution u(x,t; @) defined on [0,00) with u(-,0;¢) = ¢ and a semiflow ¥(t) : X+ —
X is generated by (1.5) which is defined by

Y(t)g =u(t;¢), t=0. (2.5)
Furthermore WU(t) : Xt — X7T is point dissipative.

Proof. Let U(x,t) = ui(x,t) + ug(x,t). Then U(z,t) satisfies

oUu U

— < dA 1— —— Q
8t‘d U+7“( K(x))U’ zeQ, t>0,
oUu

— =0, x €N, t>0.
ov

The system (2.6) is bounded from above by the system (2.4) and the standard
parabolic comparison theorem (see, e.g., [29, Theorem 7.3.4]) implies that U(z,1)
is uniformly bounded. By Lemma 2.1, it follows that u(z,t) and wus(x,t) are
uniformly bounded. This, together with the comparison arguments, implies that
uz(x,t) is also uniformly bounded.

Comparing (2.6) with (2.4), we see from Lemma 2.3 and the comparison principle
that

(2.6)

limsup U(z,t) < uj(z) uniformly for z € . (2.7)

t—o0
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More precisely, there exist ;1 > 0 and a > 0 such that
U(,t) <ui(-)+a, V>t

This implies that U(x,t) is ultimately bounded. It follows from Lemma 2.1 that
u;(x,t) is also ultimately bounded, ¢ = 1,2. Then there exists a positive number A
such that the third equation of system (1.5) for ug satisfies

Ous(x,t)

ot

By standard comparison theorem and Lemma 2.2, it follows that ug is also ulti-

mately bounded. Thus, the solution exists globally, i.e., for all ¢ € [0,00), and
moreover, the solution semiflow generated by (1.5) is point dissipative. O

< A-—dus(z,t), Ve €, t >t;. (2.8)

Since the third equation in (1.5) has no diffusion term, the solution map ¥(t)
is not compact. In order to overcome this problem, we introduce the Kuratowski
measure of noncompactness  (see [7]), which is defined by

k(B) :=inf{r : B has a finite cover of diameter < r}, (2.9)

for any bounded set B. We set x(B) = oo whenever B is unbounded. It is easy to
see that B is precompact (i.e. B is compact) if and only if x(B) = 0. Then the
solution map ¥(t) has some partial compactness in the following sense.

Lemma 2.5. U(¢) is k-contracting in the sense that
tlim k(U (t)B) = 0 for any bounded set B C X
— 00
Proof. Let
G(u1,ug,uz) = —dus + A(z)ug — B(z)(u1 + ug)us
represent the reaction term for the third equation of (1.5). Then

9G(us, ug,ua) _ =6 — B(x)(u1 + uz) < =6, (u1,uz,us) € XT.

8U3
With this inequality, the rest of the proof is similar to the one in [15, Lemma 4.1]
(see also [15, Lemma 3.2]). O

Now we are ready to show that solutions of system (1.5) converge to a compact
attractor in X+.

Theorem 2.1. U(t) admits a connected global attractor on X7 .

Proof. By Lemma 2.4 and Lemma 2.5, it follows that ¥(t) is point dissipative and
k-contracting on X*. From the proof of Lemma 2.4 (see (2.6) and (2.8)), we also
know that the positive orbits of bounded subsets of XT for ¥(¢) are (uniformly)
bounded. By [20, Theorem 2.6], ¥(¢) has a global attractor that attracts every
bounded set in X*. O

2.2. Extinction. In this subsection, an extinction result for large « is established.
We first consider the following linear system:

Oz — dus + By (a)us — s, 2 €9, 10,

8’11,3

887 = —duz + \(z)us, reQ, t>0, 2.10)
ﬂ:o, x €0, t>0,

ov

ui(z,0) = ud(z), rEQ, i=23
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Denote by X(t) the solution semiflow 3(t) of (2.10), that is, 3(¢) : C — C is defined
by
E(t)(¢) = (UZ('7tv¢)au3('7ta¢)), d) € Ca t> Oa
where (uz2(,t,¢),us(-,t,¢)) is the solution of (2.10) with initial function ¢ € C
where C = C(Q,R?). Since (2.10) is cooperative, ¥(t) is a positive Cp-semigroup
on C, and its generator 5 can be written as
B— dA — o B(x)ui(z)
Az) -6 '
Further, B is a closed and resolvent positive operator (see, e.g., [32, Theorem 3.12]).
Substituting u;(z, t) = e*y;(x), i = 2,3, into (2.10), we get the following associated
eigenvalue problem:

Yo(x) = dAs + B(z)u] (2)hs — are, x € Q,
M/JS( ) = =013 + A(@)2, z e, (2.11)
81&825 z) =0, z € 00,

We point out that 3(¢) is not compact since the second equation in (2.10) has no
diffusion term and its sign.

The following lemma concerns with the existence of the principal eigenvalue of
(2.11).

Lemma 2.6. Let s(B) be the spectral bound of B. Then

(i) s(B) is the principal eigenvalue of the eigenvalue problem (2.11) which has a
strongly positive eigenfunction;

(i) s(B) has the same sign as £°, where €0 is the principal eigenvalue of the
etgenvalue problem

)\ *
s (A e e
0
M =0, x € 0N.
Oov
Proof. In order to make use of the results in [37, Theorem 2.3 (i)], we define an
one-parameter family of linear operators on C(€Q,R):

£ dA - o PP

(2.12)

P, , > =0
Let A := min,q[B(z)\(x)u](z )] > 0. Tt is easy to see that the eigenvalue problem
n(x) = dAp(z) — ap(z), €,
390( ) _o, x €90,
ov
admits a principal eigenvalue, denoted by #° = —a, with an associated eigenvector

@ > 0. Let u* be the larger root of the algebraic equation
P2+ (0 =) — (A+47°) = 0.
Then p* = Z[(7° — 8) + /(7% + 6)2 + 44] > —6. It is easy to see that

ﬂ(x):*(i)?(x) & 2 (1 + —2 ) = .

By [37, Theorem 2.3 (i)], we complete the proof of (i).

