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1. Introduction

The understanding of patterns and mechanisms of spatial dispersal of interacting species is an is-
sue of significant current interest in conservation biology and ecology, and biochemical reactions.
Different species of chemical or living organisms compete and/or consume limited resource, and
such competition and consumption also generate feedbacks in the complex network of biological
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species. The spatial dispersal makes the dynamics and behavior of the organisms even more com-
plicated. A typical type of interaction is the one between a pair of predator and prey, or more
generally, a pair of consumer and resource. Mathematical model of predator-prey type has played
a major role in the studies of biological invasion of foreign species, epidemics spreading, extinc-
tion/spread of flame balls in combustion or autocatalytic chemical reaction. A variety of theoretical
approaches has been developed and considerable progress has been made during the last three
decades [5,8,11,26,30,35,44].

The spatiotemporal dynamics of a predator-prey system in a homogeneous environment can be
described by a system of nonlinear parabolic partial differential equations (or reaction-diffusion equa-
tions) [26,33-35,40]:

w =D{AH+F(H)H — G(H)P,
wZDZAP+kG(H)P—M(P)a (11)

where H(X,T) and P(X, T) are the densities of prey and predator at time T and position X respec-
tively; here X € 20 (C R") is the spatial habitat of the two species; the Laplace operator A describes
the spatial dispersal with passive diffusion; D; and D, are the diffusion coefficients of species and
k is the food utilization coefficient. The function F(H) describes the per capita growth rate of the
prey, G(H) is the functional response of the predator, which corresponds to the saturation of their
appetites and reproductive capacity, and M(P) stands for predator mortality.

The functions F(H), G(H) and M(P) can be of different types in various specific situations. Since
the first differential equation model of predator-prey type Lotka-Volterra equation was formulated
[27,52] in 1920s, a logistic type growth F(H) is usually assumed for the prey species in the models,
while a linear mortality rate M(P) is assumed for the predator. Some conventional functional response
functions G(H) include Holling types I, II, IIl and Ivlev type (see [17,24,43,53]). When F(H) is of a
logistic growth, the dynamics of (1.1) has been considered in many articles, see for example [11,13,
19,25,28,60].

In recent years, Allee effect in the growth of a population has been studied extensively [9]. Allee
effect is named after ecologist Warder C. Allee [2]. A strong Allee effect refers to the phenomenon
that the population has a negative growth when the size of the population is below certain threshold
value [3,47,50,53], while a weak Allee effect means that growth is positive and increasing when below
a threshold [22,47,56].

By means of extensive computer simulations, Lewis and Karevia [26] used a scalar partial dif-
ferential equation to model the population and they found that strong Allee effect may reduce the
spread of invading organisms; Owen and Lewis [35] considered (1.1) and indicated that predation
pressure can slow, stop or reverse a spatial invasion of prey; Morozov, Petrovskii and Li [32,33,39,40]
showed that the dynamic of system (1.1) is remarkably rich and that its complexity increases with
an increase of the prey maximum growth rate; Also in [33], a thorough study of the system (1.1) in
connection to biological invasion is fulfilled and a detailed classification of possible patterns of species
spread and even the spatiotemporal chaos are obtained. Note that most of these studies are numerical
not analytical. There are very little mathematical analysis results for (1.1) with strong Allee effect in
prey.

On the other hand, the authors [53,54] have recently completed a comprehensive study of a gen-
eral ODE predator-prey system with strong Allee effect in prey. In [53] we considered a planar ODE
system

du
P gw)(fw) —v),
dv

P v(gu) —d),
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where g(u) is the predator functional response which an increasing function, and f(u) is a function
with strong Allee effect character. We completely classified the global dynamics of (1.2) when f and
g satisfy some mild conditions. In particular, we showed that the dynamics is mostly bistable with
one stable state (0,0) and the other one being an equilibrium, or a periodic orbit, or a loop of hete-
roclinic orbits for a threshold parameter value, and in the other case, (0, 0) is globally asymptotically
stable.

In this paper, we rigorously consider the dynamics of the system (1.1) with the form considered in
[32,33,40]. That is, we assume that the functional response is of Holling type II [17], and the predator
mortality rate is linear:

H+B’

where A describes the maximum predation rate, B is the self-saturation prey density and M is the
per capita mortality rate; and the prey growth rate is given by the form in [26]:

F(H) = H(H — Ho)(K — H),

w
(K — Hp)?

where K is the prey carrying capacity, @ is the maximum per capita growth rate and Hgy quantifies
the intensity of the Allee effect so that it is strong with 0 < Hg < K.
With these choices of functions and using new dimensionless variables and parameters:

H P 4 HoT AKKk
U= — V=—, y:—w, t:y 0 , , x=+IX,
(K — Hg)?2 K2 B

we consider the following nondimensionalized form of reaction-diffusion model:

ou u muv
—=d1Au+u(1—u)(E—1)— xef2, t>0,

ot a+u’

ov dyoAv dv+muv xef2,t>0

_— = — . ’ >V,
] ot 2 a+u (1.3)
0 B

_u:_v:(), xXedf2, t>0,

an on

u(x,0) =up(x) >0, v(x,0)=vo(x) 20, xe$2,

where the new parameters are

D4IK? D5IK? AK?k MK3kl B Ho
di = ,  da= ,  m= , d= , a=—, b=—.
Hoy Hoy Y Ho Y Ho K K

For the new parameters, d is the death rate of the predator, a measures the saturation effect [17]
and m is the strength of the interaction. The Allee threshold is b= Ho/K <1 [3,51,56]: a strong Allee
effect introduces a population threshold, and the population must surpass this threshold to grow. We
consider an initial-boundary value problem over a smooth bounded spatial domain 2 C R" forn > 1,
and we impose a no-flux boundary condition so it is a closed ecosystem.

In this paper we prove the global existence of the solutions to (1.3), and in various situations,
global asymptotical behavior of the solutions can be determined. In particular, we show that a large
amount of predator initially will always drive both population into extinction, which is called overex-
ploitation [51,53] and it is a character of predator-prey system with Allee effect. We also use energy
estimates to obtain a priori bounds of the dynamic and steady state solutions, which also identifies
the regions of parameters of nonexistence of nonconstant spatial patterns. While a precise description
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of the global dynamics cannot be obtained as the case of ODE model in [53], we prove the basic
dynamics of the system is still bistable, but the PDE system possesses more spatiotemporal patterns:
nonconstant spatial patterns and time-periodic orbits, at least. We use stability analysis and bifurca-
tion theory to show the existence of such nonconstant steady states and time-periodic orbits, which
partially verifies the richness of the dynamics shown in [33,40].

Methods of analysis of reaction-diffusion systems have been developed since late 1970s (see for
example, [1,5,8,36,49]). In this paper we apply some classical techniques like comparison methods,
a priori estimates, and bifurcation theory. But there are several difficulties when using these methods
to (1.3). One is the lack of comparison principle for the reaction-diffusion predator-prey systems,
which is well known [11-13]. Here we have to use the comparison principle in a more creative way,
often to some components or variations of the original system. Another difficulty is the lack of lower
bound estimates of positive steady states, which is caused by the bistability of the system so that the
system could have a large number of semi-trivial steady state solutions with v-component being zero.
Without such lower bound, one is not able to use the powerful Leray-Schauder degree theory to prove
the existence of nonconstant steady states as in [28,29,37,38,55]. Instead we use global bifurcation
theory developed in [41,48] to obtain the existence of nonconstant steady state solutions with certain
eigen-modes. We also prove the existence of spatially nonhomogenous time-periodic orbits following
the method of [60]. We believe that the class of reaction-diffusion systems with bistable character
such as (1.3) is an important one in the studies of mathematical biology and complex patterns, and
this paper is only the first rigorous step toward a deeper understanding.

The rest of the paper are structured in the following way. In Section 2, we carry out the analysis
of basic dynamics and the a priori bound of solutions of (1.3); In Section 3, we consider the stability
of trivial steady state solutions and bifurcation of semi-trivial steady state solutions; In Section 4, we
investigate the a priori estimates and nonexistence of the steady state solutions; In Section 5, we show
the existence of steady state solutions and time-periodic orbits with a careful Hopf bifurcation and
steady state bifurcation analysis. We end with concluding remarks in Section 6. We denote by N the
set of all the positive integers, and Ngo = N U {0}.

2. Basic dynamics and a priori bound

In this section, the existence of solution to the dynamical equation (1.3) is proved, and a priori
bound of the solution is also established.

