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ABSTRACT. In this paper we consider a diffusive Leslie-Gower predator-prey
model with Holling type II functional response and cross-diffusion under zero
Dirichlet boundary condition. By using topological degree theory, bifurcation
theory, energy estimates and asymptotic behavior analysis, we prove the ex-
istence, uniqueness and multiplicity of positive steady states solutions under
certain conditions on the parameters.

1. Introduction. Consider the following steady state prey-predator model with
nonlinear diffusions:

—Amh+d@m=w(a—mm-fw~>, zeQ,
w + ky

—@A5:ﬁ<h-fml>7 zeQ, (1.1)
W=7=0, z € 99,

where 2 C RN, N > 1, is a bounded open domain with smooth boundary 0€;
a,b,é, 1,0, k1, ko are positive constants; & is a nonnegative constant. Problem
(1.1) models the interactions between a predator, with population density o(x),
and a prey, with population density w(x), inhabiting a spatial region . In reaction
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terms, a and b are the growth rate of prey w and predator v, respectively; e measures
the strength of competition among individuals of prey species; ¢; is the maximum
value of the per capita reduction rate of @ due to ; kq and k> measure the extent to
which environment provides protection to prey w and to predator v, respectively; ¢o
has a similar meaning as ¢ (see [1, 12, 23]). In diffusion terms, positive constants
dy and dy represent natural dispersive forces of movements of prey and predator,
respectively. The nonlinear diffusion Alavw] = aV[wV(0) + 9V®@] produces the
most characteristic term in (1.1), which models a tendency that prey escapes to
region with lower predator density (see the monograph of Okubo and Levin [36] for
a further ecological background).
By rescaling as follows

e a a ~

- 0 = d 0 = — = — b = b

w d1 w, v 2V, d1d2 , a dl s s
651 6&2 6];'1 k €]~€2

Cl1 = 5 Co = -, = et = .,
YTy T dydy T dy T dy

(1.1) is equivalently rewritten as

w+k1
—Av:z)(b— 20 ), x €9, (1.2)
w+k2
w=wv=0, x € 09,

—A[(1+av)w]:w(a—w— av ) zeQ,

where « is a nonnegative constant, and a, b, c1, ¢2, k1, ko are positive constants.

The system (1.2) is based on a classical predator-prey model of Leslie and Gower
[23] with more reasonable Holling type II functional responses [16] in both prey
and predator interaction terms (see [49] for more detailed explanation), and the
corresponding ODE system is regarded as one of prototypical predator-prey systems
in the ecological studies. The kinetic model of (1.2) was proposed based on the
biological fact that if the predator v is more capable of switching from its favorite
food, say the prey u, to other food options, then it has better ability to survive
when the prey population is low.

On the other hand the spatial component of ecological interactions has been
identified as an important factor in how ecological communities shaped, and un-
derstanding the role of space is challenging both theoretically and empirically [34].
Empirical evidence suggests that the spatial scale and the structure of environ-
ment can influence population interactions [2]. The reaction-diffusion system with
cross-diffusion was proposed by Shigesada et al. in [45] to investigate the habitat
segregation phenomena between two species. Since then, strongly coupled parabolic
and elliptic equations have received considerable attention in recent years, and var-
ious forms of the systems have been considered in the literature (see [8, 22, 26, 29,
30, 31, 32, 39, 40, 41, 47] for competition models and see [9, 10, 11, 13, 14, 17, 19,
20, 21, 33, 35, 37, 42] for prey-predator models).

In this paper we consider the positive solutions of (1.2), which incorporates
the cross-diffusion, Holling type II functional response (see the equation of w),
and modified Leslie-Gower functional response (see the equation of v). The main
concern here is the structure of the set of positive solutions of (1.2) under the
combined effect of cross-diffusion, Holling type II functional response, and modified
Leslie-Gower functional response. Positive solutions of (1.2) with a = 0 have been
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considered in [48, 49]. In this paper, for the case of & > 0, we prove some results on
the existence, multiplicity, uniqueness and bifurcation structure of positive solutions
to (1.2).

The organization of the remaining part of the paper is as follows. In Section 2, we
give some preliminaries, which are essential tools in our later study. In Section 3, we
consider the stability results about the trivial and semi-trivial solutions. In Section
4, we study the existence of positive solutions by using degree theory. In Section 5,
the multiplicity of positive solutions is investigated. Finally the uniqueness of the
positive solution when N = 1 is studied in Section 6.

2. Preliminaries. In this section we list some notation, definitions and well-known
facts which will be used in the sequel. We use || - || x as the norm of Banach space
X, (-,-) as the duality pair of a Banach space X and its dual space X*. For a
linear operator L, we use N (L) as the null space of L and R(L) as the range
space of L, and we use L[w] to denote the image of w under the linear mapping

L. For a multilinear operator L, we use L[w,ws, - ,wg] to denote the image of
(w1, ws, -+ ,wy) under L, and when w; = wy = - -+ = wy,, we use L[w;]* instead of
L{wy,wq,- - ,wi]. For a nonlinear operator F', we use F,, as the partial derivative

of F with respect to argument wu.
First we recall some well-known abstract bifurcation theorems. Consider an
abstract equation
F(\u) =0,

where F' : R x X — Y is a nonlinear differential mapping, and X,Y are Banach
spaces such that X is continuously embedding in Y. The following bifurcation and
stability theorems were obtained in [4, 5, 38] (see also [43, 44]).

Theorem 2.1. Let U be a neighborhood of (Ag,ug) in R x X, and let F: U —»Y
be a twice continuously differentiable mapping. Assume that F (A ug) = 0 for all
(A ugp) € U. At (Mo, uo), F satisfies

dimN (F, (Ao, ug)) = codimR(F, (X, ug)) = 1.

and

Fru(Xos uo)[wo] & R(Fu(Xos uo))-

Here N'(Fy (Mo, uo)) = span{wg}. Let Z be the complement of span{wg} in X. Then
the solution set of F(\,u) = 0 near (Ao, up) consists precisely of the curves u = ug
and T == {(A(s),u(s)) : s € I = (—¢€,€)}, where \ : [ = R, 2 : [ — Z are C!
functions such that u(s) = ug + swo + sz(s), A(0) = Ao, 2(0) =0, and

<£, Fuu()\o,uO)[wo,wob

2(¢, Fxu(Xo, uo)[wo])

where £ € Y* satisfies R(F,(Ao,uo)) = {¢p € Y : (£{,¢) = 0}. Moreover if
in addition, F,(\,u) is a Fredholm operator for all (\,u) € U, then the bifur-
cation curve T is contained in X, which is a connected component of S, where
S :={(\u) € U: F(\u) =0,u # up}; and either ¥ is not compact in U, or %
contains a point (A, ug) with Ae # No.