L 0° = dAp® — ap® +
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Since —d < 0, it follows from [37, Theorem 2.3 (ii)] that s(B) has the same sign
as s(Lo), where

BN @)ui ()

= A—
EO d o+ S

Now we are ready to show that s(B) is an index for disease extinction.

Theorem 2.2. Let ji = s(B) be the principal eigenvalue of the eigenvalue problem
(2.11). If i < 0, then the disease free equilibrium (uj(x),0,0) is globally attractive
for the system (1.5). More precisely, if u(x,t; ¢) is the solution of system (1.5) with
u(-,0;¢) = ¢ € XT, we have

tlim (ur(z,t), ua(z,t),us(z,t)) = (uj(x),0,0), uniformly for all x € Q.
—00

Proof. For € > 0, one can use the same arguments to those in Lemma 2.6 to show
that the eigenvalue problem

/’“/}2(1‘> = dA¢2 + B(l‘) (U’I (.’E) + 6) ¢3 - ana T e Q7

pp3(x) = =613 + A(x)vo, z€Q, (2.13)
ngy(x) =0, x € 08,

has a principal eigenvalue, denoted by fi., with an associated eigenvector (¢5(z),
(¥5(x)) > 0. Since i < 0, there exists a small g9 > 0 such that f., < 0 and it
corresponds to an associated eigenvector (¢5°(z), 5 (x)) > 0.

From (2.7), it follows that

lim sup u1 (z,t) < uj(z) uniformly for z € Q.
t—o00

This implies that there exists a large ¢ty > 0 such that
ur(x,t) <uj(x) +eo, t > to, z €0

From the second and third equations of (1.5), it follows that

9]

% < dAus + B(z)(u] (x) + €o)us — aus, x € Q, t > to,

9]

% < —duz + A(x)us, x € Q, t>to, (2.14)
%:0, x €00, t > 1.

ov

For any given ¢ € X*, there exists some a > 0 such that (u(x,to; ¢), uz(z,to; ¢)) <
a(P5° (), ¥5°(z)), for all x € Q. Note that the following linear system

% = dAug + B(x)(u](z) + g9)us — aua, x € Q, t > to,
% = —5“3 + )\(1')'1127 x € Q’ t> th
%:07 xeaQ,tZto,
ov

admits a solution aefeo(*=t0) (150 (), )5 (), for all ¢ > ¢5. The comparison prin-
ciple implies that

(uz(w,t; 0), us(z, t; 0)) < ael=o =) (y50(z), ¥5°(x)), t > to,
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which implies that limy_, o (ua (2, t; ¢), us(x,t; ¢)) = 0 uniformly for z € Q. Then the
equation for w; is asymptotic to the system (2.4) and we get lim;_, oo u1 (z,t; ) =
u}(x) uniformly for € Q by Lemma 2.3 and the theory for asymptotically au-
tonomous semiflows (see, e.g., [31, Corollary 4.3]). The proof is completed. O

Remark 2.1. From Lemma 2.6 (ii), it follows that s(B) < 0 if

max [B(z)A(z)u](z)] < ad. (2.15)

By Theorem 2.2 and (2.15), it follows that the disease will become extinct if ad is
large or max,cq [B(z)A(z)] is small.

2.3. Persistence. Next we show the persistence for small « in the system (1.5).
We establish some lemmas for that purpose. First we show the strict positiveness
of solutions of (1.5).

Lemma 2.7. Suppose that u(x,t; ¢) is the solution of system (1.5) with u(-,0;¢) =
¢ eXTt.
(i) If there exists some to > 0 such that ui(-,to; @) £ 0, then ui(z,t;6) > 0 for
alx e€Q, t>ty;
(i) If there exists some to > 0 such that ua(-,to;¢) # 0, then u;(x,t;¢) > 0 for
allz € Q, t > tg, and i = 2,3.

Proof. (i) From Lemma 2.1, it follows that uq(z,t) satisfies

4
dAuy(x,t) — % + hi(z, t)us (2, t) = —rug(z,t) <0, 2 €Q, t >0,
where hy(z,t) == —ﬁ[ul(x,t)—kw(x,t)] —B(x)ug(z,t) < 0. By similar arguments

to that in [14, Lemma 2.1] and [35, Proposition 3.1], it follows from the strong
maximum principle (see, e.g., [26, p. 172, Theorem 4]) and the Hopf boundary
lemma (see, e.g., [26, p. 170, Theorem 3]) that part (i) holds.

(ii) From Lemma 2.1, it follows that us(x,t) satisfies

dAus(x,t) — W + ho(z, tYus(z, t) = —B(2)ur (z, )us(z, ) <0, 2 €Q, t >0,
where hg(x,t) := —a— ﬁ[ul(:ﬂ,t) + ug(z,t)] < 0. Since ua (-, to; @) # 0, it follows

from the strong maximum principle and the Hopf boundary lemma that
us(x,t;0) >0, x€Q, t >t (2.16)

For fixed = € Q, uz(-,t) satisfies an ordinary differential equation, then uz(z,t) > 0
for x € Q, t > tg from ug > 0 and the equation of us. This completes the proof of
part (ii). O

It is easy to see that system (1.5) has a trivial equilibrium at M; = (0,0,0)
and a disease-free equilibrium at M = (uj(+),0,0), where uj(x) is the unique
positive steady state of (2.4) which is globally asymptotically stable in C(Q,R)
for the dynamics of (2.4). Linearizing system (1.5) at the disease-free equilibrium
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(ui(x),0,0), we get the following linear system:

ow

8t1 dAw, + —— Kg - 2“1( )) w1
; K(J:) ——u}(z)ws — B(x)u} (z)ws, z e, t>0,

w: r * *
87152 = dAU)Q — Qw9 — mul (:I?)’UJQ + ﬂ(‘r)ul(m)w?” z € Q’ t> O’
O — Gy + M) — Blaui (o), rEQ >0,
Owy  Ows

S = B =0, €, t>0,
w;(z,0) = wl(z), re,i=1,2,3.

