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The existence, stability and uniqueness of positive solutions to a semilinear elliptic
system with sublinear nonlinearities are proved. It is shown that the precise global
bifurcation diagram of the positive solutions is a monotone curve with different
asymptotical behaviour according to the form of the nonlinearities. Equations with
Holder continuous nonlinearities are also considered.

1. Introduction

Reaction—diffusion systems are used to model many chemical and biological phe-
nomena in the natural world [25, 26], and systems of coupled partial differential
equations are also used in other physical models such as nonlinear Schrodinger sys-
tems in multi-component Bose—Einstein condensates and nonlinear optics [19, 23].
The steady-state solutions or standing-wave solutions of such systems of nonlinear
partial differential equations satisfy a nonlinear elliptic system with more than one
equation. Much effort has been devoted to the existence of solutions of such systems
(see, for example, [4,8,10,11,13,15-17,24, 30,33, 34]), but it is usually difficult to
determine whether or not the solution is unique.
We consider the positive solutions of a semilinear elliptic system of the form

Au+ Af(u,v) =0, x €,
Av+Ag(u,v) =0, z€ 12, (1.1)
u(z) =v(z) =0, x€ 012,
where A > 0 and {2 is a bounded smooth domain. Here f and g are real-valued
functions defined on RZ := (0,00) x (0, 00) which satisfy
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(A1) f,g € C*(RZ)NCHR2) for a € (0,1),

(A2) (cooperativeness) define the Jacobian of the vector field (f, g) as

of

T W) () U, v u,v
J(um): 6’LL (9’0 = <fu( ’ ) fv( ) ))

dg
%(Ua v) %(% v)

Then fy,(u,v) > 0 and g, (u,v) > 0 for (u,v) € R2.

We consider the existence, uniqueness and stability of positive solutions to (1.1).
From assumption (A1), we look for positive solutions (u,v) € Ca®(£2). The stability
of a solution is determined by the following eigenvalue problem:

A€+)‘fu(u7v)€+Afv(uvv)n: _u§7 S Q7
An+ Agy(u, v)€ + Agy(u,v)n = —pun, x € §2, (1.3)
{(z) =n(z) =0, x € 042,

From the maximum principle of cooperative elliptic systems (see lemma 2.1 and
[40]), equation (1.3) has a real principal eigenvalue p; (u,v), which has the smallest
real part among all spectrum points. A solution (u,v) is stable if uq(u,v) > 0 and
it is unstable otherwise.

For a scalar semilinear elliptic equation

Au+Af(u) =0, x €2, u(z) =0, ze€df, (1.4)

the stability of a solution can be defined in a similar fashion. If the nonlinear func-
tion is sublinear, that is, if f(u)/u is a non-increasing function, then it is well known
that a positive solution of (1.4) is stable and one can prove that the solution must
be unique with various methods. Brezis and Kamin [2] presented several different
proofs for the uniqueness (see also [20,27,28, 35, 36]).

Here we use the stability defined above to prove that under some general sublinear
conditions similar to the one for scalar equations, the positive solution of (1.1) is
stable. Then one can use bifurcation theory to prove the existence and uniqueness
of the positive solution. We also obtain the precise global bifurcation diagrams of
the system in (A, u,v) space under these conditions. In all cases that we consider,
the bifurcation diagram is a single monotone solution curve (see §§3 and 4 for more
precise statements). The notation of sublinearity and superlinearity of the nonlinear
vector field (f(u,v), g(u,v)) or of those in higher dimensions were considered in [39].
But our definition is quite different and our purpose is to prove uniqueness under a
sublinear assumption. Our definition of sublinear nonlinearity is similar to the one
in [28] for the scalar case.

Dalmasso [11,12] obtained an existence and uniqueness result for a more special
sublinear system and it was extended by Shi and Shivaji [37]. The uniqueness of
positive solutions for large A was proved in [15-18]. For superlinear-type systems,
Clément et al. [8] obtained a priori estimates of positive solutions and used topolog-
ical methods to prove the existence of solutions. Rellich-Pohozaev-type identities
can be established for systems with variational structure [24], which is very useful
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for the non-existence result, among others. We note that many of these results are
for the special Hamiltonian system case,

Au+Af(v) =0, z€,
Av+ Ag(u) =0, € 12, (1.5)
u(z) =v(x) =0, z€df,

while we consider equations in a more general form.

For (1.1) satisfying (A2) with {2 being a finite ball or the whole space, it is
known that a positive solution is radially symmetric [3,41]. Hence, the system can
be converted into a system of ordinary differential equations. Several authors have
taken that approach for the existence of the solutions [30,33,34] and much success
has been achieved for Lane-Emden systems. Using the scaling invariant in the
Lane-Emden system, the uniqueness of the radial positive solution has been shown
in [10,11,22] for a system with three equations. Korman [21] obtained a uniqueness
and exact multiplicity result for the one-dimensional case. A more general approach,
using shooting method and linearized equations for the radial case, has been taken
by the present authors [6,7].