N(0) = —

Theorem 2.2. Assume that all assumptions in Theorem 2.1 are satisfied, and let
{X(t),u(t)} be the solution curve in Theorem 2.1. Then there exists C? functions
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m:(M—€ ot+e) >R, z: (Ao—€, o+e) > X, u:(=6,0) >R, andw: (=4,9) —
X such that
Fu( A ug)z(A) =m(N)z(N), A€ (Ao —¢€ Ao +e),
Fu()‘(t)vu(t))w(t) = :u(t)w(t)7 te (=4, 6)7
where m(Ag) = u(0) = 0, z(Ag) = w(0) = wy. Moreover, near t = 0 the functions
w(t) and —tN (t)m’(Xo) have the same zeros and, whenever u(t) # 0, the same sign.
More precisely,

—t\N(t)m/
L~ @ O)
=0 p(t)
Next we recall some well-known facts about linear elliptic equations and diffusive
logistic equation. For each ¢ € C(2), let A\1(q) be the principal eigenvalue of
—Au+qg(z)u=Iu, z€Q,
u =20, x € 0N.

=1

(2.1)

As is well known, the principal eigenvalue A1(q) is given by the following variational
characterization:

M@= it (0P g@))da,
P€H ()18l L2(0y=1 JQ

We denote A1(0) by A1 and let ¢ (x) be the positive eigenfunction corresponding to

A1 with ||¢1]|z2() = 1. Furthermore, the principal eigenvalue A1 (¢) has some useful

properties as follows (see [22, Proposition A.1] or [46, Proposition 1.1]).

Theorem 2.3. (i): If ¢ € C(Q) (i = 1,2) satisfy q1 > q2 in Q and q1 # qo,
then A1(q1) > A1(qe).

(ii): For q, € C(Q) and ¢ € C(Q), let ¢, € HL(Q) and ¢ € HE(Q) be the
corresponding eigenfunctions of (2.1) satisfying ||onllr2() = |¢llL2) = 1,
where n € N. If nl;rr;o||qn —qllre@) = 0, then RILII;OM(%) = Mi(q) and
lim ¢, = ¢ strongly in H} ().

n—oo
(133): Let (c,d) be an open interval and assume that a mapping 5 — qg is con-

tinuously differentiable from (c,d) to C(Q) with respect to supremum norm.
If ¢3 € H(Q) with ||¢gl| 12 =1 is the unique positive eigenfunction corre-
sponding to A\1(qg), then 8 — A1(qp) is continuously differentiable from (c,d)
to R and J 5
45 2
—A = —= ¢5dx.

B 1(%) o 08 ¢5 xz

For ¢ € C(Q), let p be a sufficiently large constant such that p — g(x) > 0 for
any z € €. Define a bounded linear operator T : C(Q) — C(Q) by u = Tv =
(—=A + pI)~Y(p — q(x))v, where u € C(Q) is the unique solution of the following
problem

u =20, x € 0N. (2:2)

Denote r(T") be the spectral radius of T. Then the relationship between A;(¢) and
r(T') can be given as follows (see [7, Proposition 1] or [25, Lemmas 2.1 and 2.3]).

{ —Au+pu = (p—q(x))v, x € Q,

Theorem 2.4. Let ¢ € C(Q) and let p be a sufficiently large number such that
p > q(x) for any x € Q. Then we have
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(i): A1(q) > 0 if and only if r((—A+pI)~' (p — q(x))) <
(i) Ai(g) <0 if and only if r((—=A +pI)~'(p —q(2))) > 1;
(iii): A1(q) = 0 if and only if r((—A + pI)~1(p — q(x))) = 1.

Consider the following steady state problem for logistic equation with linear
diffusion

{ ~Au=u(l—u), z€Q, (2.3)

u =0, x € 09,

where [ is a positive constant and @ C RY is a bounded open set with smooth
boundary 9. Then the following results are well known (see [7, Lemma 1] and [15,
Propositions 6.1-6.4]).

Theorem 2.5.  (i): If1 < Ay, then (2.3) has no nontrivial solutions.
(#i): Ifl > Ay, then there exists a unique positive solution 0;(x) of (2.3) satisfying
0<0(x) <l for all z € Q.
(4i1): llir;1+ 01(x) = 0 uniformly in Q. More precisely,
A1

-1
01 = (/ (b?dl’) (l — )\1)¢1 -+ O(l — )\1) as | — )\-1’_
Q

(iv): llim 0;(z) = oo and llim 0;(z)/l = 1 uniformly in K, where K is any
bde el — 00
compact subset of Q. -
(v): The mapping | — 0; is C* from (A\1,00) to C(Q) and 0;(x) is strictly in-
creasing with respect to . More precisely,
o0
ol
where (—A+ (20, —1)I) ™! is the inverse operator of —A+ (20; —1)I with zero
Dirichlet boundary condition.

= (=A+ (20, —)I)" ',

Finally we introduce some concepts of fixed point index theory in a cone [6].
Let E be a Banach space and W C E be a closed convex set. W is called a total
wedge in F if YW C W for all v > 0 and W —-W = E. For y € W, define
W, ={x € E:y+~x €W for some v >0} and S, = {z € W, : —z € W,}. Then
Wy is a wedge containing W, y, —y, while S, is a closed subset of E containing
y. Let T be a compact linear operator on E which satisfies T(W,) C W,. We say
that T has property a on W, if there exist t € (0,1) and w € W, \ S, such that
(I—-tIw e Sy. Let A: W — W be a compact operator with a fixed point y € W,
and let D be a relatively open subset of W such that A has no fixed point on the
boundary of D. We denote by degy, (I — A, D) the degree of I — A in D relative
to W, and by indexw (A,y) the fixed point index of A at y relative to W. The
following result is well-known: (see [6], [25, Theorem D] or [27, Lemma 4.1]).

Theorem 2.6. Assume that W is a total wedge, and let A: W — W be a compact
operator with a fized pointy € W and it is Fréchet differentiable aty. Let L = A'(y)
be the Fréchet derivative of A aty. Then L maps Wy into itself. Moreover, if I — L
is invertible on Wy, then the following results hold.
(i): If L has property a on W, then indexw (4,y) = 0;
(i4): If L does not have property a on W, then indexw (A, y) = (—1)°, where o
is the sum of multiplicities of all eigenvalues of L which is greater than 1.
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3. Analysis of the trivial and semi-trivial solutions of (1.2). In this section
we analyze the trivial and semi-trivial solutions of (1.2). It is obvious that the trivial
solution of (1.2) is (0,0) and semi-trivial solutions of (1.2) are (6,,0) (if a > A1)
and (0, k26y/co) (if b > A1). Here 0, and 6, are the unique positive solutions of (2.3)
with | = a or | = b, respectively. The main result of this section is the following
theorem.

Theorem 3.1. Consider the system (1.2).

(i): The trivial steady state (0,0) is locally asymptotically stable if a < A\ and
b < A1, while it is unstable if a > A1 or b > A\;

(i1): Assume that a > Ayi. Then the semi-trivial steady state (04,0) is locally
asymptotically stable if b < A1, while it is unstable if b > A1,

(791): Assume that b > Ai. Then the semi-trivial steady state (0,k20y/ca) is

locally asymptotically stable if A\ (%) > 0, while it is unstable if
koOp—ak
A (el ) <o,
Proof. We only prove the case (#ii) since the proofs of other two cases are similar.