(2.17)
Note that the equations for the infected host (w2) and pathogen populations (ws3)
decouple from the that for uninfected host population (w;) in (2.17), forming the
following subsystem which is cooperative:

ow r X
83; = dAws — awy — muf(x)wg + B(z)ui (z)ws, x€Q,t>0,
w3 _ _ *
867 = —0wsz + A(z)wy — B(z)u] (x)ws, z €, t>0, (2.18)
a2 _ z €0, t>0,
ov
wi(x,0) = w (x), zeQ, i=23.

The perturbation of the eigenvalue problem (2.18) will play a central role in
proving the persistence of the system (1.5). To proceed further, we first consider
the following more general linear parabolic system:

(9’LU r
83252 = dAws — qwsg — i) hi(z)we + B(x)he(x)ws, z€Q,t>0,
ws _ _
387 = —dwz + AN(@)wz — B(x)h1(v)ws, zeN, t>0, (2.19)
ﬂzO) $€897t>07
v
wi(x,0) = w) (x), reQ, i=23.

where hy(z) > 0 and ha(z) > 0 for z € Q.
Denote by II; the solution semiflow of (2.17) on C. The it is easy to see that II;
is a positive Cy-semigroup on C, and its generator B":"2 can be written as

Bmm<dA—a—K@¢«m Ba)ha(x) >.
Aw) =0 = fla)h(x)

Furthermore B1+"2 is a closed and resolvent positive operator (see, e.g., [32, The-
orem 3.12]). Again, II; is not compact since the second equation in (2.19) has no
diffusion term.
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Substituting w;(x,t) = e M;(z), i = 2,3, into (2.19), we obtain the following
eigenvalue problem:

Apy = Ay — apy — ﬁhmx)wg + B(x)ha(x)s, €D,
Aps = =013 + M) e — B(x)hy(x)1)3, € Q, (2.20)
) =0, x € oL

ov

The following lemma concerns with the existence of the principal eigenvalue of
(2.20).

Lemma 2.8. Suppose that hi(z) > 0 and ha(x) > 0 for x € Q and let s(BM:"2) be
the spectral bound of Bh-hz. If s(BPh2) > 0, then s(BM:"2) is the principal eigen-
value of the eigenvalue problem (2.20), corresponding to which, there is a strongly
positive eigenfunction.

Proof. We first show that for each ¢ > 0, II; is an x-contraction on C in the sense
that

(I, B) < e °'k(B) (2.21)

for any bounded set B in C, where & is the Kuratowski measure of noncompactness
as defined in (2.9). Recall that T5(t) is the analytic semigroup on C(Q,R) defined
by (2.1). Let Us(t) = To(t) and Us(t)psz = e~ OHBOMItG for ¢s € C(Q,R).
Obviously, U(t) = (Uz(t), Us(t)) is a linear semigroup on C.

Define a linear operator

I(t)p = (0,Us(t)p3), ¢ = (¢2,¢3) € C, (2.22)

and a nonlinear operator

¢
Q(t)d) = <’LU2(', i, ¢)a/0 U3(t - 5)[)‘()102(7 S, ¢))}d5> ) (b = (¢27 ¢3) € Ca
where
¢
w2('7t7 (b) = U2(t)¢2 + / UQ(t - S)g(w2(7 S, ¢)a w3('7 S, ¢))d87
0
where g(ws,w3) = —ﬁhl(-)wg + B(-)ha(-)ws. Tt is easy to see that
i(¢) = I{t)o + Q(t)9, ¢ € C, t > 0.
By (2.22), it follows that

—(0+B()h1 ()t —6t
i@l _ e bl o gy LMl s

secielzo N9l sec oo 4 Teeclolizo ol T

and hence ||I(t)|| < e™%.

From the boundedness of II; and the compactness of Us(t) for ¢ > 0, it follows
that Q(t) : C — C is compact for each ¢ > 0. For any bounded set B in C, there
holds k(Q(¢t)B) = 0 since Q(t)B is precompact, and consequently,

k(II;B) < k(I(t)B) 4+ x(Q(t)B) < ||I(t)||x(B) < e °'k(B), t > 0.

In the above inequality, we have used the fact that

A(I(1)B) < [lI(®)[|~(B), t>0,
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since I(t) is a linear operator. Thus, II; is an k-contraction on C with a contracting
function e~%. From (2.21), it follows that the essential spectral radius 7. (II;) of II;
satisfies

reo(Il;) < e ® <1, t>0.

On the other hand, the spectral radius r(I1;) of II; satisfies
r(I;) = BN 1 > 0.

This implies that r.(Il;) < r(II;) for any ¢ > 0. Since II; is a strongly positive and
bounded operator on C, it follows from a generalized Krein-Rutman Theorem (see,
e.g., [21]) that the stated conclusion holds. O

Now we are ready to prove the main result of this section, which indicates that
s(B"1-"1) is a crucial index for disease persistence.

Theorem 2.3. Assume that s(B“T’“I) > 0. Then, the infection is uniformly per-
sistent in the sense that there exists an n > 0 such that for any ¢ € Xt with ¢; £0
fori=1,2, we have

litrginf ui(x,t) >n, Yi=1,2, uniformly for all = € Q.

Moreover, System (1.5) admits at least one (componentwise) positive steady state

Proof. Let
Wo ={¢ € X*:¢i() £0, Vi =1,2.},
and
OWo = XF\Wy = {¢ € XT : 61(-) =0 or () = 0}.

By Lemma 2.7, it follows that for any ¢ € Wy, we have u;(z,t,¢) >0, Vo € Q, t >
0, i =1,2,3. In other words, ¥(t)Wy C Wq, V¢ > 0.
Let

My = {¢ € oWy : \I!(t)gb S 6W0,V t > 0},

and w(¢) be the omega limit set of the orbit I'"(¢) := {U(t)¢ : ¢t > 0}.

Claim: w(yp) = My U M, ¥V ¢ € My, where My = {(0,0,0)} and M =
{(u1,0,0)}.

