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1. Introduction

In this work we consider the uniqueness of the positive solution for the following non-cooperative reaction-diffusion
steady state model of nuclear reactors:

—Au=au—buv, xe€ 2,
—Av=cu—duv—ev, xEe€S§, (1.1)
u=v=0, xeds,

where £2 is a bounded connected domain in R" (n > 1), with a smooth boundary 962, and the parameters a, b, ¢, d and e
take positive values. A solution (u, v) of (1.1) is called a positive one if both u and v are positive in £2.

The problem (1.1) has been studied in [1,2,5-7]. Here we recall some of their results concerning the existence and unique-
ness of a positive solution (see [1, Theorems 3.1 and 3.2], [5, Theorems 1.1 and 1.2], [6, Theorems 1.3 and 1.4], and [7, The-
orems 1.2 and 1.3]):

Theorem 1.1. Suppose that a, b, c, d, e are positive constants, and let p; be the principal eigenvalue of — A under a homoge-

neous Dirichlet boundary condition. Then the following results hold.

(A) (See[5].) Problem (1.1) admits a positive solution if and only if p; < a < p1 + bc/d.

(B) (See [5,6].) There is an unbounded continuum X of positive solutions of (1.1) emanating from (a, u, v) = (p1, 0, 0) such
that the projection of X to the a-axis is (p1, p1 + bc/d), and for any sequence of solutions (ay,, u,, v,) such that lim,_,
a, = p1 + bc/d, we have

c
limsup vy (x) = —, lim u,(x) = oo.
N 00 d n— 00

Here the limit of u, as n — oo is taken uniformly in compact subsets of 2.
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(C) (See [5].) The positive solution of (1.1) is unique whenn = 1and p; < a < p; + bc/d.

(D) (See [6,7].) The positive solution of (1.1) is unique for anyn > 1if p; < a < bc/d — eand 0 < a> — (bc/d — e)a + 2¢>.

(E) (See [1].) There exists a positive constant ¢ € (0, bc/d) such that the positive solution of (1.1) is unique for any n > 1if
pr<azpte

(F) (See [1].) Assume that bc/d — e > p4. Then there exists a positive constant € € (0, bc/d — e — p1] N (0, p; + e] such that
the positive solution of (1.1) is unique foranyn > 1if bc/d —e — € <a < bc/d — e + €.

Using the result developed in [4, Theorem 2.3], we continue to study the uniqueness of positive solutions for (1.1). Our
new uniqueness result for (1.1) is:

Theorem 1.2. Suppose that a, b, c, d, e are positive constants, and let p; be the principal eigenvalue of — A under a homoge-
neous Dirichlet boundary condition. Then Eq. (1.1) has a unique positive solution for any bounded smooth domain 2 C R" with
anyn > 1if bc/d — e < a < p; + bc/d. Furthermore, the unique positive solution is linearly stable.

Our result improves the uniqueness result given in Theorem 1.1(F) for the higher dimensional domain case as we prove
the uniqueness of the positive solution for all possible values of a > bc/d — e. The uniqueness results in Theorem 1.1(F) are
all for a € (p4, bc/d — e). Combining our results with Theorem 1.1(D)-(F), the only region of a for which the uniqueness is
still not known is an interval (p; + ¢, bc/d — e — €). We also remark that for the corresponding Neumann boundary problem
of (1.1), it is known that the unique constant steady state solution is globally asymptotically stable [3].

2. Proof of Theorem 1.2
In order to prove the uniqueness of the positive solution to (1.1), we cite a result from [4, Theorem 2.3]:

Lemma 2.1. Let 2 be a bounded smooth domain in R" for n > 1, and let f and g be smooth real-valued functions defined on
[0, +00) x [0, +00). Suppose that (U, V) is a positive solution of

Au+f(u,v) =0, x€ 8,
Av+g(u,v)=0, xe€82, (2.1)
u(x) =v(x) =0, xe€ds2,

and for any x € §2, the following relations are satisfied:

fuU®), V() =0, guU®),V(x) >0,
FU®),VX) = LUX), VE)HUK) + f,(UK), V)V (X), (2.2)
gU®x), V() > g(UXx),Vx)HUX) + g, UX), V(x)V(x).