From the linearization principle, the stability of (0, k20;/c2) is determined by the
following eigenvalue problem

—A{<L+““%)¢}+<C““%—a)¢=A¢ z€Q,
C2 kl C2

2

—A¢—%¢+@%—M¢=Am z €,
2

p=v=0, x € 0.

Since (3.1) is not completely coupled, we only need to consider the following two
eigenvalue problems

(3.1)

{JAw+@m—m¢=Am r e, 52

=0, x € 01,

k2a0b cleQb
—A|(l — =A Q
K * 2 )d)} * ( kico a) p=2p,  zei (3.3)

Then it follows from [24, page 76] that the eigenvalues of (3.1) are the union of the

eigenvalues of (3.2) and (3.3). Denote the principal eigenvalue of (3.2) and (3.3) by
As and \*, respectively. Then

A = )\1(291, — b) > )\1(9b — b) =0.
In order to determine the sign of A*, letting ¢ = (1+ k%&))qﬁ, (3.3) is equivalent to

and

Clkgab — aklcg A C2 cQ
= ) € )
ki(co + koaby) 14 ¢ + kol 14
By the variational characterization of principal eigenvalue, we have

Clkgeb aklcg 2
V|“dx d
/ | <p| +/ k1(02 + k2049b)<p v

N = inf
PEH(Q), p#0

2

——°d
/Q CQ-I-]CQOéab(p v



POSITIVE STEADY STATE SOLUTIONS OF A PREDATOR-PREY MODEL 3881

C2

Since 0 < ———— < 1 for z € Q,
co + kol
Ckgob — ak102 > . < Ck29b - ak102 )
S (e akice ) ey (2B TG ) g
\* ! (kl (CQ + 1{3204917) ! ! k1 (CQ + k:gaé?b)

Ck‘gob — ak102 . Ckgﬁb — aklcg
<M|—F/mmM——= |, f M| ———= ) <0.
! (kl (CQ + ]fzagb)> ! ! (kl (CQ + k2a0b)>

Combining the above results, one can see that if \; (%) > 0, then all ei-

genvalues of (3.1) are positive, and thus (0, k20 /c2) is locally asymptotically stable.
On the other hand, if Ay (%) < 0, then (3.1) has a negative eigenvalue,
which implies the instability of (0, k20 /c2). O

Next we make some explanations to Theorem 3.1 (#i7). To this end we define a
curve C on (b, a)-plane by
Clkgob — ak102

C=<(bja)eR*: )\ [ ————=
{( CL) 1<k1(02+k2a0b)

where 0, is the unique positive solution of (2.3) with I = b if b > A\; and 6, = 0 if
b = A1. Then we have the following lemma, which describes the profile of C.

)ZO,aZAl,bZAl}, (34)

Lemma 3.2. The curve C defined by (3.4) can be expressed as
C={(ba) eR?:a=x(b), b>\}.

Here x(b) is a strictly increasing C function. Furthermore, it satisfies the following

properties:

kg(clcg + )\1/{104)
k1

Proof. We only prove the case o > 0. For the case a =0,

0 = (8) = A <01k20b)

kico
and one can show the conclusion of this lemma in a similar manner. Set

S(CL, b) = /\1(90(@7 Hb))’ (av b) € P‘l’ OO) X [)‘17 00)7

x(M) = A1, X'(\1) =

and blim x(b) = 0.

— 00

where

(a,2) = c1koz — akico
LS kq (62 + k'QOéZ) '
By Theorem 2.5, 8, is a continuous and strictly increasing function with respect to
b such that lim,_,+ Op(x) = 0 uniformly in Q and limp_, o, 65(x) = oo uniformly in
any compact subsets of Q. Since ¢(a, z) is strictly decreasing with respect to a and
is strictly increasing with respect to z, it follows from Theorem 2.3 that S(a,b) is
strictly decreasing with respect to a, and it is strictly increasing with respect to b.

Since limy,_, + v(a,0y) = —a uniformly in Q, it follows from Theorem 2.3 (i)
that
S(a, A1) = lim Ai(p(a, ) = A1 —a. (3.5)
b— AT

By the variational characterization of principal eigenvalue,

S(a,b) = inf {/ |V¢\2dz+/ go(a,@b)¢2dx}.
¢€H01(Q)7H¢HL2(Q):1 Q Q
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Recall ¢, is the positive eigenfunction of A\; with [|¢1][z2(q) = 1. Then

S(a,b)gL\V¢1|2dx+Aw(a79b)¢§d$~

Since limp—, o0 ¢(a,bp) = c1/(k1) for any = € €, by Lebesgue’s dominate conver-
gence theorem,

lim S(a,b) < lim ( |v¢1\24a:+/ @(a,eb)¢§dx)

_ 2 ¢ 25 c
=[[Vo1ll120) + T /Q prdr = A1 + Ta

On the other hand,

$(a,b) = [VbaplZs + / o(a,05)62 i, (3.7)

where ¢4(z) is the positive eigenfunction corresponding to Ai(¢(a,8p)) with
|#apllz2() = 1. Then

¢ c
%2(9) = S(a,b) - /Q e(a, 9b)¢g,bdl’ < ()\1 + k:lla) + max {a, klla} .

By the reflexive property of H}((2), there exists a function ¢, o € H{(2) with
|fa,c0ll2(0) = 1 and a subsequence of {¢, 1}, denoted by {¢a4}s again, such that
1. Gapb — Ga,co weakly in H}(2) as b — oo,
2. Pap — Pa,co strongly in L?(Q2) as b — oo.
Then, by (3.7),

IV a,l

. (&) C1
Jim S(@.0) > (60wl + 1 [ Radeznt s (68)

Thus, by (3.6) and (3.8),

C1

lim S(a,b) = A\ + (3.9)
b—oo

kla'

It follows from (3.5) and (3.9) that for each a € [A1,00), there exists a unique
ba € [A1,00) such that S(a,b,) = 0. Define a function ¢(a) by

C(a) = by, a € [A1,00).

Clearly ((a) is a continuous function for a € [A1, 00), and it satisfies (A1) = A1 by
the fact that S(A1, A1) = 0. By Theorem 2.3 and Theorem 2.5, S(a, b) satisfies that

2
§(a,b) :/ Opla,6) 2 pdz = fCQ/ %dsxo, (3.10)
Q Q

Oa Oa co + kol
08 [ O9p(a,0h) o , [ wla,2) 9 5
e = [ g et = [ 2 ey, O 0™

(3.11)
k2(0162 + aClea) 00, 2

Q kq (Cg + kgaﬁb)Q % ab
By the implicit function theorem, ((a) is a C*-function for a € (A1, c0) and

dx > 0.
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Next we prove lim,_, ((a) = co. Assume on the contrary that lim, ., ((a) =
boo < 00. Since ((a) is strictly increasing, it follows from Theorem 2.3 (7) and the
monotone property of ¢ that

= S(a,¢(a)) < S(a,bx) = A1(p(a,0..)). (3.12)
Since 6p_ < bs for all x € €2, then

c1ko0 ac
#la 0b,) < kl(c;j/g;;ebm) T e
Consequently
A(p(a, b)) <At ( C1k2b, ) — ac2 — —00 as a — 0o,
> k1(ca + ko) ca + koaboo

which contradicts with (3.12).