Since ¢ € My, we have ¥ (t)y) € My, ¥t > 0. Thus ui(-,t,¢) =0 or us(-,t,¢) =
0, V¢ > 0. In the case where us(-,t,9) =0, V ¢t > 0, it follows from the second
equation of (1.5) that B(-)ui(-,t,¥)us(,t,1) = 0. From the third equation of (1.5),
it follows that

au?)('a t, d))

ot

This implies that lim;_, oo u3(x,t,7) = 0 uniformly for € Q. Thus, the equation
for uy is asymptotic to the reaction-diffusion equation (2.4), and the theory for
asymptotically autonomous semiflows (see, e.g., [31, Corollary 4.3]) and Lemma 2.3
imply that lim; oo u1 (2, t, @) = ui(x) or lims o ui(2,t,¢) = 0 uniformly for x €
Q. In the case where us(-,t9,%) # 0, for some #; > 0, Lemma 2.7 implies that
ug(w,t,9) >0, Vo e, t>t. Hence, ui(-,t,9) =0, ¥Vt > ty. It follows from the

= —dus(-,t,¢), x €Q, t > 0. (2.23)
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second equation of (1.5) that

Ouy r ) ~
867 = dAUQ au m(l@) 5 x € Q, t> to,
U2 _ z €00, t > iy,
v

uz(z,0) = ¥(x), x e

It is easy to see that lim; o uz(z,t,9) = 0 uniformly for 2 € Q. Hence, the equation
for uz is asymptotic to the reaction-diffusion equation (2.23) and the theory for
asymptotically autonomous semiflows (see, e.g., [31, Corollary 4.3]) implies that
limy o0 us(,t, 1) = 0 uniformly for x € Q. Thus, w(¢y) = My U M, ¥V ¢ € My.

For convenience, we let A(hy, hy) = s(B":"2). By similar arguments to that in
Lemma 2.8 and [16, Lemma 4.5], we can show that there is a small oy > 0 such
that A := A(uf + oo,ut — 0p) is the principal eigenvalue of the eigenvalue problem
(2.20) with hy = u} + 09, ha = uf — 0p and A := A(u} + 09, ut — 0¢) > 0. Let
zﬁ = (77/;2,1[13) be the strongly positive eigenfunction corresponding to A. We may
further assume o satisfies

1
1 —opmax(—— + B(z)) > 0.
omax( s + ()
Claim: limsup, . |V(t)¢ — M;|| > %, V ¢ € Wy, Vi=1,2.
Suppose, by contradiction, there exists ¢ € Wy such that

limsup [|W(t)¢o — M| < 70 or lim sup [[W(t)po — M| < %,
t—o0 2 t—00 2

In the case that limsup, , . [|W(t)po — Ma|| < %2, there exists £; > 0 such that
uf(z) + L > ui(a,t,¢0) > uf(z) — @ and ug(w,t,¢o) < L,V ¢ >t1, x € Q. Thus
us(x,t, ¢o) and uz(x,t, o) satisfies

0

% > dAus—aug — ﬁ(ui(m) + o9)ug + B(x)(ui(z) — oo)us, x € Qt > t,
% > —dug + A(z)uz — () (u] (x) + oo)us, x €Ot >ty
Gz _ T et >t
ov

(2.24)
By Lemma 2.7, it follows that u;(z,t,¢0) > 0, V2 € Q, t > 0, i = 2,3, and
hence, there exists €9 > 0 such that (ua(z,t1,¢0), us(w,t1,¢0)) > €otp. Note that

Alt=t1)q) is a solution of the following linear system:

€p€

Ovg T * *
— = dAvy—avy — ——(ui(z) + oo)va + B(x)(ui(z) — o0)v3, x € Qt > 1y,
a@t K(x)
% = —0us + A(z)v2 — Bla) (W} (2) + o)vs, z e > 1,
dva . x> 1.
ov

(2.25)

The comparison principle implies that
(U‘Q(‘r?ta ¢0),U3($7t7 (b())) Z 606&(15_151)1;7 Vit> tla HARS Q

Since A > 0, it follows that u(z,t, ¢g) is unbounded. This is a contradiction.
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In the case that limsup, . [|[¥(t)po — M1|| < %2, there exists t; > 0 such that
uj(z) < % and up(z,t,¢o) < 2,V t > to, x € Q. From the u; equation in (1.5), it
follows that

Ouy(x,t) 1
it A S RN _ _
3 > dAuy +r[1 UO(K(I) + B(z))]us
> dAuy + r[1 — opf]uq, Tz €N, t>t, (2.26)
8u1
gur _ 0
ey 0, x € 08,

where 0 := maxweﬁ(ﬁ + B(x)). Tt is easy to see that (7°, ¢%(x)) = (0,1) is the
pair of principal eigenvalue-eigenfunction of
n¢(z) = dAg(z), =€,

99() _ z € 00
ov ’ ’

Since u(w,t2,¢0) > 0, V x € Q, it follows that there exists b > 0 such that
uy (z,t2, o) > b’ (x). By the standard comparison principle, it follows that

uy(z,t) > ool 0y > 4y 2 e Q.

Since 1 — g¢f > 0, it follows that wui(z,t, ¢g) is unbounded. This contradiction
completes the proof of the claim.
Define a continuous function p : X* — [0, 00) by

p(¢) = 121%12{52%1 ¢i(x)}, ¥ ¢ € XT.