We recall the maximum principle and prove the main stability result in §2.
In §3 we use the stability result and bifurcation theory to prove the existence
and uniqueness of solution under several different assumptions on the differentiable
nonlinearities; in § 4 we consider a similar question for nonlinearities that are merely
Holder continuous, and we use the monotonicity method for the existence and a
method in [2,11] for the uniqueness.

2. The maximum principle and stability

Let (u,v) be a solution of (1.1). The stability of (u, v) is determined by the linearized
equation (1.3), which can be written as

Lu = Ju + pu, (2.1)

u= <§> , Lu= <—§7§> and J =M\ (5: £Z> . (2.2)

If we assume that (f, g) is cooperative (satisfying (A2)), then system (2.1), (2.2) isa
linear elliptic system of cooperative type. If we also assume that f,(u(x),v(z)) £ 0
and gy (u(z),v(z)) # 0, then J is irreducible, and the maximum principles hold for
irreducible cooperative systems. We now recall some known results.

where

LEMMA 2.1. Suppose that (2 is a bounded, open, connected subset of R™ satis-
fying a uniform exterior cone condition, and u,v € C°(£2), with L and J as
given in (2.2). Suppose that the entries of J are in L1($2) with ¢ = pn/(p —n)
and that (f,g) satisfies (A2), fo(u(z),v(z)) Z 0 and g,(u(x),v(x)) # 0. Let
X = [W2P(2) N Wy P(2))2 and Y = [LP(2)]?, where p > n. Then we have the
following.

(1) p1 = inf{Re(u): p € spt(L—J)} is a real eigenvalue of L—J, where spt(L—.J)
is the spectrum of L — J.
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(ii) For p = uq, there exists a unique (up to a constant multiple) eigenfunction
u, EX, and wy > 0 in 2.

(iii) For p < p1, the equation Lu = Ju + pu + f is uniquely solvable for any
f €Y, and the solution u(€ X) > 0 as long as f > 0.

2

(iv) (Mazimum principle.) For p < p1, suppose that u € [W?2P(Q2))? satisfies

Lu > Ju+pu in 2, and uw >0 on 952. Then u > 0 in (2.

(v) If there exists a u € [W2P(§2)]? that satisfies Lu > Ju in 2, u > 0 on 952
and either w £ 0 on 952 or Lu % Ju in 2, then uy > 0.

For a more general result and proofs see proposition 3.1, theorem 1.1 and remark
1.4 of [40]. Moreover, from a standard compactness argument, the eigenvalues {y;}
of L — J are countable, and |u; — p1| — oo as i = oo. We note that p; is not
necessarily real valued.

We prove the following basic result on the stability of a positive solution.

THEOREM 2.2. Suppose that f, g satisfies (A1) and (A2) and that (u,v) is a positive
solution of (1.1). We assume that there exists ¢ > n such that

each entry of J(u,v) is in LI(12). (2.3)
If f and g also satisfy the condition
(A3) for any (u,v) € Ri,
flu,v) > fo(u,v)v + gy (u,v)u, g(u,v) > gu(u,v)u+ fu(u,v)v, (2.4)
then (u,v) is stable.

Proof. We choose p > n such that ¢ > pn/(p — n). Then lemma 2.1 can be applied
to L — J defined in (2.1) and (2.2). Let (u,v) be a positive solution of (1.1), and
let (p1,&,7m) be the corresponding principal eigenpair such that £ > 0 and > 0 in
2. Multiplying the equation for  in (1.1) by n, multiplying the equation for 7 in
(1.3) by wu, integrating over {2 and subtracting, we obtain

)\/ fndac:)\/ guufder)\/ gvunder,ul/ un dz. (2.5)
0 0 0 0
Similarly, from the equations for v and £, we find
)\/ gfdx:)\/ fuvfdm—i—)\/ fvvndx—ﬁ—m/ v€ dzx. (2.6)
0 0 0 0
Suppose that p1 < 0. Then we have
)\/ fndx < )\/ guué dx + )\/ gyundx (2.7)
o) o) o)

and

)\/ngdx < /\/9 fuvédx + )\/Q fovnda. (2.8)
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If (A3) is satisfied, then, adding (2.7) and (2.8), we obtain

/Q fode + /Q g¢da < /Q (g0t + Fov)nde + /Q oo+ gew)éde,  (2.9)

which is in contradiction with (A3) and £ > 0, n > 0 in {2. Hence, uy > 0 if (A3)
is satisfied. O

The maximum principle can also be used to construct solutions of the elliptic
system (1.1) which satisfy the cooperative condition (A2). Let X = [C2*(2)]2. A
pair of functions (@, ) € X is an upper solution for (1.1) if

Au+ Af(a,0) <0, z€
AT+ Ag(w,7) <0, ze€ 2, (2.10)
a(z) 20, v(x)=0, ze€d,
and (u,v) € X is a lower solution for (1.1) if
Au+ Af(u,v) 20, z€ £,
Av+ Ag(u,v) 20, z€, (2.11)
w(xz) <0, wv(r)<0, ze€df.