Define a = x(b) be the inverse function of b = ((a). Then all the conclusions of
the lemma hold except x’(A1). Thus we only need to compute x'(A1) to complete
the proof. By Theorem 2.5 and Theorem 2.3, the following results hold true (see
[46, page 432]):

1. lim 6p(x) = 0 uniformly in €;

b= AT
2. hril Dy vy, = ¢1 strongly in Hg (Q);

3. i % _ </ ¢3dac> ¢1 uniformly in €.

bﬁ)ﬁ b
From (3.10) and (3.11), it follows that
oS - oS k‘Q(Cl + /\1]4)104)
%()\1,/\1)— " Db (A1, A1) = " ;
and thus o5
p b 5y (A1 A1) _ ka(er + Mikra)
X (>\1) aS - k .
a (Ala)\l) !

O

By virtue of Lemma 3.2, the stability result for the semi-trivial steady state
(0, k20y /o) reads as follows (see Fig 1):

Corollary 1. The semi-trivial steady state (0, 0y) is asymptotically stable in a region
A, while it is unstable in a region B, where

A={(b,a) eR?:a < x(b), b>\}

and
B={(b,a) €R?:a> x(b), b>\}.

4. Existence of positive solutions. By using the transformation u = (1+ av)w
(1.2) can be rewritten as follows:

— Au = f(u,v) = up(u,v), T €9,
— Av = g(u,v) := vpa(u,v), x € £, (4.1)
u=nv=0, x € 0Q,
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a a=x(b)
7\'1
0 A b

1

FIGURE 1. The stable region (yellow) and unstable region (green)
for (0, k20y/c2).

where
(u,0) = a u B cv
P = T o (14+av)?  ki(1+av)+u’
1
p2(u,v) :=b cv(l + av)

k(T4 av)+u

It is easy to see that (4.1) (or equivalently (1.2)) has no positive solutions if
a < Ay or b < A;. Indeed let (u,v) be a positive solution of (4.1), then
— Au < au, T €,
— Av < by, x €,
u=v=0, x € 09,
and it follows from the property of the principal eigenvalue that a > A\; and b > A;.
Since we are interested in positive solutions, throughout this section, we assume

that a > A1 and b > A hold.
Next we derive an a priori estimate for nonnegative solutions of (4.1).

Lemma 4.1. Let (u,v) be a nonnegative solution of (4.1). Then

2
a(l—i—M) if a>k,

u(z) < Mi(a) = < s | (1.2)
all+ ) if a <k,
C1
and
v(z) < Ma(a,b) := b (k2 + Mi(a)). (4.3)

C2
Proof. We only prove that (4.2) holds since the other case (4.3) can be proved in a
similar manner. Assume that u(x) attains its maximum at zo € Q. Thus

0 < —Au(zg) = u(zg)p1(ul(zg), v(zo)). (4.4)
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If u(zg) = 0, it is obvious that u(x) = 0, and (4.2) holds. On the other hand, if
u(zg) > 0, (4.4) implies that

N c1v(xg) <a,
ki+T1
where 7 = u(xg)/(1 + av(zg)). Thus 7 < a and
(a+k1)? .
c1v(zg) < (a—71)(k1+7) < 4 it a>k,
a/kl if a S kly
which imply that (4.2) holds. O

Now we introduce the following notations:
o E=C(Q)x C(Q). It is obvious that E is a Banach space with the norm

[[(w, v) ||z = max [u(x)] + max [v(z)].
zeQ e

o W=K x K, where K ={ue C(Q) :u(z) >0 forz € Q}.
o D= {(u,v) € W :u(x) < My(a) + 1, v(z) < Ma(a,b) + 1 for z € Q}, where
M;(a) and Ms(a,b) are defined in Lemma 4.1.
From Lemma 4.1, nonnegative solutions of (4.1) must be in D. Define a positive
and compact operator A: D — E by

Aw@:pﬂ+my{§&31g),

where p is a sufficiently large number such that
p+ p1(u,v) > 0and p + pa(u,v) > 0 for (u,v) € D.

Note that (4.1) is equivalent to (u,v) = A(u,v) by the regularity of elliptic
equations, and therefore it suffices to prove that A has a nontrivial fixed point in
D in order to show the existence of positive solutions of (4.1). To this end we need
to compute the fixed point index of the trivial and semi-trivial solutions of (4.1).
It is easy to see that (4.1) has a trivial solution (u,v) = (0,0) and two semi-trivial
solutions (6,,0) and (0, k20 /co) since a > A1 and b > A\;. Moreover the following
lemma holds.

Lemma 4.2. Assume that a > A1 and b > A\1. Then
(i): degy (I — A,D) = 1;
(#4): indexw (4, (0,0)) =0;
(#41):  indexw (4, (04,0)) = 0;
(

iv): indexy (A, (0, kafp/c2)) = 0 if \y (%) <0;

and indexyy (A, (0, ko /2)) = 1 if As (k’gfgi;g“) > 0.

Proof. (i) For each t € [0, 1], we define a positive and compact operator A; : D — E
by

o) = eyt () ),

Then A; = A, A; has no fixed point on 9D, and A;(D) C W. Thus degy, (I — A, D)
is well defined for all ¢ € [0,1]. By the homotopy invariance of Leray-Schauder
degree and (0,0) is the only fixed point of Ag in D, we obtain that

degy, (I — A, D) = degy, (I — Ao, D) = indexy (Ay, (0,0)).
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Set
_ 0
Lo = Ao 0.0) = (=2 +507 (B D).
It is easy to see that I — L is invertible on W(o,o) = K x K and r(Lp) < 1 by
Theorem 2.4 (7). Since 7(Lg) < 1, then Ly does not have property a on W(o,o)-
Thus indexy (Ag, (0,0)) = 1 by Theorem 2.6 (ii).
(ii) Let L = A(,4(0,0), then

1 Pt fu fo _1( pt+a 0

L= (—Atpl) ( e b ><u,v>=(o,o> (—a+pI) ( S ) |

Assume that L(&,n) = (§,7) for some (§,1) € W(g,9) = K x K. Then it is easy
to verify that £ = n = 0 since a # A1 and b # Ay. Thus I — L is invertible on W(o,o)-
Since a > A1, by Theorem 2.4 (ii), we see that r, := 7((—=A + pI)"(p + a)) >
1 and 7, is the principal eigenvalue of the operator (—A + pI)~!(p + a) with a
corresponding eigenfunction ¢,(x) > 0 in Q and ¢,|9q = 0. Set t, = 1/r, € (0,1),
then (¢q,0) & Si0,0) = {(0,0)}, but (I —t,L)(¢a,0) = (0,0) € Sg,0y- This shows
that L has property a, and thus indexy (A, (0,0)) = 0 by Theorem 2.6 (7).

