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We consider the positive solutions of a quasilinear elliptic equation with p-Laplacian,
logistic-type growth rate function, and a constant yield harvesting. We use sub-super-
solution methods to prove the existence of a maximal positive solution when the harvest-
ing rate is under a certain positive constant.

1. Introduction

We consider weak solutions to the boundary value problem

—Apu = f(x,u) =au?™' ="' —ch(x) inQ,
u>0 inQ, (1.1)
u=0 onoQ,

where A, denotes the p-Laplacian operator defined by A,z := div(|Vz|P2Vz); p > 1,
y(> p), a and c are positive constants, Q) is a bounded domain in RN; N = 1, with 0Q
of class C"F for some B € (0,1) and connected (if N = 1, we assume Q is a bounded
open interval), and /i : Q0 — R is a continuous function in Q) satisfying h(x) > 0 for x € Q,
h(x) # 0, max,cqh(x) = 1, and h(x) = 0 for x € dQ). By a weak solution of (1.1), we mean
a function u € Wé ?(Q) that satisfies

J [VulP72Vu- Vwdx = J [auP™' — w1 — ch(x)|wdx, VweCJ(Q). (1.2)
Q Q

From the standard regularity results of (1.1), the weak solutions belong to the function
class C1*(Q)) for some a € (0,1) (see [4, pages 115-116] and the references therein).

We first note that if a < A, where A, is the first eigenvalue of —A, with Dirichlet
boundary conditions, then (1.1) has no positive solutions. This follows since if u is a
positive solution of (1.1), then u satisfies

I |VulPdx = J [auP~!' — w1 — ch(x)|udx. (1.3)
Q Q
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But [, |VulPdx > A, [quPdx. Combining, we obtain [q[auf™! — u?™! — ch(x)]udx >
A JquPdx and hence [o(a — A)uPdx > [[u?~! + ch(x)]udx > 0. This clearly requires
a> Al .

Next if a > A, and ¢ is very large, then again it can be proven that there are no pos-
itive solutions. This follows easily from the fact that if the solution u is positive, then
JolauP=' —ur=1 — ch(x)]dx is nonnegative. In fact, from the divergence theorem (see [4,
page 151]),

J [auf~! —uw™! — ch(x)]dx = —J |[VulP2Vu-vdx = 0. (1.4)
Q a0
Thus,

CJ h(x)dx < J [auP~! —u~V]dx < a1V 0=P)| Q). (1.5)
Q Q

Here in the last inequality, we used the fact that u(x) < a"/=?) which can be proven by
the maximum principle (see [4, page 173]).

This leaves us with the analysis of the case a > A; and ¢ small which is the focus of
the paper.

TaeoreM 1.1. Suppose that a > Ay. Then there exists co(a) >0 such that if 0 < ¢ < co,
then (1.1) has a positive C*(Q) solution u. Further, this solution u is such that u(x) >
(ch(x)/A1)YP=D for x € Q.

THEOREM 1.2. Suppose that a > Ay. Then there exists ¢\(a) = ¢y such that for 0 < ¢ < ¢y,
(1.1) has a maximal positive solution, and for ¢ > ¢y, (1.1) has no positive solutions.

Remark 1.3. Theorem 1.2 holds even when h(x) >0 in Q.

We establish Theorem 1.1 by the method of sub-supersolutions. By a supersolution
(subsolution) ¢ of (1.1), we mean a function ¢ € Wg’p(Q) such that ¢ = 0 on 0Q) and

JQIV(;SIP_ZV({)-dexz(S)Jg[a(pp‘l—¢y‘1—ch(x)]wdx, Vwew, (16

where W = {v € C;’(Q) | v = 0 in Q}. Now if there exist subsolutions and supersolutions
v and ¢, respectively, such that 0 < v < ¢ in Q, then (1.1) has a positive solution u €
W(;’p (Q) such that y < u < ¢. This follows from a result in [3].

Equation (1.1) arises in the studies of population biology of one species with u repre-
senting the concentration of the species and ch(x) representing the rate of harvesting. The
case when p = 2 (the Laplacian operator) and y = 3 has been studied in [6]. The purpose
of this paper is to extend some of this study to the p-Laplacian case. In [3], the authors
studied (1.1) in the case when ¢ = 0 (nonharvesting case). However, the ¢ > 0 case is a
semipositone problem ( f(x,0) < 0) and studying positive solutions in this case is signifi-
cantly harder. Very few results exist on semipositone problems involving the p-Laplacian
operator (see [1, 2]), and these deal with only radial positive solutions with the domain Q
a ball or an annulus. In Section 2, when a > A, and c is sufficiently small, we will construct
nonnegative subsolutions and supersolutions ¢ and ¢, respectively, such that y < ¢, and
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establish Theorem 1.1. We also establish Theorem 1.2 in Section 2 and discuss the case
when h(x) >0in Q.