Theorem 2.1. Suppose that d,m,a,d,d> > 0,0 <b < 1, and 2 C R" is a bounded domain with smooth
boundary:

(a) Ifug(x) >0, vo(x) > 0, then (1.3) has a unique solution (u(x, t), v(x, t)) such thatu(x,t) > 0, v(x,t) > 0
fort € (0,00) and x € £2;

(b) Ifuog(x) < band (ug, vo) # (b, 0), then (u(x, t), v(x,t)) tends to (0, 0) uniformly as t — oo;

(c) Ifd > % then (u(x,t), v(x,t)) tends to (us(x), 0) uniformly as t — oo, where us(x) is a non-negative
solution of

5
diAu+u(—uy(blu—1)=0, xe, %:0, X€ o0 2.1)

(d) For any solution (u(x, t), v(x,t)) of (1.3),

. . (1—b)?
limsupu(x,t) <1, limsup | vix,t)dx <1+ |£2].

t— 00 t—00 4db

Moreover, for any dy, > 0, there exists a positive constant C > 0 independent of uo, vo, di but depends
on dy, only, such that for any x € £2,
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limsupv(x,t) <C,

t— 00

for all dy > da; if di = dy, then for any x € £2,

limsup v(x t)<1—i—(1_b)2
t—>oop ’ = 4db ’
Proof. 1. Define
muv muv
M@u,v)=u(l—u)(b"'u—1)— ., N@u,v)=-d ,
u,vy=u(l—u)(b"'u—1) P (u, v) V+a+u

then M, <0 and N, > 0 in R_%r ={u >0, v>0} and (1.3) is a mixed quasi-monotone system
(see [36,59]). Let (u(x,t),v(x,t)) =(0,0) and (u(x,t), v(x,t)) = (u*(t), v*(t)), where (u*(t), v*(t)) is
the unique solution to

du _ u(l—u)(b~'u—1),

dt
d_v — dv+ muv ’ (2.2)
dt a+u

u(0) =u*, v(0) =v*,

where u* = supg up(x) and v* = supg vo(x). Then (u(x,t),v(x,t)) =(0,0) and (u(x,t),v(x,t)) =
(u*(t), v*(t)) are the lower-solution and upper-solution to (1.3), respectively, since

il (x, t)
at

— Ati(x,t) — M(i(x,t), v(x,t)) =0

oo aggz, ) Au(x,t) — M(u(x. 1), ¥(x. 1)),

and

dV(x, 0)
at

— AV(x,t) = N(i(x, t), V(x, 1)) = —dV +

Loz VD

— Av(x,t) = N(u(x, t), v(x,1)),

the boundary conditions are satisfied, and 0 < ug(x) < u* and 0 < vo(x) < v*. Here we use the
definition of lower/upper-solution in Definition 8.1.2 in [36] or Definition 5.3.1 in [59]. Therefore The-
orem 8.3.3 in [36] or Theorem 5.3.3 in [59] shows that (1.3) has a unique globally defined solution
(u(x,t), v(x,t)) which satisfies

0<u(x,t) <u*(t), O<v(x, t) <V (), t=0.

The strong maximum principle implies that u(x, t), v(x,t) > 0 when t > 0 for all x € £2. Moreover if
ug(x) < u* < b, then apparently u*(t) — 0 and consequently v*(t) — 0 as t — oo. This completes the
proof of parts (a) and (b).

2. From proof above, we obtain that u(x,t) < u*(t) for all t > 0. From the ODE satisfied by u*(t),
one can see that u*(t) — 0 if u* < b and u*(t) — 1 if u* > b. Thus for any € > 0, there exists Tg > 0
such that u(x,t) <1+ ¢ in [Tp, 00) x £2.



J. Wang et al. / ]. Differential Equations 251 (2011) 1276-1304 1281

If d> % we choose & > 0 such that d > rgflfg, then for t > T, u(x,t) <1+ &. We use the
comparison argument above again with u(T) = u* <1+ &. Then the equation of v*(t) implies that
0 < v(x,t) < v*(t) » 0 as t — oo uniformly for x € 2. The equation of u(x, t) is now asymptotically
autonomous (see [7,21,31]), and its limit behavior is determined by the semiflow generated by the

scalar parabolic equation:

u=diAu+u(l—u)(b'lu—1), xef,t>0,

ou (2.3)
— =0, xeods2.
on

It is well known that (2.3) is a gradient system, and every orbit of (2.3) converges to a steady
state us [14]. Then from the theory of asymptotically autonomous dynamical systems, the solution
(u(x,t), v(x,t)) of (1.3) converges to (us,0) as t — oo. This proves part (c).

3. For the estimate of v(x,t), let [, u(x,t)dx=U(t), [, v(x,t)dx =V (t), then

du 1 muv
E_futdx_/d1Audx+/[u(l—u)(b u—l)—a+u]dx, (2.4)
2 2 2
dv muv
— = dx= | dyAvdx—dV dx. 2.5
dt fvtx /2 e +/a+ux (2:5)
2 2 2

Adding (2.4) and (2.5) and by virtue of the Neumann boundary condition, we obtain that

(U+Vﬁ=—dv+/u0—w@;w—lwx
2

:_MU+VH4U+/uu—m@4u—0w
2

(1—b)?
<—MU+V)+<w+—ZF—>U

By using limsup;_, ., u(x,t) < 1 proved above, we have limsup;_, ., U(t) < |£2|. Thus for small ¢ > 0,
there exists T1 > 0 such that

1—b)?
(U+V)t<—d(U+V)+(d-l-%)(l-l—{i”fﬂ, t>Ts. (2.6)
An integration of (2.6) leads to, for T, > Ty,
1+¢ (1 — b)?
vix,)dx=V(@t) <U(@)+ V(t) < ] d—er |2|+¢€, t>Ty, (2.7)
C . _b)?
which implies that limsup;_, o, fQ vix,t)dx < (1 + (14(11;) )|82]. )
From (2.7), we know that any solution v(x, t) satisfies an L! a priori estimate K1 = (1 + (1;1%) )|82|

for large t > 0, which only depends on d, b and 2. Furthermore we can use the L! bound to obtain
an L* bound K, for large t > 0 from Theorem 3.1 in [1] (see also [4]), where K, depends on K;
and vg.
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Recall the proof of Lemma 4.7 in [4] (and also use the notation in that proof), when dy > d», we
can choose 2dy,/(2 —d + %) <e&9<2dy/(2—d+ %), then C; depends on a, m, d, £2 and da,.
Therefore the L°° bound B* only depends on C; and K;. Therefore, there exists C > 0, such that
limsup;_, o, V(x,t) < C with C independent of ug, vo,d1, d> but only on a lower bound of d,.

4. If d1 =d;, we can add the two equations in (1.3) and obtain

we —diAw =u(l —u)(b_lu— 1)—dv, xef,t>T,
ow

— =0, xed2,t>T,
an

wx, T)=ux, T)+v(x,T), xe 2,

where w(x,t) =u(x,t) + v(x,t). Since when t > T, u(x, t) <1+ ¢, then we have

2
ud—wy(b'u—1)—dv=ud—u)(b~'u—1)+du—dw < (% +d>u —dw

(1—b)>?
< (T +d)(]+8)_dW,

and for the equation

B 1—b)?

9 _gine+ (2D i) te)—dp. xe@ t-T

ot 4b 2.8)
3

_¢=0, X082, t>T,

on

it is well known that the solution ¢ (x,t) — d‘l(% +d)(1+¢) as t — oo, then the comparison
argument shows that

(1-b)?

limsupv(x,t) <limsupw(x,t) < d-1! ( 1

t—00 t—00

+d>(1 +eé),

which implies the last part of (d). O

Remark 2.2.

1. The global existence and boundedness of the positive solution to (1.3) can also be obtained from
a general result of Hollis, Martin and Pierre [18] (see Theorems 1 and 2). Here we show the
detailed construction to obtain specific bounds for this particular model.

2. A discussion of the steady state solutions of (2.1) will be given in Section 3.2. In general, the dy-
namics of the parabolic equation corresponding to (2.1) is bistable with two locally stable steady
states u =0 and u =1, and there is a co-dimension one manifold M which separates the basins
of attraction of the two locally stable steady states (see [20-22]). All other steady state solutions
discussed in Section 3.2 are unstable.