(791) Let L = A(u)v) (64,0), then

Gu  PHIo /() =0..0)

Clga

— (26, — - —20,)0, —
p— (20, —a) —ala— 2.0, —

0 p+b

Assume that L(§,n) = (&,n) for some (§,1) € Wg, 0) = C(Q) x K, i.e. (&n)
satisfies

=(-A+pl) !

_ _ o Clga
— AL+ (20, — a)é = ( ala —260,)0, o kl) n, x€Q,
— An = by, x €,

Since b > A1, then n = 0, and thus the conclusion follows by similar arguments as
in the proof of (i3).
(Z’U) Let L = A(u,v) (0, kg@b/CQ), then

L:(—A+p[)_1(p+f“ f )
Gu P Iv ) (40)=(0,k26, /c2)

C1 ]€2 91, — ak1 C2

P— V75— 0
= (=A+pH)7! kl(czgr ka0bs)

T e — (26, — b

co + kol P ( b )
If A\ (%) < 0, then by the similar argument as in the proof of (i%), we
have r(L) < 1 and indexyy (A4, (0, k2bp/c2)) = 0; if Ay (%%) > 0, then, by
the similar argument as in the proof of (7), (L) < 1 and indexy (A, (0, k20p/c2)) =
1. O

The following existence theorem is a consequence of Lemma 4.2.
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Theorem 4.3. Assume that a > A1 and b > A\i. Then (4.1) admits a positive

solution if
Clkzeb — aklcg
M| ———= | <O.
! (kl (CQ =+ k2a9b)>

Proof. Assume on the contrary that (4.1) has no positive solution. Since a > A;
and b > Aq, then (4.1) admits a trivial solution (0,0) and two semi-trivial solutions
(04,0), (0, kebp/c2). Hence

degy (I — A, D) = indexw (4, (0,0)) +indexw (4, (04, 0)) + indexy (4, (0, k20y/c2)).

(4.5)
By Lemma 4.1, the left hand side of (4.5) is 1, but the right hand side is 0, which
is a contradiction. O

By virtue of Lemma 3.2, the coexistence result (Theorem 4.1) reads as follows
(see the green region in Figure 1).

Corollary 2. Let a = x(b) be the function defined in Lemma 3.2. Then (4.1) has
a positive solution if a > x(b) and b > ;.

Remark 1. By Theorem 3.1 and Theorem 4.1, (1.2) has a positive solution when
the trivial steady state (0,0) and two semi-trivial steady states (6,,0), (0, k26p/c2)
are all unstable. Moreover if we consider the evolution equation corresponding to
(1.2), ie.,

th[(1+av)w]w(awwcj_vkl>, reQ, t>0,
CoU
vt—Av:v(b—w+k2), reQ t>0, (4.6)
w=v=0, z €, t>0,
w(zx,0) = wo(x), v(z,0)=ve(x).

Then the system (4.6) is persistent if a > x(b), b > A1, and (wg,vg) € O (see [2] for
details), where

0= {(¢v¢) eEL: ¢($)71/)(90) >0, z¢€ Q} \ {(0,0), (eavo)v (Oa k29b/02)}‘

5. Multiplicity of positive solutions. In this section we use bifurcation theory
to show that (4.1) may have multiple positive solutions for certain parameters. For
fixed b > A1, we rewrite (4.1) as the following form with parameter a:

— Au = f(a,u,v), x € Q,

— Av = g(u,v), x € Q, (5.1)
u=1v=0, x € 01,
where a > 0 is a positive parameter,
au u? c1uv
fla,u,v) = l+av (1+ av)? Ck +u+t kaw’
g, v) = by — caav® + cov?

ko 4+ u + koav”
Recall a = x(b) be the solution of

N (M%ﬂm) _0
"\ kiles + kaaby) ) —



3888 JUN ZHOU, CHAN-GYUN KIM AND JUNPING SHI

For a fixed b > A1, it was shown in Corollary 2 that (5.1) has a positive solution
if a > x(b). Since the necessary condition for the existence of positive solutions
of (5.1) is @ > A1, then a natural question is whether positive solution exist when
a € (A, x(b)). In this section we show that it is possible that there exists a positive
constant €, € (0, A\; — x(b)) such that (5.1) has at least two positive solutions when
Xx(b) — e» < a < x(b), and it has at least one positive solutions when a > x(b) — €.

Recall that (5.1) has a semi-trivial nonnegative solution (u,v) = (0, k26 /c2) for
any a > 0 as long as b > \;. Here we use a as a bifurcation parameter, and
consider the bifurcation of positive solutions from the branch of semi-trivial solu-
tions {(a,0, k20y/c2)}. By linearizing (5.1) at (0, k26p/c2), we obtain the following
eigenvalue problem:

akl Cy — C1 k20b

Ap+ P2 =l o\ cq,
¢ + kl(CQ + kgaeb)¢ ¢ .
02 B (5.2)
Alﬂ+m¢+(b—29b)dl—)\w7 LUEQ,
=9 =0, x € 0N,

A necessary condition for bifurcation is that the principal eigenvalue of (5.2) is zero,
which occurs when a = x(b).

Let ® be the positive eigenfunction corresponding to a = x(b), i.e., (x(b), P)
satisfies

AD +

X(b)klc2 — crkaby
=0, € Q,
k1 (02 + k2a9b) . (53)
P =0, x € 0N

We assume that ® is normalized so that || ®|/p~q) = 1. Since A1(20, —b) >
A1(0, —b) = 0, then —A + 26, — b is invertible, and (—A + 26, — b)~! maps positive
functions to positive functions by the maximum principle. Define

02
U= (-A+20,—b)"" (mggael)@) ,

then both ® and ¥ are positive in €.
With the functions defined above, we have the following result regarding the
bifurcation of positive solutions of (5.1) from (a,0, k26,/d) at a = x(b).

Theorem 5.1. Let b > A\ be fizred. Then a = x(b) is a bifurcation value of
(5.1) where positive solutions bifurcate from the line of semi-trivial solutions 'y =
{(a,0,k20,/c2) : a > 0}; near (x(b),0, ka0y/c2), there exists 6 > 0 such that all the
positive solutions of (5.1) lie on a smooth curve

Ty = {(a(s),u(s),0(5)) : 5 € (0,6)}
and
a(s) = x(b) + sdy + saz(s),
u(s) = s® + suy (s, x),
v(s) = %‘% + sU + svi(s, ).