By Lemma 2.7, it follows that p~1(0,00) € Wy and p has the property that if
p(@) > 0 or ¢ € Wy with p(¢) = 0, then p(¥(t)¢) > 0, V ¢ > 0. That is, p is
a generalized distance function for the semiflow W(t) : XT — Xt (see, e.g., [30]).
From the above claims, it follows that any forward orbit of ¥(¢) in M converges to
M, U My which is isolated in X and WS (M;) "Wy = 0, Vi = 1,2, where W* (M)
is the stable set of M;, i = 1,2 (see [30]). It is obvious that there is no cycle in
My from My U Ms to M7 U My. By [30, Theorem 3], it follows that there exists an
1 > 0 such that
i p(Y) >n, ¥V ¢ € Wi,

Hence, liminf; o u;(-,t,9) > n, ¥V ¢ € Wy, ¢ = 1,2. Therefore, the uniform
persistence stated in the theorem is valid. By [20, Theorem 3.7 and Remark 3.10],
it follows that ¥(t) : Wy — Wy has a global attractor Ag. It then follows from
[20, Theorem 4.7] that U(¢) has an equilibrium () := (G1(+), Ga(-), as(-)) € Wo.
Further, Lemma 2.7 implies that 4;(-) > 0, V ¢ = 1,2. It remains to show that
t3(+) > 0. Indeed, from the third equation of (1.5), it follows that

@)
5+ B0) (@ () + i2()

This implies that @(-) is a positive steady state of (1.5). The proof is completed. [

> 0.

a3(+)

Remark 2.2. We regret to point out that when s(B“%1) < 0, we are unable to
determine the dynamics of the system (1.5) at the present.
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2.4. The basic reproduction number. In this subsection, we adopt the ap-
proach of next generation operators (see, e.g., [8, 32|, also see more recent work
[12, 34, 36, 37]) to define the basic reproduction number for the system (1.5). The
cooperative system (2.18) is the linearized system of (1.5) at the disease-free equi-
librium (u},0,0). Thus, the matrices F and V defined in [37, Eq. (3.4)] become

F(z) = ( S ) V(z) = ( O‘”E?SW 5+ﬁ(2)u;<z> )

Let S(t) : C(,R?) — C(£,R?) be the Cyp-semigroup generated by the following
system

ow T

83752 = dAws — awy — mu’{(m)wg, x e, t>0,

6;;3 = —dws + A(z)we — f(z)u] (x)ws, z€Q,t>0, (2.27)
a2 _ x € dN, t >0,

ov

w;(x,0) = wd(z), reQ, =23

It is easy to see S(t) is a positive Cp-semigroup on C(Q2,R?).

In order to define the basic reproduction number for the system (1.5), we assume
that the state variables are near the disease-free steady state (uf(z),0,0). Then with
an given initial distribution of infections described by (pa(-), ¢3(-)) € C(Q,R?),
solving (2.27) with this given initial distribution will give a distribution of total
infections caused by (¢2(+), ¢3(-)), which is

Let L : C(92,R?) — C(Q,R?) be defined by the above integral, i.e.,

L(ga. ¢3)(x) = / " F(@)S() (2, 03) (@),

Then L is nothing but the next generation operator of the model system (see, e.g.,
[8, 12, 32, 34, 36, 37]), the spectral radian of L. we gives the basic reproduction
number of the model, that is,

Ro :=r(L). (2.28)
By [37, Theorem 3.1 (i) and Remark 3.1}, we then have the following result.

Lemma 2.9. Ry — 1 and s(B*“1"1) have the same sign, where s(B*1%1) is the
generator associated with the linear system (2.18).

By Lemma 2.9, we may restate Theorem 2.3 as follows:

Theorem 2.4. Assume that Ry > 1. Then, the infection is uniformly persistent in
the sense that there exists an 1 > 0 such that such that for any ¢ € X+ with ¢; £0
fori=1,2, we have

litm infu;(x,t) >n, Vi=1,2, uniformly for all x € Q.
— 00

Moreover, System (1.5) admits at least one (componentwise) positive steady state

By the same arguments as in [37, Lemma 4.2 and Theorem 3.2 (ii)], we have the
following observation.
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Lemma 2.10. Let ng be the principal eigenvalue of the following eigenvalue prob-
lem:

T, _ B@)A(@)ui(x)
—dAy + (a i K(:v)ul(z)> Y @ T (2.29)
v 7 |
Then Ro = 7,%

Remark 2.3. When all parameters in (1.5) are constants, one can easily see that
uf(x) = K, and one can actually calculate the spectral radius to obtain

1 BAK r B BAK
RO_%_5+5K/(“+EK>_(5+5K)(a+r)'

(2.30)

At the end of this section, we briefly mention a modified version of system (1.5).
We may assume that susceptible and infected classes have different movement rates,
and pathogen also adopts movement. Then system (1.5) can be modified as follows:

ou uy +u
aatl:dlAul—H"(l— ;((x)Q)ul—ﬂ(x)ulu& reQ, t>0,
u U +u
aa;:dgAug+B(a:)u1U3—o<u2—r ;,((x)QUQ, e, t>0,
% = dgAUg — 5U3 + )\(l’)"dg — ﬂ(m)(ul + UQ)Ug, x € Q, t> 0, (231)
8u1 _ 8u2 o Bug .
W_W_W_O’ x €09, t>0,
ui(z,0) = u (), re, i=123.

We note that our arguments used in the analysis of (1.5) can be applied to system
(2.31), except those in Lemma 2.4. Due to the fact that d; # da, the arguments
used in Lemma 2.4 do NOT work. Next, we sketch an approach in proving the
boundedness of u;(x,t), i = 1,2,3. From the first equation of (2.31), it follows that

ouq Uy
— < dA 1- ——
o =4 “1”( K@))““
which implies that u; (, t) is uniformly bounded. Let V (t) :=[{u1(x, t)4uo(z,t))dx.
Then it is easy to see that

dv(t)

7 +aV(t) < (a+ r)/ up(z, t)dx < p, for some p > 0.

Q
By Gronwall’s inequality we get the L' estimates,

V() SV + B —e).