The following existence result based on the monotone iteration method is well
known [29, 32].

THEOREM 2.3. Suppose that f and g satisfy (A1) and (A2), and suppose that (i, D)
and (u,v) are pairs of upper and lower solutions which satisfy u(x) > wu(x) and
v(z) = v(x) for x € 2. Define X1 C X by

X1 ={(u,v) € X: u(z) <ulz) <u(z), viz) <vx) <ov(z)}.

Then (1.1) possesses a minimal solution (Um,vm) and a mazimal solution (un, vy )
in X1; that is, for any solution (ug,v,) € X1, then

Up S Uy SKum and vy, < v, < UM

3. Existence and uniqueness: smooth case
In this section we always assume that f and g are smooth, i.e. they satisfy
(A) f.g € CHRZ).

We note that if (A1’) is satisfied, then J(u,v) € C°(£2) and (2.3) is automatically
true. Let (A1, 1) be the principal eigenpair of

—Ap=Ap, z€, p(z) =0, xze€df, (3.1)

such that 1(z) > 0in 2 and ||¢1]/e = 1.
First we recall an existence and uniqueness result proved in [37].
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THEOREM 3.1. Consider

0, =€,

0, €, (3.2)
u(z) =v(z) =0, z€dfN.

>

Suppose that fi1 and g1 satisfy, for any v > 0 and v > 0,

fi(v) >0, g1(u) >0, (3:3)
(i)<fl£”)> <0, ;u(gliu)) <0 (3.4)

limM: limM—

vV—00 v U—»00 u

and

Then

(i) if at least one of f1(0) and g1(0) is positive, then (3.2) has a unique positive
solution (u(X),v(A)) for all A >0,

(if) if f1(0) = ¢1(0) = 0, and f{(0) > 0 and g{(0) > O, then, for some A\, =

M/ f1(0)g1(0) > 0, (8.2) has no positive solution when X\ < A, and (8.2)
has a unique positive solution (w(X),v(N)) for X > A.

Moreover, {(A,u(N),v(N)): A > A} (in the first case, we assume that A\, =0) is a
smooth curve, so u(X) and v(X) are strictly increasing in A, and (u(X),v(A)) — (0,0)
as A — A\f.

Theorem 3.1 is identical to theorem 6.1 of [37] and we omit the proof here. Note
that if f; and g1 satisfy (3.4), then it is necessary that f1(0) > 0 and ¢1(0) > 0.
Hence, f; and gy are positive for u,v > 0 here. If f1(0) = 0, then we must have
f1(0) > 0 since f{(0) > fi(v)/v for v > 0. Some examples of smooth sublinear
functions satisfying conditions (3.3)—(3.5) are

fluy=1—e""+k,
flwy=0+uw)?P—-14+k 0<p<l,
and
u
f(u)—(m+u)+k, k>0

In the following we consider the case when f and g depend on both v and v. In
all results in this section we assume that f and g are additionally separated in the
form

flu,v) = fi(v) + fo(u) and  g(u,v) = g1(u) + ga(v). (3.6)

All of our results generalize theorem 3.1, but the structure and bifurcation of the
solution sets are different. First we have the following.
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THEOREM 3.2. Consider

Au+A[fi(v) + f2(u)] =0, =€ £,
Av+ g1 (u) + g2(v)] =0, =z € 2, (3.7)
u(z) =v(x) =0, z€af.

Suppose that fi1(v) and g1(u) satisfy (3.3)-(3.5), and suppose that f2(u) and ga2(v)
satisfy, for any w >0 and v > 0,

fa(u) =0, fo(u) <0, ga(v) 20,  gp(v) <O (3-8)
and
f1(0) + f2(0) >0 or g1(0) + g2(0) > 0. (3.9)

Then (3.7) has a unique positive solution (u(X),v(X)) for all X > 0. Moreover,
{(A u(N),v(N)): A > 0} is a smooth curve so that u(X) and v(\) are strictly increas-
ing in A, and (u(X\),v(\)) = (0,0) as A — 0F.