Here s — (a2(s),u1(s,x),v1(s,x)) is a smooth function from (0,9) to R x X for
X = C2T7(Q) x C37(Q) with o € (0,1) such that ag(0) = 0, u1(0,2) = v1(0,2) = 0
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and

dxr

/ (cok? — crhaly) D + kica(x(D)k1a + ¢1)D* T
R Q k%(CQ + kgaﬁb)Q

ayp = (54)

(I)2
/ S S »
q C2 + kaaby
Moreover a = x(b) is the unique bifurcation value for which positive solutions bifur-
cate from T'g.
Proof. Let X = C3t7(Q) x C577(Q) and Y = C?(Q) x C?(Q), where o € (0,1) is
a constant. Define a nonlinear mapping F': R x X — Y by
_{ Au+ f(a,u,v)
F(a,u,v) = < Av + g(u, ) .

We consider the bifurcation at (a, u,v) = (x(b),0, k26 /c2). From straightforward
calculations, we get

AL+ ful + fo
Fluw (@, u, 0)[€, 7] = < Agi;giiz )

u
F.(a,u,v) = ( 1+ av >7
0

¢ aun

Fa(u,v) (aa U, U)[§7 77] = 1+ av (1 + av)2 s
0

2 2
uu + 2 uv + vU
F(u,’u)(u,v)(aava)[gan]Q = < guu§2 + 257“22 +.§va2 > .

At (a,u,v) = (x(b),0, kabp/c2), it is easy to see that the kernel space is
N(F(u,v)(X(b)v 0, k20b/02)) = Span{(éa \II)}

and the range space is

R(Fluv)(x(b), 0, ka0p/ca2)) = {(fh,ﬁz) €Y : /Qﬁl(z)<1>(z)do: = 0} :

Then
CQ(I)
F, b ko0 U= ——— F, b ko6
a(u,v)(X( ),0, 2 b/c2)[ ) ] (02+k2a9b’0> QR( (u,v)(X( )aoa 2 b/CQ))

since

CQCI)2
—d 0.
/Q co + kol v #

Thus we can apply Theorem 2.1 to conclude that the set of positive solutions to
(5.1) near (x(b),0, k26y/c2) is a smooth curve I'y = {(a(s),u(s),v(s)) : s € (0,0)},
such that a(0) = x(b), u(s) = s® + o(s), v(s) = k20y/d + sU + o(s). Moreover, by
Theorem 2.1,

<f,F(u7v)(u v)( ( ) 0 k29b/62 [(13 \I/]2>

i =d'(0) = - 2(L, Fa(uw) (x(0), 0, k2 /c2)[@, ¥])

where £ is a linear functional on Y defined as (¢, (hiy, fi2)) / hy (2)®(x)dz. Thus
a1 is given by (5.4).
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Finally we prove a = x(b) is the unique bifurcation point where positive solutions

bifurcate from (0, k26y/c2). Suppose that there is a sequence {(an,Un,vpn)}n>1 of
positive solutions of (5.1) such that

n—oo

ko)
Hm (@, Un, vp) = (a,0,2b> ER x X.
C2

Let ¢ = upn/||tn| £ (0). From the first equation of (5.1) with a = a,,

G Up, C1Un
~A¢n = 1+avn¢n_ (1+own)2¢n_ k1+un+k1avn¢n’ zesh
on =0, x € 0N
(5.5)
By Lemma 4.1 and the regularity theory of elliptic equations, there exists a subse-

quence of {@y, }n>1 such that it converges uniformly in Cg“'(ﬁ) to some nonnegative

function ¢ € C377(Q) with |6l Lo (@) = 1. Letting n — oo in (5.5), (@, ¢) satisfies
Eklcz — Clkgob
Ap+ ——————

¢ k1 (CQ + kgaﬁb)
¢ =0, x € 0N.

6=0, axeq,

By Krein-Rutman Theorem, ¢ = ® and @ = x(b). This completes the proof. O

Next we discuss the stability of the positive solutions obtained from Theorem
5.1.

Theorem 5.2. Let b > \; be fized and let a1 be defined as in (5.4). If a1 # 0, then
there exists 6 € (0,0] such that for s € (0,9), the positive solution (a(s),u(s),v(s))
bifurcating from (x(b),0, k20y/d) is not degenerate, where ¢ is the constant in The-
orem 5.1. Moreover (u(s),v(s)) is unstable if a1 < 0, and it is stable if a; > 0.

Proof. In order to study the stability of the bifurcating positive solution (u(s), v(s))
of (5.1), we consider the following eigenvalue problem

s [ (50 )] = (565 ) - =<

£(s) =n(s) =0, x € 09,
where
L(s) := — Fuw)(a(s),u(s),v(s))
:(—A—h@@hwﬁwﬁﬂ —h@@%%@wﬁﬂ>_
—gu(u(s), v(s)) —A = gy(u(s),v(s))
Furthermore
n L, C1kabp — Kkicax(b)
lim L(s) = Lo := o k1(652+ k200y) '
s—0t b
Ttk ST
. cikally — kicax (b)) _ .

Since A1 ( T (2 & Faoy) > =0 and A\1(20, — b) > A1 (0, — b) = 0, then 0 is the

first eigenvalue of Ly with the corresponding eigenfunction (®,W¥). Moreover the
real part of all other eigenvalues of Ly are positive and are apart from 0. By the
perturbation theory of linear operators [18], we know that for s > 0 small, L(s) has
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a unique eigenvalue u(s) such that lim, ,o+ (s) = 0 and all other eigenvalues of
L(s) have positive real parts and are apart from 0.

Now we determine the sign of u(s) for small s > 0 by using Theorem 2.2. Consider
the following eigenvalue problem

- F(u,v)(avov k20b/02) |:( z((zg )] = 7(0‘) ( ,i((z)) > ) T e Qa
¢(a) = ¥(a) =0, z € 0.
Then ¢(a) satisfies
01/{3291) — akzlcg o
— A¢(a) + Tr(ca + Faaly) (a) =7(a)p(a), z€Q, (5.6)
¢(a) = 07 z € 0.

Since v(x(b)) = 0 and ¢(x(b)) = @, then by differentiating (5.6) with respect to a
at a = x(b), we obtain that

C2 C1k29b — X(b)klcg ’
_ o = b))®, €Q,
co + ko k‘l(CQ + k)gaeb) =7 (X( )) * (5.7)

(p:Oa mef)ﬂ,

,ASD

where ¢ = ¢/(x(b)). Multiplying both sides of (5.7) with ® and integrating it over
Q, we obtain from (5.3) that

’y’(x(b))/ D2dy = —/ 672‘1)2d$,
Q ¢

) C2 + ko)

and
(6] 2
—— ®“dx
/c + kol
V() = et kol
/©2dx
Q

Since a; # 0, then it follows from Theorem 2.2 and (5.8) that u(s) # 0 for s > 0

(5.8)

small and
/ 2 g2,
tim X = ) =y P2 0% 6:9)
s—0 S /(I)le'
Q
Since all the other eigenvalues of L(s) have positive real parts and are apart from
0, then the conclusions follow from (5.9). O

Based on the above preparations, we give the multiplicity result on positive
solutions of (5.1) as follows:

Theorem 5.3. Assume the conditions of Theorem 5.1 are satisfied, and let a1 be
defined as in (5.4). If a1 < 0, then there exists a positive constant e, € (0, x(b) — A1)
such that problem (5.1) has at least two positive solutions if x(b) — e, < a < x(b),
and it has at least one positive solutions if a > x(b) — €o.