The results on the dynamical behavior of (1.3) in Theorem 2.1 parts (b) and (c) also imply the
following results on the steady state solutions of (1.3), which satisfy:
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muv

—diAu=u(1—-uw)(b 'u—-1)- , X€eS2,

1 ( )( ) aru
muv

—dyAv =—dv + , xe 82, (2.9)
a+u

Ju dv

— = =0, xe€ods2.

on on

Corollary 2.3. Suppose thatd, m,a,d,d> > 0,0 < b < 1, and £2 is a bounded domain with smooth boundary.
Let (u(x), v(x)) be a non-negative solution of (2.9):

1. Ifu(x) < b forall x € 2, then (u(x), v(x)) must be either (0, 0) or (b, 0).

2. Ifd > % then (u(x), v(x)) must be in form of (us, 0), which we call a semi-trivial solution.
Proof. From Theorem 2.1 parts (b) and (c), we only need to prove the case when d > m/(a+1). From
Theorem 2.1 part (d), then u(x) <1 and —d + 24X <0, By integrating the second equation of (2.9),

a+u(x)
we obtain
mu
<d2/IVV|2dX=fV2(—d+—>dx<0.
a+u
2 Q

Hence v=0on 2. O

For the ODE system corresponding to the kinetic system of (1.3), it is known that the predator
invasion leads to the extinction of both species, this phenomenon is called overexploitation [51,53].
Mathematically it means for any given initial prey population, a large enough initial predator popula-
tion will always lead to the extinction of both species, i.e. the convergence to the steady state (0, 0).
In the following result, we establish this result for the reaction-diffusion system (1.3).

Theorem 2.4. Suppose that d, m,a,d1,d> > 0,0 < b < 1 are fixed. For a given initial value of the prey popu-
lation ug(x) > 0, there exists a constant v(; which depends on parameters and uo(x), such that when the initial
predator population vo(x) > v{, then the corresponding solution (u(x, t), v(x, t)) of (1.3) tends to (0, 0) uni-
formly for x e 2 as t — oo.

Proof. For a fixed ¢ > 0, there exists T1 > 0 such that u(t,x) <1+ ¢& for t > T{ from Theorem 2.1(d).
Therefore u(x, t) satisfies
muv
ur=diAu+b 'ul—uw)u—-b) — ——, xef2,t>Ty,
a+u
ux,T1) <1+e¢.

Let v1(x,t) be the solution to

vi=dyAv —dv, xe£2,t>0,
av _
on
v(x,0) =vox), xe€82.

0, Xeof2, t>0, (2.10)

Then v(x,t) > vi(x, t) from the comparison principle of parabolic equation for any t > 0. Moreover, if
vo(x) > v, then v(x,t) > vie~4T1+12) when t € [0, Ty + T3] for some T, > 0.

Since b-1(1 —u)(u — b) < “Zﬁ’)z = M; for all u >0, and
satisfies that

m m
aTuen = arige for t> Ty, then u(x, 1)
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ur <di{Au + [Ml — vge_dm””]u, xef2, T1<t<Tq1+ Ty,

a+1+¢
uix, T1) <1+e¢.

Hence the comparison principle shows that for t € [Ty, T1 + T3], and x € £2,

m
ux,. ) <A +e)exp| ( M] — ——vie dM+T2D V¢ Ty |,
()(+)P|:(1 ariss0 ( 1)

Direct calculation implies that if we choose

b

d/M
1 2M 1
v;;>e2‘”1( +e> 2Mi(a+1+¢)

b m
and
In(1+¢€)—1Inb
Ty >Ti+ :
2 1 M
then
1\/11 _ m v*e—d(T1+T2) < _Mlv
at+1+¢

and for any x € £2,

ux, T1+T2) < (1+¢) exp[(m - vée“’<T1+T2>)<T2 - m] <b.

at+1+¢

Therefore, (u(x,t), v(x,t)) tends to (0,0) for as t — oo from Theorem 2.1(b). Since & is chosen ar-
bitrarily, then it is clear that v;; depends only on the fixed parameters and T; which depends on
up(x). O

Theorem 2.4 implies that (0,0) is always a locally stable steady state with basin of attraction
including all large vq for a given ug. Thus the system (1.3) is bistable (or multi-stable) if there is
another locally stable steady state solution or periodic orbit.

3. Trivial and semi-trivial steady state solutions
3.1. Constant steady state solutions

From Theorem 2.1 part (c), the dynamics of (1.3) is reduced to that of a scalar equation (2.1) if
d > ;i5. Therefore in the remaining part of the paper, we always assume that d < ;75 < m. Under
this assumption, (1.3) has the following non-negative constant steady state solutions:

(1) the trivial solution (0, 0);
(2) the semi-trivial solution in the absence of predator (1, 0) and (b, 0);
(3) the unique positive constant solution (A, v;), where

ad o @+10A=n0b"h-1
m—d’ A= m '
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The positive constant solution (X, v, ) exists if and only if b < A < 1. In the following, we fix a, b
and d and take A as the bifurcation parameter (or equivalently m as a parameter). Since we assume
that d < % then we only consider 0 < A < 1. Theorem 2.1 part (c) and the analysis of the scalar
equation (2.1) completely determine the dynamics of (1.3) for A > 1 and A < 0.

Recall that —A under Neumann boundary condition has eigenvalues 0 = g < 1 < 2 < --- and
lim;_, o i = 0o. Let S(u;) be eigenspace corresponding to w; with multiplicity m; > 1. Let ¢;j, 1 <
j < mj, be the normalized eigenfunctions corresponding to ;. Then the set {¢;;},i >0,1<j<m;
forms a complete orthonormal basis in L?(£2).

The local stability of the constant steady state solutions can be analyzed as follows:

Theorem 3.1. Suppose thatd, m,a,dy,dy > 0,0 < b < 1, and £2 is a bounded domain with smooth boundary.
Then:

(0, 0) is locally asymptotically stable for all . > 0;

(b, 0) is unstable for all A > 0;

(1, 0) is locally asymptotically stable for A > 1 and is unstable for A < 1;

Ifb <A <1, then (A, v;) is locally asymptotically stable for . < A < 1 and is unstable b < A < A, where
A is given by

(a)
(b)
()
(d)

b+1—a++/(b+1—a?+3@b+a—b)
3 .

A= (3.1)

Proof. The linearization of (1.3) at a constant solution e* = (u, v) can be expressed by

(wt)—L<w>.—D(Aw)+1(u,v)<w> (3.2)

with domain X = {(¢, ¥) € H2(22) x H?(£2): 3¢ = %V =0}, where

on

D— di O ] _ (A(u,v) B(u,v)
—\o d )’ W=\ cw,v) D, v))’

and
amyv mu
Aw, v =-3b" w2 +21+b Nu-1—- ———, Bu,v)=-— ,
(u,v) +2(1+b7") a2 v)=—-—
Cu,v)= amy Du,v)=—-d+ mu
T (a+u)?’ S a+u’

From Theorem 5.1.1 and Theorem 5.1.3 of [16], it is known that if all the eigenvalues of the operator L
have negative real parts, then e* = (u, v) is asymptotically stable; if there is an eigenvalue with pos-
itive real part, then e* = (u, v) is unstable; if all the eigenvalues have non-positive real parts while
some eigenvalues have zero real part, then the stability of e* = (u, v) cannot be determined by the
linearization.

Let Xjj = {c- ¢ij: c€ R?}, where {¢ij : 1 < j < dim[S(u;)]} is an orthonormal basis of S(u;). For

i >0, it can be observed that X = 7%, X; and X; = @®}"**" X;; is invariant under the operator L
and o is an eigenvalue of L if and only if o is an eigenvalue of the matrix J; = —u;D + Ju,v) for

some i > 0. So the stability is reduced to consider the characteristic equation

det(ol — J;) = o2 — trace Jio +det J;, (3.3)
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with

trace(J;) = —pi(dy +d2) + A(u,v) + D(u, v),
det(J;) = didapu? — (A(u, v)da + D(u, v)d1) i + det Ju v).-

1. If e* = (0, 0), then J(,0) = (_o1 —Od)' and

trace(Jij) = —ui(d1 +dz) —(d+1) <0,
det(J;) = dydap? + (dq +da)pi +d > 0.

Thus (0, 0) is locally asymptotically stable.
1-p —mb
2.If e* = (b,0), then Jp 0) = ( 0 d:ﬁfm ) For i =0, one of the eigenvalues is 1 —b > 0 so (b, 0)
T ath
is unstable.

. o (1-bTh =g,
3.1f e* = (1,0), then J<1,0>—< 0 —d+%>'

(a) Whenk:m”—fd>l,then —d+%>0, so for i >0,

m
trace(J;) = —pi(dy +d2) + (1 — b_l) + <_d+ a+1> <0,

m m
det(J;) = d1do > b~1—-1)d d— —)di )i+ (1= Y[ -d+ —) >0.
et(Ji) 12#,4‘(( )2+< a+1) 1)#14‘( )( +a+1>>

Hence (1, 0) locally asymptotically stable.

(b) When A <1, then —d + ;75 > 0. For i =0, det(J;) = (1 — b~ (—d + ar1) <0, which implies that

(3.3) has at least one root with positive real part. Hence (1, 0) is an unstable steady state solution
of (1.3).

AR BV

4.1f e* = (A, v,), then Jau v,) = (c(x) 0

), where

_a( - MNb =1
a+ A

al—=xba=1

B(») = —d, CA) = Y , (3.4)

AW =1 -20)(b""A—1)+b7 (A —2?)