With the L! estimates, one can show that us(z,t) is uniformly bounded (see e. g.
[1, 17]). Since ua(z,t) is uniformly bounded, it follows from the third equation of
(2.31) that us(z,t) is uniformly bounded. Thus, the results in Lemma 2.4 can be
obtained when system (1.5) is replaced by (2.31). We also note that d; > 0, i =
1,2,3, and hence, it follows that the solution maps generated by system (2.31)
are compact, and hence, Lemma 2.5 is automatically valid. In other words, when
we assume that susceptible and infected classes have different movement rates and
pathogen also adopts movement, the mathematical analysis is similar to those in
(1.5).
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3. Bifurcation Analysis. In Theorem 2.4 we have proved that system (1.5) is
uniformly persistent when Rg > 1, thus (1.5) admits at least one positive steady
state solution. In this section, we consider the steady state equation directly to
obtain more information on the set of positive steady state solutions. The steady
state solutions of (1.5) satisfy

uy +u
dAu, +7r (1 — }((x)2> uy — B(z)uiug =0, =z €Q,
u; +u
dAug + f(z)uiug — aug — 7 ;((x)QuQ =0, z €, (3.1)
—duz + Mx)ug — B(x)(ur + ug)ug =0, x €,
8’11,1 - 8’&2 -
i 0, x € 0N.
From the third equation of (3.1), it follows that ug satisfies
A(z)uz ()
us(z) = . 3.2
) = S @ (@) + wa@) 32
Then (3.1) is equivalent to
Uy + Uz Blz)A(z)uiuz
dAuy +7r|1— — =0, € Q,
urt (ﬁ( o ) TS B (w + wa) )
)A(T)uius u1 + ug
dAus + —Qug — T us = 0, x € Q, (3.3)
? a5+/3($)(u1 + u2) ’ K(x) °
Ul U9
et e R Q.
£y £ 0, T €D

It is easy to see that (uj(z),0) is a semi-trivial steady state solution of (3.3), where
uf(x) is the unique positive steady state solution of the diffusive logistic equation
(2.4).

We use the rate of disease-induced mortality o as the main bifurcation parameter.
Denote o to be the principal eigenvalue of the following eigenvalue problem:

B v o
it | R @ = ve (3.4
81/31 =0, x € 0.

with the corresponding positive eigenfunction () uniquely determined by the
normalization maxgto(z) = 1. Notice that o = o is equivalent to ny = 1 or
Ro =11in (2.29). Let
Bx)A(x) r }
H(x) = — uj(x). 3.5
= [ ot ~ 7 (3
It is easy to see that a® = H if H(x) = H is a constant. We next consider the
case where H(x) # constant and it could change sign in 2. Consider the eigenvalue
problem with indefinite weight:

Ap(z)+AH(x)p =0, z€q,

9p(@) _ e o9 (3.6)
v ’ '

It follows from [22, Theorem 4.2] that the problem (3.6) has a nonzero principal

eigenvalue Ag = Ag(H) if and only if H(x) changes sign in Q and [, H(x)dx # 0.

The following lemma concerns with the sign of the principal eigenvalue .
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Lemma 3.1. [22, Proposition 4.4] The principal eigenvalue o of the problem (3.4)
has the following properties:

(i) If [, H(z)dx >0, then o > 0 for all d > 0;
(ii) If o, H(x)dz <0, then
{ao >0 forall d< g7
1

a® <0 forall d>m.

Remark 3.1. Assume that the coefficients of (3.1) are all constants, that is,

ui(z) = K and
BA r BK(A—r)—or
H(x)=H = LN | i S
() Ls +BK K] 5+ BK
Then o = H > 0 if (a) X is large, or (b)A > r, § is small, and 3 is large.

(3.7)

We use « as a bifurcation parameter and show that a local branch (and also a
global continuum) of positive solutions of (3.3) bifurcates from the branch of semi-
trivial solutions {(«,uj(z),0) : @ > 0}. We note that uj(x) is independent of the
parameter «. Let u = u; and w = ug. Then (3.3) becomes

T B(x)A(z)uw

)\ (z)uw r
_ - = 3.8
ZAZU;(SEB((?(ww) WUt we=0 wea BY
u(x w(x
W oy =0, x € 0.
For p > n, letX:{UGWQ’p(Q):&é(f):O, z € 90}, and Y = LP(Q2). We define

the set of positive solutions of (3.3) to be
Y ={a,u,w) € RT x X x X : (o, u,w) is a positive solution of (3.3).}  (3.9)
We now state the main result of this section regrading the set of steady state
solutions of (3.3).
Theorem 3.1. Assume that o is the principal eigenvalue of the eigenvalue problem
(3.4). Then
(i) There is a connected component ¥y of ¥ containing (a°,u?,0), and the pro-

jection projaX1 of X1 into the a-awis satisfies (0,a°] C proj,¥1 C (0, M]
for

max|3(z)A(x)ug (z)]
M= 252 5 (3.10)
In particular, (3.3) admits at least one positive steady state solution for 0 <
a<al.
(ii) Near a = aP, 31 is a smooth curve
Cy = {(a(s),u(s),w(s)) : s € (0,e)}, (3.11)

where u(s) = ui(:) + s¢o(-) + o(s), w(s) = syo(-) + o(s) where Po(z) > 0 is
the principal eigenfunction of (3.4), and ¢o(x) < 0 satisfies
—dAgo(2) — = [K () = 2ui (2)] do(2) = —q(@)o(x), T €,

K ()
9%ol@) _ z € o0
o ’

(3.12)
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Moreover

, B I
«(0) = Jo V3 (z)da’ (3.13)
where
I:/ﬁmwmwmwwynm_/TWW”%@f+W”th
0 [0+ B(z)ui()] o K(z)
_/(M))(ﬁﬂ)(())m' (3.14)
o [0+ B@ul(@)?