Proof. Our proof follows that of theorem 6.1 in [37]. First we extend f; and g;
to be defined on R for u,v < 0 in the following way: if f;(0) = 0 or g;(0) = 0,
then we define f;(x) or g;(x) = 0 for x < 0; if f;(0) > 0 or g;(0) > 0, then we
define f;(z) or g;(x) = 0 for x < —6 for some # > 0 and we define the function
properly so it is continuous on R. From the assumptions, f(u,v) = fi(v) + fa(u)
and g(u,v) = g1(u) + g2(v) satisfy (A3). Hence, from theorem 2.2, any positive
solution of (3.7) is stable. We define

(3.10)

FOhu,0) = (Au + Alfi(v) + f2(“)]> ’

Av + A[g1(u) + g2(v)]

where A € R and u,v € Cg**(£2). Here, since f; and g; are C', F: R x X — Y is
continuously differentiable, where X = [C2**(£2)]? and Y = [C*(£2)]2.

Apparently (A, u,v) = (0,0,0) is a solution of (3.7). We apply the implicit func-
tion theorem at (A, u,v) = (0,0,0). Note that the Fréchet derivative of F is given

here by
Y LA N EX R HOURSHOT) (311)
S g ) T\ Av 4 Mg (e + gh ()] '

Thus, Fy,.) (0,0,0)(¢, )T = (A¢, Ap)T, and it is an isomorphism from X to Y.
The implicit function theorem implies that F'(A, u,v) = 0 has a unique solution
(A u(A),v(N)) for A € (0,6) for some small § > 0, and that (u'(0),v'(0)) is the
unique solution of

Ag+ f1(0) + f2(0) =0, AP+ g1(0) +92(0) =0, =z €,
o(x) =¢(x) =0, xe€d. (3.12)
Then (u'(0),v'(0)) = ([f1(0)+ f2(0)]e, [91(0)+g=2(0)]e), where e is the unique positive

solution of
Ae+1=0, ze€, e(xr) =0, xz€df. (3.13)
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Figure 1. Possible graphs of fi(v) — au = 0 and gi(u) — bv = 0 in (3.15). Here
filv) = In(v+ 1) and g1(u) = In(2u + 1). (a) a = b = 0.9, unique intersection; (b)
a = b = 1.5, no intersection.

If f1(0)+ f2(0) > 0 and g1 (0) +g2(0) > 0, then (u(\),v(N)) is positive for A € (0, ).
If £1(0)+ f2(0) > 0 and g1(0)+g2(0) = 0, then u(\) > 0 for A € (0,5) and g»(0) = 0.
Thus, g2(v) = 0 for all v € R by (3.8) and the extension of g to R. However,

Av(A) = =Algi(u(A)) + g2(v(A)] = =Agi(u(A)) < 0.

Hence, v(A) > 0 as well. A similar conclusion holds when f1(0) 4+ f2(0) = 0 and
91(0) + g2(0) > 0. Therefore, (3.7) has a positive solution (u(\),v(A)) for A € (0, 9).
Now we can follow the proof of theorem 6.1 in [37] to obtain the remaining part
of the proof. In particular, we can show that the solution (X, u(\),v(X)) is strictly
increasing in A as (Qu(X)/9\, Ov(N\)/ON) satisfies the following equation:

Ou(N)
FoOuo | O (R + R0 .14
av(\) g1(u) + ga2(v)
o\
Then (Ju(A)/OX, Ov(X)/ON) > 0 from the maximum principle (lemma 2.1(iii)) and
the fact that p((uw(A),v(A))) > 0 from theorem 2.2. O

Next we consider the case when f(u,v) and g(u,v) are not necessarily positive
for all (u,v) € R%. Consider

Au+ ANfi(v) —au] =0, =z €,
Av+ Agi(u) —bv] =0, z€, (3.15)
u(z) =v(z) =0, z €0,

where a > 0 and b > 0.
First we observe the following geometric properties of the curves fi(v) —au =0
and g1 (u) — bv = 0 (see figure 1).

LEMMA 3.3. Suppose that f1(v) and g1(u) satisfy (3.8)-(3.5) and that a,b > 0.

(1) If f1(0) = ¢1(0) = 0 and ab > f1(0)g}(0), then the curves f1(v) —au =0 and
g1(u) —bv = 0 have no intersection points in the first quadrant. Furthermore,
for any (u,v) € RZ, fi(v) —au <0 or g1(u) —bv <O0.
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(i) If f1(0) = ¢1(0) = 0 and ab < f1(0)g}(0), then the curves f1(v) —au =0 and
g1(u) —bv = 0 have a unique intersection point (u.,v.) in the first quadrant.