’

and we notice that A € (b, 1) defined in (3.1) is the larger root of A(L) =0:

(a) When A <A <1, then A(L) <0, so fori>0,

trace(J;) = —ui(d1 +d2) + A(A) <0,
det(J;) = didapuf — A)dapti — B()C() > 0. (35)

Hence (%, v,) is a locally asymptotically stable steady state solution of (1.3).
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(b) When b < A < A, then A(x) > 0. For i =0,

trace(J;) = A(A) > 0,

which implies that (3.3) has at least one root with positive real part. Hence (A, v,) is an unstable
steady state solution of (1.3). O

Theorem 3.1 shows that when A > A, either (i, v;) or (1,0) is a locally asymptotically stable
constant steady state hence the overall dynamics of (1.3) is bistable.

3.2. Nonconstant semi-trivial steady state solutions

Besides the constant steady state solutions, (1.3) can have steady state solutions in form of
(u(x), 0). In this case, u(x) satisfies

didu+u(l—w(b lu-1)=0, xe,

ou (3.6)
— =0, X€o082.
on

The set of solutions to (3.6) is also of independent interest. To derive some a priori estimates for
non-negative solutions of (3.6) and (2.9), we recall the following maximum principle [38]:

Lemma 3.2. Let 2 be a bounded Lipschitz domain in R", and let g € C(2 x R). If z € H'(2) is a weak
solution of the inequalities

Az+g(x,z(x)) >0 in$2,

and if there is a constant K such that g(x,z) < 0 for z> K, then z < K a.e. in £2.
For the semi-trivial solutions, we have the following result:

Theorem 3.3. Suppose that d; > 0 and 0 < b < 1, £2 is a bounded domain with smooth boundary, and [t
are the eigenvalues of — A under Neumann boundary condition on 2

(a) All nontrivial solutions of (3.6) satisfy 0 < u(x) < 1.

a
(b) Letdqs = %. Then for di > d1«, the only non-negative solutions to (3.6)areu =0, u =boru =1.

(c) Let Dy = lﬂ;nf’ with m > 1, then di = Dy, is a bifurcation point for (3.6), where a continuum Xy, of
positive nontrivial solutions of (3.6) bifurcates from u = b.

(d) If um has odd algebraic multiplicity, then either the projection of X, to d1-axis Proj Xy, O (0, D), or
X', contains another bifurcation point (Dy, b); Moreover if (i, is a simple eigenvalue, then Xy, is a curve
near the bifurcation point (Dp,, b).

Proof. (a) This can be easily derived from Lemma 3.2 and strong maximum principle.
(b) Let u(x) be a non-negative solution of (3.6). Denote & = |§2|! fgu(x) dx >0 and f(u) =
u(1 —u)(b~'u —1). Then

f(u—ﬂ)dx:o.

2

Multiplying the equation in (3.6) by u — u and from part (a), we get
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dlf\V(u—a)|2dx=/(u—ﬁ)f(u)dx
2 2
- /(u —i)(Fw) — f(i) dx
/(u (u +uil + %) + (b + 1)(u + 1) — b) dx

5 f(u —)?(b+ 1)(u +u)dx

< % /(u — i) dx. (3.7)

Then with the Poincaré inequality:
_2 )
pa | @—w?dx< [ [V -] dx,
Q Q

we find that
2(b+1
chmf(u—a>2dx</%<u—a>2dx,
2

which implies that d; < unless u —u =0.

(c) Rewrite (3.6) as

2(b+1)
buq

Au+pfu)=0, xec$,

0 3.8
—u=0, xeds2, (3.8)
on

with p = dl_1 and we will take p as the parameter in the following. Define F(p,u) = Au + pf(u),
ueY={veC>¥R): dv/on =0 on 9£2}. Notice that (p,u) = (p, b) is a solution to the equation for
any p € R. The partial derivative F,(p,b) = A+pf’(b) : Y — C%(£2) is a Fredholm operator with index
zero from Proposition 2.2 in [45]. It is clear that F,(p, b) is not invertible if and only if pf’(b) = um,
equivalent to d; = f'(b)/um = (1 — b)/um, for m > 1. We can apply Theorem 11.4 in [42] (since
F(p,u) is a potential operator) to conclude that dy = D, = f’(b)/um is a bifurcation point for (3.6)
where a continuum X}, of nontrivial solutions of (3.6) bifurcates from u = b. Near (dy, u) = (Dm, b),
the solutions on X, are clearly positive as they are perturbation of u = b. Since Xy, is a connected
component of the solution set of (3.6), then all nontrivial solutions on Xy, are positive.

(d) If wm has odd algebraic multiplicity, then we define X, = {(p,u): p = d71, (dl,u) € Xnml.
We can apply the celebrated Rabinowitz global bifurcation theorem [41] to conclude that S is un-
bounded or X, contains another bifurcation point (D, 1 b). From part (a), all solutions are bounded,
and from part (b), there is no nontrivial solutions for dq large, thus o being unbounded im-
plies that its projection to p-axis contains (D;l, o0). Hence either the projection of X, to di-axis
Proj X, D (0, D), or Xy, contains another bifurcation point (Dy, b).

If um is a simple eigenvalue, then N(F,(Dn,b)) = span{wg}, which is one-dimensional and
R(Fy(Dm, b)) = {v € C¥(2): fg wovdx = 0}, which is codimension one. Finally, Fy,(Dm,b)[wo] =
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Fig. 1. Solution set of (3.9).

f'(bywg ¢ R(Fy(Dm, b)) since f_Q f/(b)w% dx > 0. Therefore near bifurcation point Xy, is a curve,
which follows from Theorem 1.7 of [10] or result in [48]. O

When the spatial dimension n =1, a much clearer picture of the global bifurcation of positive
solutions to (3.6) can be obtained.

Theorem 3.4. Consider
div” +u(l—u)(b~'u—1)=0, xe(-R,R), u'(—R)=u'(R) =0. (3.9)

Then Xy = {(d1,uE(d1,x)): 0 <di < D}, u(dy,-) — b changes sign exactly m times in (=R, R),
ut(dy, —R) > b and uy(dy, —R) < b. In particular, (3.9) has exactly 2m nontrivial positive solutions if
Dm41 < dq < Dy, and all of them are unstable. In fact here Dy, = 4(1 — b)R? /(mir)>2.

Proof. The result follows from Proposition 2.1, Theorem 2.2, Theorem 2.5 and Theorem 2.7 in [46],
since we can verify that f(u) =u(1 —u)(b~'u — 1) satisfies (f1)-(f5) with m =0, M =1 and (2.35)
in [46]. The monotonicity of Xy, is also proved in [57]. Note that (f2) in [46] is not necessary, but only
for definiteness, see remark on p. 3126 of [46]. A pitchfork bifurcation occurs at each (D, b) for Xy,
see Fig. 1 for illustration. Note that we exclude the case of wg = 0. In fact here a crossing-curve
bifurcation does occur, but the solution branch is a trivial one {(p,u) =(0,u): ueR}. O

Now we state the results for the semi-trivial solutions of (1.3):

Corollary 3.5. Suppose thatd, m,a,dq,d> > 0,0 < b < 1, and £2 is a bounded domain with smooth bound-
ary:

1. If (u(x),0) lg g solution of (2.9), and u(x) is not constant, then 0 < u(x) < 1 for x € £2 and dq satisfies
di < dq, = 2b+D

buy -

2. di = D = (1 —b)/um is a bifurcation point for (2.9), where a continuum Yp, = X x {0} of semi-trivial
solutions of (2.9) bifurcates from (u, v) = (b, 0), and Xy, is defined in Theorem 3.3.

3. If um has odd algebraic multiplicity, then either the projection of D to dq-axis Proj Zm D (O, D), or
Y contains another bifurcation point (D, b, 0); Moreover if i, is a simple eigenvalue, then Xy, is a
curve near the bifurcation point (D, b, 0).

4. Ifn=1and 2 = (—R, R), D41 < dy < Dy, then (1.3) has exactly 2m + 2 non-negative semi-trivial
solutions when X\ € (0, b] U [1, 00), and exactly 2m + 3 such solutions when XA € (b, 1); These solutions
are the ones described in Theorem 3.4 and the constant ones (b, 0), (1, 0).

In the case of n =1, Corollary 3.5 completely classifies all semi-trivial solutions of (2.9). For spatial
dimension n =1, (3.9) is often referred as Chafee-Infante equation [6] for the special case of b =1/2,
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which is the balanced case. Here all results for (3.6) are for higher-dimensional domains and b € (0, 1)
(balanced and unbalanced cases, see [46]).