Proof. From Theorem 5.1, (5.1) has a curve I'; = {(a(s),u(s),v(s)) : s € (0,0)}
of positive solutions near (x(b),0, k26y/c2). Since a1 < 0, a(s) < x(b) for s > 0
small. Assume on the contrary that (5.1) has a unique positive solution (%, ¥) when
a < x(b) but near x(b). Then it is obvious that (&, ?) must be the positive solution
bifurcating from (x(b), 0, k205/c2), which was obtained from Theorem 5.1. That is
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<— bifurcation curve

0 b, x0) a

1

FI1GURE 2. Possible bifurcation diagram of v when a; < 0.

(i,0) = (u(s),v(s)), which is not degenerate by Theorem 5.2. Thus I — A, )(t,?) :
W(ﬁ7@) — W(ﬁ7@) is invertible. Recall that A is the operator defined in (4). Since
W(ﬁ)i)) = St = 0, Ay, (@, 9) does not have property property a. Consequently

indexyy (4, (4,0)) = £1.

Notice that A\; < a < x(b) for s > 0 small and b > ;. It follows from Lemma 4.2
(tv) and Lemma 3.2 that

1 = degy, (I — A, D)
= indexyy (4, (0,0)) + indexy (A, (04, 0))
+ indexy (A, (0, k28 /c2)) + indexw (A, (4, D))
=0+0+1=£1,

which is a contradiction. Thus if @ < x(b) and near x(b), then there exist at least
two positive solutions of (5.1).

By Theorem 2.1, the curve I'y of bifurcating positive solutions is contained in
a connected component ¥ of the set of positive solutions of (5.1). Moreover the
closure of ¥ contains another semi-trivial solution on {(a, 0, k26y/c2) : @ > 0}, or the
closure of ¥ contains semi-trivial solution {(a,0,,0) : @ > A1} or ¥ is unbounded.
By Theorem 5.1, a = x(b) is the unique bifurcation value for positive solutions
of (5.1) from the line of semi-trivial solution {(a, 0, k26y/c2) : @ > 0}, so the first
alternative is not possible. By Theorem 3.1, (6,,0) is not degenerate for all a > A
since b > A1, so the second alternative is not possible. Thus ¥ must be unbounded.
Furthermore, by Lemma 4.1 and regularity theory of elliptic equations, for each
a > 0 there exists C'(a) > 0 such that 0 < ||(u,v)|]|x < C(a), and there is no
positive solutions when a < A;. Thus there exists €, € (0, x(b) — A1) such that the
projection of 3 on the a-axis contains an interval [x(b) — €, 00). In particular (5.1)
has at least two positive solutions if x(b) — &, < a < x(b), and it has at least one
positive solutions if @ > x(b) — € (see Figure 2). O
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Remark 2. We remark that a; < 0 can be achieved by fixing «, co, ko > 0, b > A\;
and letting ¢y = k; =& > 01in (5.4). Then ® and ¥ are all independent of &, while

. / o2 d / o3 d ko 0, ®3 d
a ——dr=c ——de — — | ———————=dz
! q C2 + ko 2 q (c2 + koaby)? e Jq (ca+ kaaby)?
o2y
+c ba—&—l/ida@—)—oo as € = 07.
bt 1) [ S
Thus a; < 0 if € > 0 is small enough.

6. Uniqueness of positive solutions. In this section we study the uniqueness
of positive solutions to problem (4.1) (or equivalently (1.2)) when N = 1. Consider
the following system

2

" au U clLuv
= - - ’ € 07L ’
1+av (1+av)?2 ki 4u+kav z€(0.1)
R G - il vern,
ko +u + koav’ o

u(0) = u(L) = v(0) =v(L) =0,

where L is a positive constant.
For the uniqueness result, we first assume the following condition holds

(Hyb>A1wda>M(ﬂ@%)

Czkl
Then there exists a positive solution of (P,) with a = 0 by Theorem 4.3 (or [48,
Theorem 1.1]). Setting
kq (CQ + ]4120491))

c1koly — akic
hl(a)z)\1<12b 12)’

then
c1ks .
O0)=XM|—60y) —a<0 and lim h(a)=A; > 0.
C2]€1 oa—r 00
By the continuity of % (), there exists the smallest root @ = @y (a, b, ¢1, ca, k1, k2)
of iy (a)) = 0, and it satisfies that Ay () < 0 for @ € [0, @1). It follows from Theorem
4.3 that (P,) has a positive solution if o € [0,@;) and (H) holds.

By Lemma 4.1, all positive solutions (u,v) of (P,) satisfy

b _
u(z) <a+ Ba and v(z) < —(ke + a+ Ba), x € Q, (6.1)
C2
where )
et k) e g,
401
B = 2
am if a <k
(&1
Consider the quartic polynomial
hip(o) = —2B3%a* —2B*(3a + 2k))a® — 2B(3a” + 4ka + k3)a®  (6.2)

+(—2a® — 5k1a® + Bey)a + acy (1 + k1),

where B is defined in (6.1). Since 7i2(0) = aci(1 + k1) > 0 and limy o0 in(@) =
—00, there exists the smallest positive root @s = @a(a,c1, k1) of ia(a) = 0. Thus
ha(a) < 0 for @ € [0,@2) and hg(az) = 0.

Now we give the uniqueness result of positive solution to problem (P,) as follows.
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Theorem 6.1. Assume

Cgk%
—k A 6.3
>\1C1 2 > 1 ( )
and
Cgk‘%
k _—. 6.4
a+ ko < bes ( )

Then problem (P,) has exactly one positive solution if (H) holds and a € [0, @),

where
@i min o, @, + (2 g
= 15 25 B bCl 2 .

Remark 3. The condition (6.3) is needed so that the set of values of (a, b) satisfying
(6.4) and (H) is not an empty set (see Figure 3).

In order to prove Theorem 6.1, we first consider the uniqueness of positive solu-
tion to the problem (Fp).

Lemma 6.2. Under the assumptions of Theorem 6.1, problem (Py) has exactly one
positive solution.