(iii) If at least one of f1(0) and g1(0) is positive, then the curves f1(v)—au = 0 and
g1(u) —bv =0 have a unique intersection point (u.,v.) in the first quadrant.

Proof. First we assume that f1(0) = g1(0) = 0. If (u,vs) is an intersection point
of fi(v) —au =0 and g;(u) — bv = 0, then, from (3.4),

bv
/(0 >f1(v*):%7 /(0 >91(u>.<)_ .
f1(0) 7% o 91(0) 0 o

Thus, by multiplying the two inequalities, we obtain f](0)g;(0) > ab. If ab =
f1(0)¢1(0), then we must have (u*,v*) (0,0) from the strict decreasing property
n (3.4). Hence, when ab > f1(0)g;(0), f1(v) —au =0 and g;(u) — bv = 0 have no
positive intersection points.

If ab < f{(0)g;(0), then near (u,v) = (0,0), the curve f1(v) —au = 0 is below
g1(u) — bv = 0, and hence the existence of an intersection is clear from (3.5).
Suppose that (us,vs) and (U, Vi) are two distinct intersection points. Without
loss of generality we assume that u., > u.; then, from the monotonicity of f; or
g1, it is necessary that v,, > v.. But we have

fi(vs) >f1(v**) b, - bu.  fi(vs)

av, avee  g1(ue) ~ og1(us)  avs

, (3.16)

which is a contradiction. Hence, the intersection point (u.,v,) is unique. The case
that at least one of f1(0) and g¢1(0) is positive is similar and we therefore omit the
details. O

The following result classifies the structure of the solution set of (3.15) under
different conditions on f1, g1 at u,v = 0 and the parameters a, b.

THEOREM 3.4. Suppose that f1(v) and g1(u) satisfy (3.3)-(3.5) and that a = b > 0.

(i) If £1(0) = g1(0) = 0, f{(0) > 0, g1(0) > 0 and a® > f{(0)g1(0), then (5.15)

has no positive solution for any A > 0.

(ii) If £1(0) = g1(0) = 0, f{(0) > 0, g1(0) > 0 and a® < f{(0)g1(0), then, for
some
)\1 2)\1

F009.0) —a~ F(0) +6,(0) — 24’

equation (3.15) has no positive solution when A < A\, and has a unique positive
solution (u(X),v(N)) for A > A..

(3.17)

(iii) If at least one of f1(0) and g1(0) is positive, then (3.15) has a unique positive
solution (u(X),v(X)) for all A > 0.

Moreover, in the last two cases, {(A, u(A),v(A)): A > A} (in the second case, we
assume A\ = 0) is a smooth curve, (u(\),v(\)) = (0,0) as A — Af.
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Proof. First we prove that if (u(z),v(z)) is a positive solution of (3.15), u(zy) =
max, o u(z) and v(re) = max, s v(x), then, for i =1, 2,

filv(x;)) —au(x;) >0 and g1 (u(z;)) — av(a;) > 0. (3.18)
In fact, from the maximum principle and the monotonicity of f; and g1,
0> Au(z1) = AMau(z1) — fi(v(z1))] 2 Mau(zz) — fi(v(z2))]. (3.19)

Similarly, we also have g;(u(x;)) — av(z;) > 0, and the strict inequalities hold
because of the strong maximum principle.

If f1(0) = g1(0) = 0, f{(0) > 0, g{(0) > 0 and a? > f](0)g}(0), then, from
lemma 3.3, for any (u,v) € R? either fi(v) —au < 0 or g1(u) — av < 0. Hence,
(3.15) has no positive solution from (3.18). In other cases, from (3.18), we must
have 0 < u(z) < u, and 0 < v(z) < v, for x € 2 if (u(z),v(z)) is a positive
solution of (3.15).

Now we assume that f1(0) = g1(0) = 0, f{(0) > 0, g1(0) > 0 and a® < f{(0)g}(0).
We claim that, when
21

= T0) + 1(0) — 2a°

(3.15) has no positive solution. First of all, the denominator in (3.20) is positive,

since
F1(0) + ¢5(0) = 24/ £1(0)g} (0) > 2a.