4. A priori estimates and nonexistence of solutions

In this section we discuss the nonexistence of nonconstant positive solutions of (2.9) for certain
parameter ranges. First we have the following a priori estimate for any non-negative solutions for (2.9),
using similar argument as the proof of Theorem 2.1 part (c) with di =d».

Lemma 4.1. Suppose that (u(x), v(x)) is a non-negative solution of (2.9). Then either (u, v) is a semi-trivial
solution in form of (u(x), 0) where u satisfies (3.6), or for x € £2, (u(x), v(x)) satisfies

(1 —b)? n dq

O<u(x)<1, and 0<v(x)<C'= abd o’

(4.1)

whered,dy,d>,a,m>0and0 <b < 1.

Proof. Let (u(x), v(x)) be a non-negative solution of (2.9). If there exists xg € £2 such that v(xg) =0,
then v(x) =0 from the strong maximum principle and u(x) satisfies (3.6). Similarly if u(xg) =0 for
some xp € §2, we also have u(x) =0 which also implies v = 0. Otherwise u(x) > 0 and v(x) > 0 for
Xef.

From Lemma 3.2, u(x) < 1 and from the strong maximum principle, u(x) < 1 for all x € 2. By
adding the two equations in (2.9), we have

—(d1Au+daAv) =u(l —u) (b~ 'u—1) —dv
ddi

d
_ _ 1, _ _
_u((l (b~ 'u—1)+ 0 ) i (diu +dyv)

(1—b)? dd; d
<|l—+—)-—= )
< < T 0 4 (diu +dav)

Then the maximum principle implies that

(1—b)*d,

1
d]u+d2V<a( 4b

+ddy ),

which implies the desired estimate. O

Now we can show the nonexistence of positive steady state solutions when the diffusion coeffi-
cients dy and dy are large.

Theorem 4.2. For any fixed m,a,d > 0 and 0 < b < 1, there exists d* = d*(m,a, b, d, £2) such that if
min{dq, dy} > d*, then the only non-negative solutions to (2.9) are (0, 0), (b, 0), (1, 0) and (A, v;).

Proof. Let (u, v) be a non-negative solution of (2.9), and denote il = |£2|~! fQ udx, v=2|! fQ vdx.
Then

/(u—ﬁ)dx:/(v—ﬁ)dx:O. (4.2)

2 2
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Multiplying the first equation in (2.9) by u — u and applying Lemma 4.1, we get

dy f|V(u —i)[* dx

2
muv(u — u)
/(u—u)u(l—u)( )dx—/H—udx
2

_ e B o B mv(u — i1)? _/mvﬁ(u—ﬁ)
_f(u wu(l—u)(b™'u—1)dx /7a+u dx —atn dx

2 2 2
< 2(b+1)/(u—ﬁ)2dx—|—/ —mvu(u — u) dx. (43)

b a+u

£

In a similar manner, we multiply the second equation in (2.9) by v — v to have

dZ/}V(v—\_/)|2dx:/< d+—>(v—v) dx+f(—d+ ﬂ)\?(v—ﬁ)dx
+ a+u
2 2 2

:/(—d+ﬂ>(v—\7)2dx+/ muy
a+u a+u

2 2
</< d—|——)(v—v)2dx+/

+

2 2

Furthermore, adding the two equations in (2.9) and integrating over 2, we get

(v—v)dx

(v —V)dx. (4.4)

/(—dlAu —dyAv)dx = /[u(l —w(b~'u—1) —dv]dx, (4.5)

2

then the Neumann boundary conditions lead to

|1£2]

fvdx_/u(l )(b™'u—1)dx < < (4.6)

Here we use the fact that |u(1 —u)| <1/4 and |b~'u — 1| < b~ ! for 0 <u <1 (we know that
0 <u(x) <1 from Theorem 2.1). Thus

v

1 1

— [ vdx< —. 47

|9|/" XS abd (4.7)
2

From (4.7) and (4.2), we have

fmuvv— v—v)d fmin'zv v)d
a+(—)—/ (—)X— a+ﬂ(_)x
Q Q Q
/ amy (v — — (u—u)dx
J (a+u)(a+u)
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W/|u—ﬁl|v—\7|dx
2

_mo _ _me Y
d/u u) dx—|—8bd/(v v)“dx,

2

and similarly

/_mw_l(u—ﬂ)dx—/ ( )( —u)d
a-+u a+u a+u v wax
2

(ariu&;i) o [P =i+ @+ D)@ —v)]dx
2
4abd/(” —atdx /'u B

4abd,/(u_u) dx—l——/(u—u) dx+—/(v—v) dx.

From (4.3), (4.4), (4.8) and (4.9) and the Poincaré inequality, we obtain that

d2/|V(v—\7)2|dx+d1f\V(u—a)2|dx
2 2

< L(Aﬂwv—\‘z)z\dx+B/\V(u—a)2\dx>,
Ha 2 s

where

A=—d+ m +E 1+i B_Z(b+1)+ﬁ 1+i
o a+1 2a 4bd b 2a 4bd )’

This shows that if

1
min{dq, d>} > — max{A, B},
23

then

Viu—-u)=V({y —-v)=0,

and (u, v) must be a constant solution. O

(4.8)

(4.9)
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Remark 4.3.

1. One can make an apparent comparison of the results of Theorem 4.2 and Theorem 3.3(b) (or
Corollary 3.5(a)) to see that

d* = lmax{A, B} > B > M =d1x.
M1 M1 b
Note that Theorem 4.2 holds for any fixed a, b, m, d or equivalently any A > 0.
2. An earlier result in [8] implies the nonexistence of spatial nonhomogeneous patterns for general
reaction-diffusion systems when the diffusion coefficients are large. Our results here are more
specific to the model (1.3).

5. Bifurcation analysis and existence of steady states
5.1. Determination of bifurcation points

To prove the existence of nonconstant steady state solutions and periodic solutions of (1.3), we
further analyze the stability/instability of the constant coexistence steady state (A, v,). Recall from
Section 3.1, the precise stability information of (X, v;) is determined by the trace and determinant
of J; (i > 0), which are defined in (3.5) with A()1), B(A) and C(}) defined in (3.4).

For that purpose, we define

T(A,p)=—p(d1+d2)+AQR),
D(x, p) =d1dap* — d2A(M)p — BR)C(L). (5.1)

We call the set {(A,p) € ]Ri: T(A,p) = 0} to be the Hopf bifurcation curve, and the set
{(A,p) € Ri: D(A, p) = 0} to be the steady state bifurcation curve. The studies in [23,60] show
that the geometric properties of the Hopf and steady state bifurcation curves play important role in
the bifurcation analysis of (1.3).

First for the Hopf bifurcation curve, we notice that T(A, p) =0 is equivalent to p = A(A)/(d1 +d>2).
Recall from Section 3.1,

AL = —32%+2(b+1—a)r+a(l+b)—Db).

A
b(a—i-)»)(

The following lemma characterizes the profile of the function A(A), and its proof is straightforward
calculation thus omitted:

Lemma 5.1. Suppose thata > 0,0 < b < 1, then there exist 0 < A* < A < 1 such that:

(@) Ifa(14+b) —b >0, then A(x) > 0in (0, 1) and A(0) = A(L) = 0;

(b) Ifa(1 + b) — b < 0, then there exists A € (0, *) such that A(L) < 0in (0, Ac); A(A) > 0in (Ac, A) and
A0) = A(ro) = A(L) =0;

(c) For either case, A’(A) > 0 in (max{0, Ac}, 1*); A’(L) < 0 in (A*,1); A’(A*) = 0 and A()) attains its
maximum M* at A* for A € [0, 1]. Moreover M* satisfies

b>+1—b 1+b 2
1—b:A(b)<M*<( + +a( +)+a).
3b(a+1)
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Secondly for the steady state bifurcation curve D(i,p) =0, we notice that it is equivalent to
D@, p)=(a+A)D(, p)=0 for A > 0. For fixed p, Disa degree 3 polynomial of A, and for fixed A,
it is quadratic in p. Indeed we can solve p from D(p, A) =

dyAQ)) + \/d§A2()\) +4d,dyB(O)C (M)
2d1d> )

p=ps():= (5-2)

One can also see that the function D(p, A) has no critical points in the first quadrant, hence the set
{(A,p) € Rz D(A, p) =0} must be a bounded connected smooth curve.