Proof. We apply a global bifurcation theorem in [28] to consider the solutions of
(3.3). Define F:Rx X x X =Y xY by

dAu + L(K(;zc) —u—w)u—p(u,w)
Fla,u,w) = K(z) r ,
( ) ( dAw + p(u,w) — aw — ——(u + w)w

K(x)
where p(u, w) := % By direct calculations,
F(u,w) (Oé, u, ’LU) [¢7 1/’]
r r
/ane K@) (K(z) —2u—w) — p, fK(x)u*pw b
-\ dAY * R —a—L(u—&—Qw) v)’
Du K (z) Pw K(x)
where the partial derivatives of p are given by
_ _ B@)A=)(0 + B(z)w)w _ _ B@)A=)(0 + B(z)u)u
L R L A e A TS T
Note that B\ (@)ut (2)
. oy e o B@)A(@)ui(z
pu(uy,0) =0, py(uj,0) = St B
Furthermore,
Fa(a,u,w) = ( _Ow > ; Fa,(u7w)(a7u7w)[¢7w] = ( _0,(/} > 5
and

F(u,w),(u w)(a u w)[¢ T;Z)]Q

~ <K2(r) +puu> @ —2 (K() +pw> 3 — Puwtd®

Puut? +2 (puw - m) o+ ( o — KQ(;)> 6]

where the second derivatives of p are given by

~2A(2) (B(2))* (6 + Bla)w)w
[0+ Bl@)(u+w)°
Bla)M(w) (8 + Alw)ou + B(x)ow +2 (B(2)) uw)
[0+ Bla)(u+w)P
—2A\(2) (B(2))* (6 + B(a)u)u
p+B@+w)f

Puu = puu(ua w) =

)

Puw = puw(ua w) =

)

Puww ‘= pww(uv ’LU) =
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Note that
Puu(ui,0) = 0, puw(uf, 0) = m,
2(8(x))?A(w)uj (x) (3.15)

pww(uT70) = - [(S—i—ﬁ(f)’lf{(ﬂ?)f :

In particular,

Flauu (@, uf, 0)[6, 0] = ( AA6 + z5 (K@) — 2 @) ¢ — g(a)y )

dAY — % + H(z)y

where o is the principal eigenvalue of the eigenvalue problem (3.4), H(z) is defined
as in (3.5) and

q(x) = sz) ui(z) + W (3.16)
It is easy to verify that the kernel N(Fy, (e’ uf,0)) = span{(¢o, o)}, where

Sp
o is the positive eigenfunction of (3.4) and ¢ satisfies (3.12). By Lemma 2.3,
it follows that u}(z) is globally asymptotically stable in C(£2,R) for the diffusive
logistic equation (2.4). This implies that

T

[—dA - Ty (K@) - 24 (x))] -

exists and it is a positive operator. Thus, ¢o(z) < 0 for z € Q.
Next we show that the range

R(Flyu) (e, u3,0)) = {(hl, hy) € Y?: /th(x)wo(x)dx = o} . (3.17)

In fact, (h1,h2) € R(F(yuw (e’ uf,0)) if and only if there exists (¢,9) € X x X
such that

hy = dA¢ + W (K (2) — 2uj ()] ¢ — q(a),
ho = dAY — %% + H(x),

where ¢(z) and H(z) are defined as in (3.16) and (3.5). It then follows that

/ ho (@) o () da = d / A ()0 (2)dz + / [—a%%o(x) + H(z)do(2)] ¥ (x)dz.
Q Q Q

(3.18)
By integration by parts and the boundary conditions of ¥ and vy, it follows that
/ A (@) (2)dz — / Ado (@) () da. (3.19)
Q

From (3.4), (3.19) and (3.18), it follows that [, ho(z)o(2z)dz = 0 which implies
(3.17). Since

Fa,(u,w) (aoa uTa 0)[¢07 1/)0} = (07 *7/)0)) (320)
and [, [—1o(2)]tho(x)dz < 0. This implies that

Foc,(u,w) (a07 UI, 0)[¢0; wO] ¢ R(F(u,w) (aO’ UT, O))

Thus we can apply the theorem of bifurcation from a simple eigenvalue by Crandall
and Rabinowitz [6] (see also [27]) to conclude that the set of positive solutions to
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(3.8) near (a®,ui(z),0) is a curve in form (3.11), with (4/(0),w’(0)) = (¢o, o).
Moreover o/(0) can be calculated as follows (see [27] and Refs. [10, 11]):

{1, Fluw), (ww) (@°, 13, 0) (90, %0]?)
21, Fo (o (a0, 115, 0) [0, o))

where [ is a linear functional on Y2 defined as (I, [hy, ho]) = [, ha(x)1o(2z)dz. Note
that the second component of F(u’w%(u’w)(ao, u}, 0)[do, Yo]? takes the form

r 2r

6(0) =2 (punli(0).0) = 275 ) do(ealie)+ (i (0,0) = 225 (o(e)?,
where puy (uf,0) and puyy, (uf, 0) are defined in (3.15). Thus,

(o) oG 1
2 fQ 1/’8(x)d$ . fQ 1/%(55)‘155’
where I is defined as in (3.14).

Next we apply [28, Theorem 4.4] to F(o, u,w) = 0 with V' =Ry x (XT)? where
Xt ={u€ X :u> —e} for some € > 0. From the remarks after [28, Theorem 4.4]
and discussions above, all conditions in [28, Theorem 4.4] are satisfied. Therefore
there exists a connected component 37 of ¥ containing the curve C7, and ¥ satisfies
either (i) it is not compact; or (ii) it contains a point (a*,u},0) with a* # %
or (iil) it contains a point (o, uj + U, W), where (U,W) # 0 and (U, W) is in a
compliment of span{(¢o,1o)}. Note that the equations of v and w are all in a form
of dAV + g(z)V =0 for V = u or w thus a weak form of maximum principle holds,
and all solutions on the connected component ¥, are necessarily positive. Since
o > 0, then W must be sign-changing and such («,uf + U, W) cannot be on ¥
hence (iii) is not possible. Similarly (ii) is also impossible as the eigenvalue of (3.4)
with positive eigenfunction is unique. Therefore ¥; is not compact.

From Theorem 2.2 and Remark 2.1, (3.3) has no positive steady state solution
for « > M where M is defined in (3.10), and from (2.7), all positive steady state
solutions are uniformly bounded for o > 0. Thus we must have (0,a°] C proj,x; C
(0, M]. O

a'(0) = —

(3.21)

With the above discussions, we have the following observations:

Remark 3.2. The quantity I determines the direction of bifurcation near (a, uf,0).
Assume that the coefficients of (3.1) are all constants. This implies that uj(z) = K.
From (3.4), it follows that

o [ B 1]l BAK
1’°“[5+5K K}K_dJrBK

Yo(z)

From (3.12), it follows that

BAK

wole) =1 = G ARy

From (3.14), it deduces that

I_{ BA } _ BMK
C0+BE] | r(6+BK)

12 <0,

which implies that
a’'(0) < 0.
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But if A(z), f(x) and K (z) are not all constants, then I > 0 is possible which implies
that o/(0) > 0. Thus a backward bifurcation occurs, and there exist positive steady
state solutions of system (3.3) for a > a°.