Now, from integration of the equations, we obtain

A (3.20)

/ (|Vul? + Vo2 + adu? + alv?) do = / A(f1(v)u+ g1 (w)v) de. (3.21)
2 7}
From the left-hand side of (3.21), we see that

/ (|Vul® 4 [Vo* + a\u? + alv?) dz > / (Au? 4+ Mo 4 adu? + a\o?) do
o) 2

> (M +al) /Q(u2 + %) dz, (3.22)

while the right-hand side of (3.21) can be estimated as
/ A(f1(v)u + g1 (u)v) dz < )\/ f1(0)uvdz + )\/ g1(0)uv dz
2 2 2

< SAC(0) + g4(0)) /Q (u® + 0?) du. (3.23)

Now (3.22) and (3.23) imply that

N 2\
~ f1(0) +45(0) — 2a

(3.24)

is necessary for the existence of a positive solution (u,v).
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Next, similarly to the proof of theorem 3.2, we define

Au+ A[fi (v) — au])

Av + Mg1(u) — av] (3.25)

F\u,v) = (

where A € R and u, v € C3*(£2). Then (), 0,0) is a trivial solution of (3.15) for any
A > 0. The linearization of F at (A,0,0) is

8\ _ (Do + AR O —ad)
Flun 0.0 (w) - (Aw + 2[g} (06— aM) | 520

Since f1, g1 satisfy (3.3), then, from lemma 2.1, F{, ,)(},0,0) has a principal eigen-
value p1(\), which is the only eigenvalue with positive eigenfunction. Then one
can verify that the principal eigenpair of Fi, ,)(),0,0) is (u1(A), ¢1,c01), where
= p1(N) and c satisfy

_ kTt Aa+ A\
Af1(0)

In particular, when pq(A) = 0, we can show that the corresponding A = ), is the
positive root of

(1 +Xa+ A1) = f1(0)g1(0)N, (3.27)

[£1(0)g1(0) — a®]A* — 2aA A — AT = 0, (3.28)
and ¢ = ¢, is the positive root of
f1(0)c* — ¢4 (0) = 0. (3.29)

Hence, when A = A, Fiy, ) (s, 0,0) is not invertible and A = A, is a potential bifur-
cation point. More precisely, the null space N(F(, ,)()+,0,0)) = span{(¢1,c«p1)},
the range space

R(Fuy(A10,0)) = {<¢, 0ev: [leotvlords = o}.

Next, note that (c.¢1,91) is the principal eigenvector of the conjugate operator
F(, 5)(A+,0,0). Finally, we can verify that

Fx(u,) (A 0,0) 1, ec01] " & R(Flu) (A+,0,0)).
If this is not true, then
P (A1 0.0) ( i ) - (“*f o _“)““> € R(Fluu(7+,0,0),
CeP1 (91(0) — ac.)pr
and the definition of R(F, .)(A«,0,0)) implies that
f1(0)e2 — 2ac, + g1 (0) = 0. (3.30)

But, (3.29) and (3.30) would, taken together, imply that ¢, = g1(0)/a = a/f1(0),
which is in contradiction with a® < f1(0)g{(0). Hence, F)(y,0)(Ax,0,0)[¢1, cop1]T &
R(F(u,v) ()‘*7 Oa 0))
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Now we are in a position to apply a bifurcation from a simple eigenvalue theorem
of Crandall and Rabinowitz [9]. The non-trivial solutions of F/(A,u,v) = (0,0) near
(Ax,0,0) are in the form of (A(s), u(s),v(s)) for s € (=4, ), where u(s) = sp1+0(s)
and v(s) = cysp1 + 0o(s). In particular, the solution (u(s),v(s)) is positive when
s € (0,0) from the positivity of ;. Moreover, one can use a global bifurcation
theorem of Rabinowitz [31] (see also [38]) to conclude that an unbounded continuum
X of positive solutions of F'(A,u,v) = (0,0) emanates from (A,,0,0). Since (3.15)
has no positive solution when

A< 2M
f1(0) + 91(0) — 2a’

and all solutions (u,v) are bounded by (us,v), X must be unbounded in the
positive A direction. This proves that (3.15) has at least one positive solution for
each A > \,.

Since (A3) is satisfied for f(u,v) = fi(v) — au and g(u,v) = ¢g1(u) — av, any
positive solution (u,v) of (3.15) is stable from theorem 2.2. Hence, the implicit
function theorem can be applied to any positive solution (X, u,v) so that it belongs
to a smooth curve of positive solutions I" = {(\, u(A\),v()\))}. Let

Awse = Inf{A: (A u(N),v(N\)) € T'}.

Then
201

A > > 0.
f1(0) +91(0) = 2a
r

From the boundedness of (A, u(A),v(A\)) € I', there exists a sequence (A™) such
that A" > Ay, A" = A, and (w(A?),0(A")) = (Us, Vas) in [C3(2)]? as n —
00. Hence, (U, Vex) satisfies F( Ak, Uns, Vax) = 0 and ww(z) = 0, vi(z) = 0.
From the maximum principle, either u,.(z) > 0 and v (z) > 0, or ww(x) =
0 and vei(z) = 0 for € 2. But if (U, v4x) is positive, then it is stable, so
one can apply implicit function theorem to extend I', which contradicts with the
definition of A... Thus (s, Vi) = (0,0), and we must have A, = A, since it is the
only bifurcation point for the line of trivial solutions. Since we can use the same
argument for each smooth curve of positive solutions, there is only one such curve,
which is X' from the global bifurcation theorem, and X = {(A,u(N),v(A)): A >
A« }. This also implies that (3.15) has no positive solution when A < A,. Here we
note that the argument that stability implies uniqueness described above was used
in [5].