Let S(A) = d3A%(1) + 4d1d2 B(A)C(A). There exists a unique root of S(i) =0 denoted by A%, and
p+()) exists only for A < AS. It is easy to verify that

S(b)=d3A%*(b)>0 and S(A)=4d;d2B(A)C(R) <0,
so A% € (b, ). We can summarize the properties of p4+ () as follows:

Lemma 5.2. Let p- (1) be the functions defined in (5.2). Then there exists a A° € (b, A) such that p () exists
for A €10, A%], and p_(}) exists for A € [b, A*]. Moreover

AL
2d;

P+O= 7 p-0)=

Hence the steady state bifurcation curve {D(A, p) =0: p > 0, A > 0} is a smooth curve connecting (A, p) =

lim py(A) = lim p_(}) =
A—>AS A—AS

and

(0, ﬁ ), (A, p) = (A5, AZ% )) and (A, p) = (b, 0). Moreover, p()) attains its maximum value M** a
A** € [b, A*] thus the steady state bifurcation curve exists only for p € [0, M**], and M** can be estimated as

1—b M* b%2+1-—b 1+b 2
1=b <M< < + +a(1+b)+a '
dq d] 3dib(a+1)

Figs. 2 and 3 show several possible graphs of the Hopf and steady state bifurcation curves. From
Theorem 3.1, the constant coexistence equilibrium (1, v;) is locally stable for A € (1, 1). Hence pos-
sible bifurcation from (i, v;) can only occur for A € (b, ). We prove a monotonicity result of p+(})
for A € (b, A%).

Lemma 5.3. Let 1* be the maximum point of A(X) as defined in Lemma 5.1. If b > A*, then p () is decreasing
and p_()) is increasing for b < A < 5. Moreover, if —4b3 + (2 — 7a)b? + 3a(1 —a)b +a*> <0orb >1/2,
then b > A* holds.

Proof. Since

AL = 322 +2(b+1—a)r+a(l+b) - b),

L(
b(a+ 1)

A'() = [-62° + (2(1 +b) — 11a)A* + 4a(1 + b — a)A + a*(1 + b) — ab],

b(a+ )2
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Fig. 2. The graphs of T(A, p) =0 and D(%, p) =0. Here b =0.5, d; =0.01, d, =0.02 and d = 0.2; (left): a =0.8; (right): a =0.2.
In both cases b > A*. The horizontal lines are p =i% for i € N.
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Fig. 3. The graphs of T(A,p) =0 and D(A,p) = 0. Here b = 0.1, dy = 0.01, dy = 0.02 and d = 0.2; (left): a = 0.8;
(right): a = 0.01. In both cases b < A*. The horizontal lines are p =i% for i € N.

we have

A'(b) = - [—4b® + (2 — 7a)b® + 3a(1 — a)b +a?].

1
(a+b)?
Differentiating D(p, ») = 0 with respect with A, we obtain that
2d1d2p(M)p’'(A) —d2A'(M)p(A) —d2A(M)p'(A) — B(WC' (1) = 0.

Thus, p'(A) = B(glfzg?;(igf /ggg;w. While (5.2) implies that d(2dip+(A) — A(A)) > 0 and

dy(2dip_ (L) — A(L)) < 0 for A € (b, A5). Now we determine the sign of B(A)C' (L) +dyA’(M)p+(X).
Recall that

A = 322 4+2(b+1—a)r+a(l+b)—b),

b(a+k)(

_a(1—2)(—b) oo
)= ba+xr =

a(—Ar% —2ar+a+ (1+a)b)
b(a+ )2

il
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then the unique positive critical point of C(}) is = \/a2 +a(1+b) + b —a. While C/(X) =0 implies
that

AQ) = b(ai—i) (=3%%+2(b +1-a)k +a(l +b) —b)
= %(—(1 +b+2a)k +2b +a(1 +b))
b(a+x)
*

= — (=1 +b+2a)va? +a( +b) +b +2a*> +2b+2a(1 +b)).
b(a+ 1)

Since

(202 +2b +2a(1 +b))* — (1 + b+ 2a)*(a® + a(1 + b) + b)
= (a®> +a(1 +b) + b)[4a* + 4a(1 + b) +4b — (1 + b + 2a)*]
=—(a* +a(1+b)+b)(1-b)* <0,

then A(X) < 0, which shows that A5 < A < A. Thus, C’'(A) > 0 for A € (b, A%). If b > A*, A’(A) <0 for
b <X <% Thus B(A)C'(A) +d2A’(M)p+ (1) <0 and p’, (A) <0, p”_(1) >0 for 1 € (b, A%).
A direct condition to ensure A’(b) <0 (or b > A*) is that —4b3 + (2 — 7a)b? + 3a(1 — a)b + a® < 0.
If b>1/2, then
—4b3 + (2 — 7a)b? + 3a(1 — a)b + a?
=b[(2b+3a)(—2b+1—a) +ab] +a* =b(2b+3a)(—2b+ 1 —a) + ab® + a°

=b(2b+3a)(=2b +1—a) +a(b* +a) <b(2b+3a)(—=2b+1—a) +a(b +a)

<b(2b+3a)(—2b+1 —a)—l—a(b—i— 32_a) = (b-l— 3?a)[Zb(—Zb—i-l —a) +a]
= <b+ 32—a>[—4b2+2b—2ab+a] = (b+ 37“>(2b+a)(1 —2b) <0.

Therefore, when —4b3 + (2 — 7a)b® + 3a(1 —a)b +a?> <0 or b >1/2, A'(b) <O thus b > 1*. O
5.2. Steady state bifurcation

In this subsection we will identify bifurcation points A° along the branch of the constant steady
states {(A, A, v;): b <A <A} where nonconstant steady state solutions bifurcate from.

In this subsection and also Section 5.3, we assume that all eigenvalues w; of —A in H!(£2) are
simple, and denote corresponding eigenfunction by ¢;(x). Note that this assumption always holds
when n =1 for domain £2 = (0, ) that for i € Ny,

:2
Mi=;—2, and  ¢;(x) = cos(ix/¢);

and it also holds for a generic class of domains in higher dimensions.
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Recall from Theorem 3.1, the linearization operator at (A, v;) for (1.3) is

_(diA+AQ) B
L(A):( o dzA). (5.3)

Let
14 _oo ai\ .
(¢>—;<bi>¢l(x>

be an eigenfunction for L(A) with eigenvalue (1) such that L(A) (¥, ©)T = n(A) (¥, ¢)T. Then it is
easy to show that for any i € Ng, such that L;j(1)(a;, bj)T =n(x)(a;, b;)T, where

iy [A) —diui BV
Ll(k)._< ) —dzui)' (5.4)

The characteristic equation of L;(A) is given by

E2-TiE+D;j=0, i=0,1,2,..., (5.5)
where

{ Ti(0) = AQ) — (d1 + da) i,
Di(A) = —B(A)C(A) — d2 A i + drda .

From [60], we know that a steady state bifurcation point A5 satisfies the condition:

(H2) there exists i € Ng such that

Di(»*)=0,  Ti(x*)#0, and D;(»°)#0, T;j(»*)#£0 forj#i;

and

d (1S
aDl(x ) #0.

Apparently Dg(A) # 0 for any b < A < 1, hence we only consider i € N and determine the set

25 :={x € (b, 1°): for somei € N, (H2) is satisfied}, (5.7)

when a set of parameters (a,b,m,d, dq,dy) are given.

From Lemma 5.2, if u;j = p > M**, then there is no A € (b, A*] such that D;(A) = 0. But for any
i < M*, there exists Af such that D(kiS , i) = D,'()»is) =0 and these Af are potential steady state
bifurcation points. Note that from Section 5.1, for each given i € N, there are at most three A’s such
that D(X, i) = 0. And if the parameters are chosen so that b > A* (see Lemma 5.3) holds, then for

each i € N so that u; < M™, there exists a unique Af € (b, 2%) such that D()»f, ui) =0, that is, there
is at most one bifurcation point Af corresponding to the eigenmode associated with ;.

On the other hand, it is possible that for some A € (b, A¥) and some i # j, we have

mj=p-(&), and wu;j=p4Q). (5.8)
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Then for this A, 0 is not a simple eigenvalue of L(A) and we shall not consider bifurcations at such
points. However from an argument in [60], for n =1 and £ = (0, ), there are only countably
many ¢, such that (5.8) occurs for some i # j. For general bounded domains in R", one can also show
that (5.8) does not occur for generic domains.