If at least one of the last two inequalities in (2.2) is strict, then (U, V) is linearly stable in the sense that any eigenvalue w of

_AS :fu(Uv V)S +fU(U7 V)’?‘f‘ﬂsz XG.Q,
—An=g,U,V)§ +g,WU,V)n+un, x€1, (2.3)
EXx)=nkx) =0, xedf,

has positive real part. In particular, (2.3) has a positive principal eigenvalue w1 with a positive eigenfunction (&1, n1).

We remark that the original result in Lemma 2.1 requires the relations in (2.2) to hold for all (u, v) € Ri. But the proof
there can be used to prove the version here; hence we omit the proof.

Proof of Theorem 1.2. The existence of a positive solution of (1.1) follows from Theorem 1.1(A), so we only prove the
uniqueness. Let (u, v) be a positive solution of (1.1). Set w = u — bv/d; then (w, u) satisfies

bc
—Aw+ew=<a+e—d>u, x e 2,

(2.4)
—Au=u(a—du+dw), x€ 52,

w=u=0, xecdsf.
Let f(w, u) := —ew + (a4 e — bc/d)u and g(w, u) := dwu + au — du?; then (w, u) satisfies
Aw+f(w,u) =0, x¢€ £,

Au+g(w,u)=0, xe§2, (2.5)
w=u=0, xe€df.
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Since u is positive and a 4+ e — bc/d > 0, then w > 0 as (—A + e)~' maps a positive function to a positive one. It is easy to
calculate that for u, v > 0,

fu(w,u) =a+e—bc/d >0, guw(w,u) =du >0,

fw,u) — fu(w, Yw — fy(w, Wu =0,
g(w, u) — gy (w, Ww — gy(w, Wu = du(u — w) = buv > 0.

Note that the last inequality does not hold for all (w, u) € RZ, but it holds for a positive solution (w(x), u(x)) of (2.5)
satisfying u(x) —w(x) = bv(x)/d > 0.Therefore the relations in (2.2) are satisfied; then any positive solution (w, u) of (2.5)
is linearly stable by Lemma 2.1.

On the other hand, the existence of a positive solution (u, v) of (1.1) implies the existence of a positive solution (w, u) of
(2.5). Because of the stability of (w, u), for any positive solution (a°, wg, ug) of (2.5) with bc/d — e < ap < p1 + bc/d, there
is a unique positive solution (a, wq, ug) of (2.5) for a near a°, and all these solutions are on a smooth curve by the implicit
function theorem. This curve can be extended to a € (bc/d — e, p; 4+ bc/d) as (wq, u,) are uniformly bounded for any
compact subinterval of (bc/d — e, p; + bc/d) (see [5, Lemma 2.4]). This shows the existence of a curve of positive solutions
of (2.5): I' = {(a, wg, Ug) : a € (bc/d — e, p; + bc/d)}. It is clear that w, — 0asa — (bc/d — €)™, and u, must approach a
non-negative solution &t of

— Au=u(bc/d—e—du), x€2,u=0,xedf2. (2.6)

The only non-negative solutions of (2.6) are u = 0 and a unique positive solution 6. Since we assume that bc/d — e > p4,
then &t # 0 since a = p; is the unique bifurcation point for the trivial solution (u, v) = (0, 0) of (1.1). Thus &t = 6. This
also shows that such a curve I must be unique by applying the implicit function theorem near (a, w, u) = (bc/d —e, 0, 9).
Hence the system (2.5) has a unique positive solution (wq, u,) for any a € (bc/d — e, p; + bc/d). This also implies the
uniqueness of the positive solution (u, v) of (1.1), since for a positive solution (u, v) of (1.1), (w, u) = (u — bv/d, u) must
be a positive solution of (2.5) from the assumption thata > bc/d — e.

For the linear stability, we have proved that any positive solution (w, u) of (2.5) is linearly stable by Lemma 2.1; thus any
eigenvalue of the linearized equation

—Ap = f,(w, W + fy(w, WY + up, xe £,
_AI// = gw(w’ U)QO +gu(w’ u)l// + /’“)07 X e Qs (27)
=% =0, xedsf2.

has a positive real part. The linearized eigenvalue problem of (1.1) is

—AYy = (a—bv)y — bugp + uyr, xe S2,
—A¢p = (c—dv)¥y — (du+e)p + nep, xe 52, (2.8)
Yv=¢=0, x€0952,

and it is easy to see that w is an eigenvalue of (2.8) if and only if  is an eigenvalue of (2.7) via the change of variables
¢ = ¥ — (b/d)¢. Hence the unique positive solution (u, v) is also linearly stable with respect to (1.1). This completes the
proof. O
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