Proof. The proof follows from the methods developed by Lépez-Gomez and Pardo
[28] (or see Casal et al. [3]). Since b > A1 and a > A1 (c1k20p/(c2k1)), there exists
a positive solution of (FPp) by Theorem 4.3 (or [48, Theorem 1.1]). Thus we only
need to prove the uniqueness. Let (ug,v9) be a positive solution of (Py). Then the
linearized system of (Fp) is

C1Ug

7¢/,+L?¢:7U0+k1¢7 IG(O,L),
N7 N L ) € (0,L)
2% — (U0+k2)2 ) x ) )

$(0) = ¢(L) = 4(0) = (L) =0,
where

kiv 2¢ov)
196 = (2uo + —10_ Ly = (=22 _p) 4.
19 <u0+(uo+/€1)2 @) Ly ug + ko v

Since (ug, vg) is a positive solution of (Fy), it follows from the Krein-Rutman The-

orem that
C1v0 C200
Mlug+————a) =0 and A —b|=0.
1(0 up + k1 ) 1(U0+k2 )

LO C2U0 _ -0
)\1( 2)>)\1 (UO-‘er b 0

Since ug < 0, < a, one can see that vg < b(a + ka)/ca. It follows from a + ko <
c2k? /(bey) that vy < k% /c1, and thus

Clearly

C1V9
A(LY) > A —a)=0.
1(E1) 1<UO+U0+/€1 a)
Then by similar analysis as [3, Lemma 5.2], (¢,1) = (0,0). Finally the conclusion
of this theorem follows from the proof of Lemma 5.4 and Theorem 5.1 in [3] with
obvious modifications. O
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Now we consider the problem (P,). Let (ug,vo) be any positive solution of (7).
Then the linearized system of (P,) at (ug,vo) is

_¢”+L?¢: _Ml(u07vo;a)w7 S (07L)7
— " + L) = Mo (ug,vo; @), xz € (0,L), (6.5)
¢(0) = ¢(L) = 4(0) = (L) =0,

where
LY¢ = @ 4 2ug c1kivg + crkyavg
1% = 1+ avo (]. + ()4’1)0)2 (kl +ug + klavo)g )
Loy = bt 262162042118 + 3Czauovg + 4C2]€20w(2) + 2cougug + 2c2kovg ’
T (k2 + ug + kaavg)? 5
2au? k 2
M (ug, vo; @) = ate  _ Qug cikiug + cruf

(I14+0v9)2 (1+avg)® (k1 +uog+ kiawvg)?’
czavg + 0208
(kQ —+ Uuo —+ kQOz’Uo)Q ’

M (ug, vo; o) =

Lemma 6.3. Under the assumptions of Theorem 6.1, the linearized system (6.5)
with « € [0, @) has only trivial solution (¢,1) = (0,0). In other words, the positive
solutions of (P, ) are never degenerate in this case.

Proof. Since the conclusion for &« = 0 has been proved in Lemma 6.2, we assume
that o € (0,@). If we show that A\ (L) > 0, Ai(L§) > 0, Mi(ug,vo; ) > 0 and
Ms(ug,vo; ) > 0, then the conclusion follows from similar arguments as in the
proof of [3, Lemma 5.2].

Since (ug,wvg) is a positive solution of (P,), it follows from the Krein-Rutman
Theorem that

a Ug €10
A — =0
! < 14 avg + (14 avg)? + k1 +u0+k1avo>
and

2
CoqUg + C2g
Ml-b+—7F7-—7-——]=0. 6.6

! ( k2—|—U0—|—k20w0> ( )

Since

1 02]{)%
< = —ky—a),
@ B ( bCl 2 “

it follows from (6.1) that vy < k?/c;, and thus

A(L§) > A (— a4 Yo 1% ) _

1+ avgy + (1+ avp)? + k1 + ug + k1avg
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CIkZ

a 2 =77 a=h 0
gzﬂikz /” 1(Czkl h)
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A “
RZ R"ﬂ
0 2 b

FIGURE 3. Illustration of the parameter regions of (a,b) in the
main results

Similarly A1 (L) > 0 by (6.6). Clearly Ma(ug,vo; «) > 0, and we only need to prove
that M (ug,vo; ) > 0 to complete the proof.

Ml('LLO,UQ;a)
o ac(ky (1 + avg) + ug)?
= + c1k1 + cru
(kl + (') —|— /43104’00)2 |: (1 —|— OZ’UQ)2 1M 1o

2 2
Up 2]{31UO k}l
-2
o ((1 + avg)3 + (1+ avp)? + 1+ avg
Ug

acky C1R1 C1Up — 20U (Ug 1UQ 1

g (k1 +uo+k1av0)2( i ek + 2auo(ug + 2kato + K1)
u

= e _E Fnoio)? (—2cu —4ky aud +(—2k? a+c Jug+aak? +ciky)
ug

= Tt Eon)? h(ug; ).

Here h(t; o) = —2at3 — dkyat? + (=2k3a + c1)t + aak? + c1ky for t > 0. Then

%h(t; a) = —6at? — 8kiat — 2kia + ¢,

and fi(t; «) is either decreasing for all ¢ € [0,00) or, for some § > 0, increasing
for t € (0,0) and decreasing for ¢t € (§,00). Since A(0;a) = aak? + c1k1 > 0
and 0 < ug < a + Ba, if Ai(a + Ba;a) > 0 then Ai(up; ) > 0 and consequently
M (ug, vo; o) > 0. By direct calculation, fi(a + Bo; ) = hg(ax), where hig(e) is the
quartic polynomial defined in (6.2). Since a € [0, @), ha(a) > 0, and thus the proof
is complete. O

Based on Lemma 6.3, the conclusion of Theorem 6.1 follows from the proof of
Lemma 5.4 and Theorem 5.1 in [3] with obvious modifications.

7. Conclusions. In this paper, we study the stability of trivial and semi-trivial
solutions, and the existence, multiplicity and uniqueness of solution to problem
(1.2). Our main results can be summarized as follows (see Figure 3):
1. the trivial solution (0, 0) is globally asymptotically stable if (a,b) € Ry = {0 <
a < A1,0<b< A}, and it is unstable if (a,b) € Ry (see Theorem 3.1);
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. the semi-trivial solution (6,,0) exists if a > A1; it is locally asymptotically
stable if (a,b) € Ry = {a > A\1,0 < b < A1}, and it is unstable otherwise (see
Theorem 3.1);

the semi-trivial solution (0, k26 /ca) exists if b > Ay; it is locally asymptotically
stable if (a,b) satisfies a < x(b) and b > A;, which includes the regions
R; = {0 < a < A,b > A}, Dy and D5 in Figure 3; here int(Dy U D5) =
{x(d) > a> A,b> A} (see Theorem 3.1);

problem (1.2) possesses at least one positive solution if (a,b) €
int(D1 U Dy U D3); here Dy and Dy are separated by a = (cok?)/(bcy) — ko,
D1 U D2 and D3 are separated by a = )\1 (Clkgob/(Cle)), while D3 and D4
share the boundary a = x(b) (see Theorem 4.3);

. problem (1.2) possesses at least two positive solutions if (a,b) € Dy and a1 < 0,
where a; is defined in (5.4); here Dy is a narrow region just below the curve
a = x(b) (see Theorem 5.3);

problem (1.2) possesses exactly one positive solution if (a,b) € Dy if N =1
and « is small enough (see Theorem 6.1).
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