Next we verify %(xf) #0 if b >1* and ] # A°. Indeed one has D}(x) = —B(L)C(A) —da i A'(A),
and from the proof of Lemma 5.3,

B)C' (W) +d2A'(M)p+ (V)
d2(2d1p+(A) — A(V)

pL(n) =

Therefore from Lemma 5.3, %(Af) #0if b >A* and A7 #A°.
Summarizing the above discussion and using a general bifurcation theorem [57], we obtain the

main result of this section on the global bifurcation of steady state solutions:

Theorem 5.4. Suppose that a,d,d,d> > 0 and 0 < b < 1 are fixed. Let 2 be a bounded smooth domain so
that its spectral set S = {u;} satisfy that:

[S1] All eigenvalues i are simple fori > 0;
[S2] There exists k € N such that0 = pto < 1 < -+ < g < M** < 41, where M** is a constant depend-
ingona,b,d,dq,dy which is defined in Lemma 5.3,

and we also assume that b > A*, then for each 1 < i < k, there exists a unique Ais € (b, 1) such that
D(?, wi) = 0. If in addition, we assume

Ais;éks, forany1<i#j<k, and kis;é)f, forany 1 <i <k, (5.9)

then:

1. There is a smooth curve I of positive solutions of (2.9) bifurcating from (A, u, v) = (Ais, kis, V,s), with
I contained in a global branch C; of positive nontrivial solutions of (2.9);
2. Near (A, u,v) = A3, 27,v,5), Ii = {(Ai(5), ui(s), vi(s)): s € (—€,€)}, where ui(s) = A} +

1
saipi(x) + sv1.i(s), vi(s) = Ais + sbigi(x) 4 syrp.i(s) for some C* smooth functions A;, Y1, ¥2.i such
that 1;(0) = Af and 1 ;(0) = v¥»,.;(0) = 0; Here (a;, b;) satisfies

L(x$)[(@i, b)) T (0] = 0,0) 7.

S 4S
T
contains the interval (0, Af), or C; contains a solution in form (A, us, 0) for 0 <A < 1and us > 0.

3. Either C; contains another (A v,s) for j#iand 1 < j <k, or the projection of C; onto A-axis
J

Proof. The existence and uniqueness of Ais follows from discussions above. Then the local bifurcation
result follows from Theorem 3.2 in [60], and it is an application of a more general result Theorem 4.3
in [48].

For the global bifurcation, we apply Theorem 4.3 in [48]. After the change of variables:

d(a+ 1) A1 =10b"r=1
m=———— VvV, =

leu_)"9 W =V —YV,, ) A )
A d

we define a nonlinear equation:
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F(A (w1 )) _ <d1AW1 + 0+ W) = h—w) (b7 0+ wy) — 1) — O twy) )

w2 dyAwy — d(v;, + wy) + LRIV W,)

with domain
V:{(A,(ﬁl)) O<i<1, wi,wyeXand wq+1 >0, wz—l—vx)O}.
2

Then {(2,0,0): 0 <A < 1} is a line of trivial solutions for F =0 and Theorem 4.3 in [48] can be
applied to each continuum C; bifurcated from (13,0, 0). For each continuum C;, either C; contains
another (AJS., 0,0) or C; is not compact. Here we do not make a distinction between the solutions of
(2.9) and the ones of F =0 as they are essentially same, hence we use C; for solution continuum for
both equations.

From Lemma 4.1, every solution (u, v) of (2.9) is bounded in L°, then it is also bounded in X from
LP estimates and Schauder estimates. Therefore, if C; is not compact, then C; contains a boundary
point (A, W1, W3):

(a) If » =0, then the projection of C; onto A-axis contains (0, A )

(b) If r=1, , then Corollary 2.3 implies that (k + W1, vy 4+ Wp) = (us,0) is a semi-trivial solution;

(c) If 0 < % < 1, then there exists xg € £ such that (W1 + A)(xo) =0 or (W2 + v)(x0) =0
since w; and w3 are bounded from Lemma 4.1. The strong maximum principle implies that
(W1 +X)(x) =0 or (W2 + v3)(x) =0 for all xe 2. If v=0, then (X,u, v) is a solution in form
(%, us,0). If u=0, then v =0 from maximum principle. But (u, v) = (0,0) is not a bifurcation
point from Theorem 3.1, hence u = 0 is not possible. Therefore (W7 + X, Wo + v3) must be in a
form of (us,0). O

Due to the bistable structure, the system (1.3) possesses a large number of semi-trivial steady
state solutions as shown in Corollary 3.5 for small di > 0. These semi-trivial steady states make
the bifurcation structure of the set of positive steady state solutions more complicated. It is unclear
whether a branch of positive steady states can connect to a semi-trivial steady state here.

5.3. Hopf bifurcations

In this subsection, we analyze the properties of Hopf bifurcations for (1.3), and we will show the
existence of spatial-dependent and independent periodic solutions of system (1.3).

To identify Hopf bifurcation values A", we recall the following necessary and sufficient condition
from [15,60]: (T;(A) and D;(}) defined in (5.6)).

(H1) There exists i € Ny such that

Ti(ho) =0,  Di(ho)>0 and Tj(ho)#0, Dj(ko)#£0 forj#i;  (5.10)

and for the unique pair of complex eigenvalues near the imaginary axis o(1) £ iw(A),

o' (M) #0, and w(ig) > 0. (5.11)

From (5.6), Ti(A) <0 and D;(%) > 0 for all i € Ny and A € (&, 1), which implies that the trivial
steady state (A, v,) is locally asymptotically stable. Hence any potential Hopf bifurcation point AH
must be in the interval (b, A]. In the following we assume that a,d,d;,d, >0 and 0 <b < 1 are
fixed.

First Af = A is always a Hopf bifurcation point since To(A}) = AAF) =0 and T;(A{) =
—(dq +d2)u <0 for any j>1; and
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Di(y) =—B(A§)C(Ay) +didap? >0

for any j € Np. This corresponds to the Hopf bifurcation of spatially homogeneous periodic orbits
which have been known from the studies of Section 3 in [53]. Apparently )»5’ is also the unique value
A for the Hopf bifurcation of spatially homogeneous periodic orbits from the uniqueness result of
limit cycle in [53].

Hence in the following we search for spatially nonhomogeneous Hopf bifurcation for i >> 1 in (H1).
Notice that A(b) > 0,A(A}) =0 and A(}) > 0 in (b, A{). Similar to Theorem 5.4, we assume that
b > A, but we will comment on the case of b < A, at the end of this section. Again we assume that
[S1] holds, i.e. all eigenvalues w; are simple.

If b > A, then clearly A()) is strictly decreasing for A € (b, A) from Lemma 5.1. We define AIH to

be the unique solution of A(A) = (d1 + dp)u; satisfying b < A < A. These points satisfy

b<af<af <<l <l

where m is the largest integer so that u, < M*/(d1 + d3), and M* is defined in Lemma 5.1. Clearly
Ti(Af") =0 and T;(x[") % 0 for any j #i. The condition D;(A!") > 0 does not hold for all i satisfying
1 <i < m. Geometrically D;(Af) = D(Af, i) > 0 is equivalent to that the point (A, u;) is in the
exterior of the curve D(A, p) =0 (see Figs. 2 and 3). From the monotonicity properties proved in
Lemma 5.3, the curves D(A, p) =0 and T (X, p) have a unique intersection point (A", p”) for A € (b, 1)
and p > 0. Hence D;(Af") > 0 if A" > 1> while D;(Af') <0 if Af <A’. Finally D;(Af') #0 if Aff A]S
for 1 < j <k, that is, a Hopf bifurcation point and a steady state bifurcation point do not overlap.

Summarizing our analysis above and applying Theorem 2.1 in [60], we obtain the following results
on the Hopf bifurcations:

Theorem 5.5. Suppose that a,d,d,d, > 0 and 0 < b < 1 are fixed. Let 2 be a bounded smooth domain so
that its spectral set S = {;} satisfies that [S1], and

[S3] There exists me Nsuchthat 0 =g < 1 < -+ < U < % < Um+1, where M* is a constant de-
pending on a, b which is defined in Lemma 5.1,

and we also assume that b > \*, then for each 1 < i < m, there exists a unique )LIH € (b, 1) such that
T(A, i) = 0, and there exist h € N and h < m such that for 1 <i<h, DA, i) > 0. If in addition, we
assume for 1 <i <h,

A £23) forany1<j<k, (5.12)
where AJS (1 < j < k) are defined in Theorem 5.4, then for each 0 <i < h,

1. (1.3) undergoes a Hopf bifurcation at A = )L]H; there is a smooth curve A; of positive periodic orbits of (1.3)

bifurcating from (A, u, v) = A, A0,
periodic orbits of (1.3).

2. The bifurcating periodic orbits from A = ké’ are spatially homogeneous, which coincide with the periodic
orbits of the corresponding ODE system (see [53]); the Hopf bifurcation at A = kg is supercritical and
backward; the bifurcating spatially homogeneous periodic orbits are locally asymptotically stable near
A =AH

0-

3. The bifurcating periodic orbits from A = )\IH with 1 <i < h are spatially nonhomogeneous; near bifurca-

tion point, they are in a form of

Vi ), with A; contained in a global branch P; of positive nontrivial

O u,v) = (A +0(s), A + se; cos(w(AI)) i (x) + o(s), vy + i cos(w(1)t)gi(x) + 0(5)),



J. Wang et al. / ]. Differential Equations 251 (2011) 1276-1304 1301

for s € (0, 8), where a)()LiH )=,/ D,-()LIH ) is the corresponding time frequency, ¢;(x) is the corresponding
spatial eigenfunction, and (e;, f;) is a corresponding eigenvector.