4. Discussion. In this paper, we investigate the long-term behavior of a model sys-
tem (1.5) that describes the transmission dynamics of an insect disease with spatial
structure in a bounded habitat of general spatial dimension. Assuming that the
host insects are mobile, the first two equations of (1.5) include the diffusion terms.
The absence of the pathogen mobility results in the absence of diffusion in the third
equation for the pathogen population in (1.5), and this causes some mathematical
difficulties as the solution semiflow of (1.5) is not compact. For instance, because of
the lack of compactness, the classical Theorem 3.4.8 in [13] cannot be applied, and
we need to address the existence of “global compact attractor” for system (1.5) (see
Lemma 2.5 and Theorem 2.1). The linearized stability of the trivial and semi-trivial
steady states of the model are determined by the associated linearized system at
these states. The associated linear system is cooperative, but compactness condi-
tion of the classical Krein—Rutman theory is not satisfied. We have established the
existence of the principal eigenvalue of two eigenvalue problems by the approach of
[37, Theorem 2.3](see Lemma 2.6) and a generalized Krein-Rutman Theorem [21]
(see Lemma 2.8), respectively.

Basic reproduction number, Ry, is an important notion in epidemiology and
it can be used to predict persistence or extinction of a disease. This quantity is
defined as the expected number of secondary infections generated by a single infected
individual introduced into a completely susceptible population. For a model system
describing the disease dynamics, R is mathematically defined as the spectral radius
of the so-called next generation operator of the model system. For a next generation
theory, see [8, 33, 32]; particularly for models with spatial structure, see more recent
works [12, 34, 36, 37]. In this paper, we mainly follow the approach in the above
works to identify the basic reproduction number for (1.5), leading to (2.28).

The local stability of the disease-free equilibrium (u}(z), 0, 0) is determined by the
sign of s(B%1:%1), which is the principal eigenvalue of (2.20) with hi(-) = uj(-) and
ha(-) = ui(-). Applying the abstract results in Thieme [32], we conclude that the
local stability of the disease-free equilibrium is also determined by the sign of Rg—1
(see Lemma 2.9). Then the uniform persistence of the disease can be established
by appealing to the abstract persistence theory if Ry > 1 (see Theorem 2.3 and
Theorem 2.4). However, we cannot prove the extinction of the disease if Rg < 1.
Another index s(B), spectral bound, is defined in Lemma 2.6 and it can determine
the extinction of the disease (see Theorem 2.2). From our dynamical approach, it
seems that R (or s(B%1-%1)) is not a threshold value for the extinction of the disease.
This observations motivate us to conduct a bifurcation analysis of the steady state
solutions for the system (1.5). We suspect that backward bifurcation may occur
when the parameters in System (1.5) are spatially dependent (see Remark 3.2).

Our dynamical approach and bifurcation analysis both suggest that the param-
eter a plays an important role in determining the extinction and persistence of the
disease. We perform some numerical simulations which confirm our analytical re-
sults, that is, the disease will die out if « is large (see (a) in Fig. 4.1) and the disease
will persist if « is small (see (b) in Fig. 4.1).

When model parameters are spatially dependent, it does not seem to be possible
to obtain an explicit form for Ry (in contrast to the constant parameter case, see



A HOST-PATHOGEN SYSTEM 2557

Remark 2.3). In such a case, the impact of the model parameters on Ry can only
be explored numerically. To demonstrate this, we fix parameter values Q = (0, 1),
a=0.02 d=0137,r =1, § = 0.0137, K(z) = 3, f(z) = 1.5, but let A(z) =
0.9[1 4+ ccos(2mx + xg)], where ¢ € [0,1]. The spatial average of A(x) on [0,1] is
always the constant 0.9 regardless of the values of ¢ and xg, but the dependence
of Ry on ¢ varies for different values of xy, as shown in Fig. 4.2. This indicates
that the spatial variation can also affect the persistence/extinction of the disease.
In order to understand the spatial effect of 8(x) on Ry, we take @ = (0,1), and
parameter values are o = 0.02, d = 0.137, r = 1, § = 0.0137, K(x) = 3, A(z) = 0.9,
and B(x) = 1.5[1 + ¢1 cos(2mz)]. The dependence of Ry on ¢; is shown in Fig. 4.3.

healthy hosts concents
infected hosts cf
25 ® _ pathogen particl 25

healthy hosts concentration
o cted hosts ion

0.6 0.
Space x Space x
(a) (b)

FIGURE 4.1. Simulations of disease dynamics. Parameter values
are Q = (0,1), d=0.137, r = 1, § = 0.0137, K (z) = 3, B(z) = L.5,
and A(z) = 0.9(1 + 0.5cos(mz)). (a) a = 1.2, leading to Ry < 1
and hence the disease dies out; (b) o = 0.02, leading to Ry > 1,
and hence disease persists.

FIGURE 4.2. TImpact of A(z) on Rg. Parameter values are Q =
(0,1), « = 0.02, d = 0.137, r = 1, 6 = 0.0137, K(x) = 3, f(z) =
1.5, and A(z) = 0.9[1 + ccos(2wz + x0)]. The values of z( are
zo = 0,0.3,0.5 and 0.7. Horizontal axis is ¢ value in the above
form of A(z), and vertical axis is R¢ value.
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FIGURE 4.3. Spatial effect of S(z) on Rgy. Parameter values are
Q=(0,1), a =002, d=0.137, r = 1, § = 0.0137, K(z) = 3,
A(z) = 0.9, and B(z) = 1.5[1 + ¢1 cos(2mz)]. Horizontal axis is ¢;
value in the above form of §(z), and vertical axis is R value.
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