2. Proofs of theorems

Proof of Theorem 1.1. We first construct the subsolution y. We recall the antimaximum
principle (see [4, pages 155-156]) in the following form. Let 1, be the principal eigenvalue
of —A, with Dirichlet boundary conditions. Then there exists a §(€2) > 0 such that the
solution z) of

—Apz—AzP"'=-1 inQ,

2.1
z=0 onoQ, (2.1)

for A € (A1,A; +9) is positive for x € Q and is such that (dz)/97v)(x) < 0, x € 0Q.
We construct the subsolution y of (1.1) using z such that A, y(x)?~! > ch(x). Fix

Ay € (A, min{a,A; +8}). Let a = [|z), ||, Ko = inf{K | AIKP‘lzf;1 > h(x)}, and K; =
max{1,Ko}. Define y = Kc/(P=Vz,  where K > K; is to be chosen. Let w € W. Then

- JQ V[P 2V - Viwdx + JQ [a(y)? ! — ()7 = ch(x)]wdx

= J [ - cKP*I()L*zf*_l —1)+ac(Kzy, )" = (K Vg )" = ch(x)]wdx
Q

1

ZJ [~ cKP Mz ' = 1) +ac(Kz, )P = (K@ Dz, )7 — clwdx
Q

= L) [(a—10)(Kz, )P ™' = (Kzy,)" " 0P/ =D 4 (KP1 = 1) |ewdx.
(2.2)

Define H(y) = (a— Ay)yP~! — yy=1c=pV(p=1) 4 (KP=1 — 1). Then y(x) is a subsolution if
H(y)>0forall y € [0,Ka]. But H(0) = K»"! =1 > 0sinceK > 1and H'(y) = y? *[(a —
A)(p—1) = cr=P/P=D(y —1)yr=P]. Hence H(y) > 0 for all y € [0,Ka] if H(Ka&) = (a —
A)(Ka)P~t — (Ka)r~1cv=p/ (=D 4+ (KP~1 — 1) > 0, that is, if

(a—As)(Ka)?P~ 1+ (KP71 —1) (p-1/(y-p)
‘= (K“)y71 . (2.3)
We define
= (a—A)(Ka)?™ !+ (K71 — 1) (p=1/(y=p) g
c _21211% (Ka)r-1 . (2.4)
Then for 0 < ¢ < ¢j, there exists K > K; such that
(a—=As)(Ka)P L+ (KRP~1 = 1) (p-1)/(y—p)
- (Ra)"™ (2.5)
o

and hence y(x) = Kc/(?=Vz,_ is a subsolution.
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We next construct the supersolution ¢(x) such that ¢(x) > y(x). Let G(y) = ayP~! —
yyfl, Since G’(y) — yP*z[a(p _ 1) — (y — 1));)/*17]) G(}/) <L = G(}/O)) Where Yo = [a(p _
1)/(y — 1)]V0=P), Let ¢ be the positive solution of

~App=L inQ, (2.6)
$=0 onodQ. 2.7)

Then forw e W,

-2 . _
L)IngIP V¢ dex—JQLwdx
= L} [agP~! — ¢? ! wdx (2.8)

> L} [ag?~! — ¢V ! — ch(x)|wdx.

Thus ¢ is a supersolution of (1.1). Also since —A,y < ay?~! —y¥! —ch(x) <L = -A,¢,
by the weak comparison principle (see [4, 5]), we obtain ¢ > y > 0. Hence there exists
a solution u € W&’p (Q) such that ¢ = u = y. From the regularity results (see [4, pages
115-116] and the references therein), u € CH%(Q). O

Remark 2.1. If it is any C*(Q) solution of (1.1), then by the weak comparison principle,
llillo < ll§lleo, where ¢ is as in (2.6).

Proof of Theorem 1.2. From Theorem 1.1, we know that for ¢ small, there exists a positive
solution. Whenever (1.1) has a positive solution u, (1.1) also has a maximal positive so-
lution. This easily follows since ¢ in (2.6) is always a supersolution such that ¢ > u. Next
if for ¢ = ¢, we have a positive solution ug, then for all ¢ < ¢, u; is a positive subsolution.
Hence again using ¢ in (2.6) as the supersolution, we obtain a maximal positive solution
for ¢. From (1.3), it is easy to see that for large ¢, there does not exist any positive solu-
tion. Hence there exists a ¢1(a) > 0 such that there exists a maximal positive solution for
¢ € (0,¢1) and no positive solution for ¢ > ¢;. O

Remark 2.2. The use of the antimaximum principle in the creation of the subsolution
helps us to easily modify the proof of Theorem 1.1 to obtain a positive maximal solution
forall ¢ < ca(a) = supg., (((a —Ax)(Ka)?~1 + (KP~1 = 1))/(Ka)~1)(P=1/(y=P) even in the
case when h(x) >0 in Q. Here ¢,(a) = ¢y(a). (Of course when h(x) >0 in €, our solution
does not satisfy u(x) > (ch(x)/A)"#~V for x € Q).) Hence Theorem 1.2 also holds in the
case when h(x) >0 in Q.
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