4. The global branch of spatially homogenous periodic orbits Py is a curve parameterized by A € (A%, 1) from
results in [53]; the spatially homogeneous periodic orbit is unique for each A € (A%, 1), and the period of
the closed orbits approaches to oo as » — (A*)~, that is, the cycle converges to a loop of heteroclinic orbits,
which exists only when A = A%,

5. For 1 < i < h, the global branch of spatially nonhomogeneous periodic orbits P; satisfies: either P;
contains another bifurcation point (x,u,v) = (A\H, k?, V)ijl) for 1< j<hand j+#i, or P; contains

a spatially homogenous periodic orbit on Py, or the projection of P; onto A-axis contains the interval
(0, AIH) or (Af’, 1), or there exists A € (0, 1) such that there exists a sequence of spatially nonhomoge-

neous periodic orbits (i, u;, v;) € P; such that A; — A and the time period of (, u;, v;) tends to oo as
[ — oo.

Proof. The local bifurcation results in parts 1 and 3 follow from discussions in this section and The-
orem 2.1 in [60], and parts 2 and 4 follow from [53] as any solutions of the ODE model are spatially
homogenous solutions of (1.3). The stability assertion in part 2 can be obtained in a similar way as
[60] and the calculation in [53]. For the global bifurcation results, we use the one in Section 6.5
in [58] for the abstract setting. Indeed to obtain the four alternatives stated here, we have to use
a more general version of global bifurcation theorem restricted to the positive cone in the function
space, which is similar to the corresponding result in [48] for steady state solutions. Note that from
Theorem 2.1, we know that all periodic orbits are uniformly bounded for A €[0,1]. O

Remark 5.6.

1. Notice that Theorem 5.5 does not exclude a secondary bifurcation of spatial nonhomogeneous
periodic orbits from the branch of spatially homogenous periodic orbits Py. It is known from [53]
that all spatially homogenous periodic orbits on Py are locally asymptotically stable with respect
to the ODE dynamics (which also implies the stability for PDE dynamics when d; = d>), but it is
not known that whether the stability still hold for PDE dynamics for general diffusion coefficients
di #ds.

2. The conditions [S2] in Theorem 5.4 and [S3] in Theorem 5.5 are compatible, as we have shown in
Lemma 5.1 and Lemma 5.2. Hence the steady state bifurcation points Af (1 <i<k) and the Hopf
bifurcation points Aﬁ (0 <i < h) could appear in an intertwining order (see example below).
However the number k of steady state bifurcation in Theorem 5.4 and the number m or h in
Theorem 5.5 are in general different, as clearly shown in Figs. 2 and 3. In all cases of Figs. 2 and
3, the relation k > m > h holds.

3. For a given eigen-mode ¢;(x), if Ais and )LIH both exist, and the simplicity conditions (5.9) and
(5.12) are both satisfied, then a steady state bifurcation always occurs at A = Ais with eigen-
mode ¢;, but a Hopf bifurcation with eigen-mode ¢; occurs only if Ais < le.

4. In both Theorem 5.4 and Theorem 5.5, we assume that b > A*. Note that from Lemma 5.3, b > A*
holds if b > 1/2 or a and b satisfy a more complicated algebraic condition. Fig. 2 shows the
bifurcation points in this case. However the condition b > A* is not necessary for the occur-
rence of steady state or Hopf bifurcations. If b < A* (see Fig. 3), then the curves D(A, p) =0 and
T (X, p) = 0 are not monotone with respect to A, which implies even more bifurcation points. See
Example 5.8 below.

To visualize the cascade of steady state or Hopf bifurcations, we consider two numerical examples.
In both examples, we assume the spatial dimension n=1 and 2 = (0, ).

Example 5.7. We use the parameter values in Fig. 2 (left). Notice that the horizontal lines in
Fig. 2 (left) are p = u; = i* (the eigenvalues of A for £2 = (0,7)). Then the largest number k in
[S2] of Theorem 5.4 so that a steady state bifurcation can occur is k = 7. On the other hand, the
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largest number m in [S3] of Theorem 5.5 so that a Hopf bifurcation can occur is m = 4. But for the 4
intersection points of T(A, p) =0 and p = u;, only two of them are outside of the curve D(A, p) =0,
so the number h in Theorem 5.5 is h = 2. Therefore there exist 3 Hopf bifurcation points and 7 steady
state bifurcation points. The occurrence of bifurcations is in the order of

A ~0.7698 > Al ~0.7601 > A5 ~0.7292 > A3 ~ 0.7135 > 15 ~ 0.6985 > A3 ~ 0.6983
> A2 2 0.6660 > A3 ~0.6131 > A5 ~ 0.5847 > A5 ~ 0.5126 > b =0.5.

Here none of these bifurcation points overlap with each other, which assures the simplicity of eigen-
value with zero real part. One can also find that the heteroclinic bifurcation point is A* ~ 0.7670,
which is between the first two Hopf bifurcation points. Hence a spatially homogeneous periodic orbit
only exists for A* ~0.7670 < A < 0.7698 ~ A}.

Example 5.8. We use the parameter values in Fig. 3 (left). Then similar to Example 5.8, we have
k=13, m =7 and h = 4 respectively. There are 5 Hopf bifurcation points for the eigen-mode 0 <i < 4.
For 1 <i <9, there is a single steady state bifurcation point A3, but for 10 <i < 13, there are 2 steady
state bifurcation points (which we call ki ) for each eigen-mode i. Hence totally there are 17 steady
state bifurcation points. The occurrence of bifurcations is in the order of

A ~0.6196 > 1M ~0.6174 > A} ~0.6106 > 15 ~0.5990 > 1§ ~0.5817 > 12 ~ 0.5630
> A2 2 0.5595 > A3 & 0.5589 > A3 ~ 0.5497 > A} ~ 0.5409 > A3 ~ 0.5362

> 1304 ~0.5181 > A7, | ~0.4943 > A5 ~ 0.4724 > A}, , ~ 0.4621

>335, ~0.4117 > 255 _ ~0.2415> A5 ~0.1894 > A5, _ ~0.1847
> a5 A~0.1455> 3% ~0.1142> 25 ~0.1127 > b=0.1,

Note that here the heteroclinic bifurcation point A* ~ 0.6123, which is between Al and A}

Examples 5.7 and 5.8 demonstrate the richness of spatial and spatiotemporal patterns for A be-
tween A = b (system threshold value) and A = A (primary Hopf bifurcation point).

6. Conclusions

Reaction-diffusion predator-prey models with strong Allee effect in prey such as (1.3) have been
proposed in [35,39,40], and numerical simulation have shown that the system (1.3) is capable to gen-
erate complicated spatiotemporal dynamics. In this paper we rigorously prove some general behavior
of the dynamical equation (1.3): for A > 1, the predator is destined to go extinct (Theorem 2.1(c));
and for large predator initial values, both predator and prey go extinct (Theorem 2.4). The latter re-
sult confirms the overexploitation phenomenon still exists with the addition of the diffusion. With
strong Allee effect in prey, extinction for both species is always a locally stable equilibrium. But for
A over the threshold value b, there always exist some other spatiotemporal patterns (steady state or
oscillatory ones) (Theorems 5.4 and 5.5). These patterns are usually unstable, and they may lie on a
threshold manifold which separates the basin of attraction of the extinction equilibrium and all other
persistent orbits. The threshold manifold may also contain a large number of semi-trivial prey-only
steady state solutions (Corollary 3.5).

Compared with the ODE dynamics classified in [53], the PDE dynamics shown here is still coarse.
It would be interesting to know whether a global separatrix for the bistable dynamics exists. In ODE
dynamics, the separatrix is simply the stable manifold of the threshold equilibrium (b, 0). Our analysis
does show that for the parameter range that the ODE system possesses a limit cycle, the correspond-
ing PDE could have more patterned solutions (Theorems 5.4, 5.5 and Examples 5.7, 5.8). Comparison
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with the ODE dynamics also suggests a conjecture that when A < b, the extinction equilibrium is
globally asymptotic stable. In general, it is useful to know conditions on initial conditions for the
populations to persist, and the existence of large amplitude patterned steady state or oscillatory solu-
tions far away from bifurcation points is also not known.

Our analysis here can also be generalized to diffusive predator—prey system with strong Allee effect
like (1.1) but with more general functional responses and growth rates (see [53] for such functions).
Bifurcation structure in higher-dimensional domains can also be more complex than the ones shown
in Examples 5.7 and 5.8.
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