The case where at least one of f1(0) and g1(0) is positive is similar, and the
existence of a curve of positive solutions can be proved via the implicit func-
tion theorem at (A, u,v) = (0,0,0) in a similar way to the proof of theorem 3.2.

O

We note that the condition @ = b in theorem 3.4 is needed for the stability
condition (A3). When a # b, the bifurcation arguments can still be applied if
ab < f1(0)g1(0), but it is not known whether the stability result in theorem 2.2
holds.
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Our last result is about sublinear nonlinearities with positive linear terms. Con-
sider
Au+ ANfi1(v) +aul =0, z €,
Av+ Agi(u) +bv] =0, ze€ 2, (3.31)
u(z) =v(z) =0, x€ s,
where a,b > 0.

THEOREM 3.5. Suppose that fi(v) and g1(u) satisfy (3.3)-(3.5) and a =b > 0. Let
A = Ai/a, and we define A, as follows:

(i) if £1(0) = g1(0) = 0, f1(0) > 0 and g1(0) > 0, then

W (3.32)

V11(0)91(0) +a

(ii) of at least one of f1(0) and g1(0) is positive, then A, = 0.

Then (3.31) has no positive solution when A < Ay or A = X*, and (3.31) has a
unique positive solution (u(X),v(X)) for A € (A, \*). Moreover,

{2 u(A), v(A): A€ (A, AT}

is a smooth curve so that u(\) and v(\) are strictly increasing in A, (u(\),v(\)) —
(0,0) as A = AF and [|[u(N) oo + [v(A)[[oo = 00 as A = (A*) ™.

Proof. First we assume that f1(0) = ¢1(0) = 0, f{(0) > 0 and ¢7(0) > 0. We
multiply the equation of u in (3.31) by ¢ and integrate on 2, obtaining

)\1/ upy dor = /\/ [f1(v)p1 + aupy] dz > )\a/ upy dx. (3.33)
2 2 2
Hence, A < A1/a. On the other hand, from (3.33), we have
(M — )\a)/ upy do = )\/ fi(v)er < Af{(O)/ vy dz. (3.34)
Q 2 Q
Similarly,
(A — )\a)/ vpy de = )\/ g1(u)pr < )\g'l(())/ upy dx. (3.35)
o) 2 2]
Multiplying (3.34) and (3.35), we obtain that
(A1 = Aa)® < A% £1(0)g} (0). (3.36)
Hence, if (A, u,v) is a positive solution of (3.31), then A must satisfy (3.36) and
A< —. (3.37)

Define
h(A) = (A = da)® = A% f1(0)g} (0). (3.38)
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Then there exists a unique A, € (0, A1/a) (defined as in (3.32)) such that h(A\) > 0
for 0 < A < Ay and h(A\) < 0 when A, < A < A;/a. Hence, (3.31) can have positive
solutions only when A € (A, A*).

A local bifurcation analysis using bifurcation from a simple eigenvalue theorem
similar to the one in the proof of theorem 3.4 can be carried out at A = \,, and we
omit the details. The positive solution (A, u(A),v(A)) is strictly increasing in A as

(Ou(N)/ON, Ov(N)/ON) satisfies

u(A)
ox | (filv) +au
FamOuso) | o000 | == (gl(u) . av) : (3.39)
o\

and hence (Ju(A)/ION, 0v(A)/ON) > 0 from the same arguments in the proof of
theorem 3.2. The proof of existence of solutions when at least one of f1(0) and
91(0) is positive is also similar.

Note that (A3) is satisfied for f(u,v) = fi1(v) + au and g(u,v) = g1(u) + av, so
any positive solution (u,v) of (3.31) is stable from theorem 2.2. Hence, in all cases,
we can show as before that any positive solution is on a smooth curve, that there is
only one such solution curve X, and that the left endpoint of X is the bifurcation
point (depending on the case studied) from the trivial solutions. It only remains to
prove that the X' can be extended to \*.

Let A** =sup{A: (A, u(N),v(X)) € Z}. From (3.37), we know that X can be
extended at most to A\*. Hence, A** < \*. As A — (A**)~, we must have

My = [[uN) oo + (A [[oo = o0,

otherwise a limiting process will yield a positive solution at A\**; then X' can be
extended further beyond A = A**, which contradicts with the definition of \**.
Now we define U(\) = u(A\)/My and V(X)) = v(A)/My. Then (U(X), V(A)) satisfies

AU+>\V1(U) +aU} 0, z€,

My,
(3.40)

n
M 0, ze€/?,

AV+A{91(U) +aV
Ul)=V

(x) =0, ze€oafn

From the boundedness of (U()),V(A)) we can obtain a sequence (A") such that
AT < AAT 5 A and (U(AM), V(A")) — (U™, V**) in [C?(2)]? as n — oo.
From (3.5), (A\**, U**, V**) satisfies

AU™ + XU =0, z €,
AV + X" aV*™ =0, z € L2, (3.41)
U™ (z) =V (x) =0, z €,

NU**||co+]|V**||oo = 1, and U** > 0, V** > 0. Therefore, we must have \** = A /a,
U™ = spp and V** = (1 — s)¢y for some s € [0,1]. This proves that A\** = \*,
which completes the proof. O
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4. Existence and uniqueness: the Holder continuous case

In this section we always assume that f and g satisfy (A1) and (A2), so f and g may
not be differentiable. Then the nonlinear operator F'(A,u,v) defined in §3 is not
necessarily differentiable, and hence the implicit function theorem and bifurcation
theorems cannot be used easily. We shall prove results similar to theorems 3.4 and
3.5 by using different methods.

THEOREM 4.1. Consider (3.15). Suppose that f1(0) = g1(0) =0, f1(v) and g1(u)
satisfy (3.5) for any u > 0 and any v > 0,

filw) >0,  gi(u) >0, (4.1)
and there exists 0 < p,q < 1 such that, for any u > 0 and any v > 0,
d (fi(v) d (g1(u)
il <0, —_— <0. 4.2
dv ( v4 du\ wp (4.2)

Then, for X € (0,00), (3.15) has a unique positive solution (u(X),v(X)). Moreover,
{(A u(A),v(N): A > 0}
is a continuous curve, so (u(X),v(\)) — (0,0) as A — 0F.

Proof. First we show that the curves —au+ fi(v) = 0 and —bv+g; (u) = 0 intersect
at a unique point in R%. From (3.5), for large u, v = g1(u)/b is below the curve
u = f1(v)/a. Suppose that the two curves do not intersect. Then, for any u > 0,
we have

it (au) > gll()u). (4.3)
We note that (4.2) implies that, for 7 € (0, 1),
fi(rv) = 79f1(v) and g¢1(7u) = 7Pg1(u). (4.4)

For v > 0 small, g;(u) <1 and u < 1, and then (4.3) and (4.4) imply that

aws i (20) 2 mrn (5) 2 elmin(5). @)

which contradicts pg < 1. Hence, the two curves must intersect. Suppose that
(ug,v4) is an intersection point, and that (.., vs«) is another. Without loss of
generality we assume U, > u.; then, from the monotonicity of f; or gi, it is
necessary that vy, > v,. From

L= 1) A v fi(ve) of a(v*)‘]u**

q = q .
U Vx U Vs U Vs U

Thus, we have
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Uis Y Vs
> 4.7
GES (47)

Pq
Usex U
Z )
U U

which contradicts .. > u. and pg < 1. Therefore, the curves —au + f1(v) = 0 and
—bv 4 ¢g1(u) = 0 intersect at only one point.

Now we use the monotonicity method to prove the existence of a solution. Let
(ux,vs) be the unique intersection point of —au + f1(v) = 0 and —bv + g1 (u) = 0.
Then, from the proof of theorem 3.4, any positive solution of (3.15) satisfies 0 <
u(z) < u, and 0 < v(x) < vi. Let (4,7) = (ux, vs). Then it is clear that (u,v) is an
upper solution of (3.15).

Let

and similarly

But (4.6) and (4.7) yield

Lf _ fl(v*)7 Lg _ gl(u*). (48)

vl ul

Since 0 < u < u, and 0 < v < vy, in this range fi(v) > Lyv? and g1(u) > LguP.
We construct a lower solution in the form of (u,v) = (e1p1,e2¢1), where €1, 9
will be specified later. Recall that ¢ is the positive principal eigenfunction with
[¢1]l00 = 1. Now

Alerpr) + Al—agip1 + fi(e2p1)] = =111 — Aasipr + AL pegep]
= e19f[~(ha+ M)py ? + ALgede; ]
> 19 [—(Aa + A1) + ALyeder ]
Similarly,
Aleap1) + A[=beagr + gi(e191)] = 20 [~ (A + A1) + ALgeley ).

Hence, if we choose

L q/(1-pq) AL 1/(1-pq)
0<e < g ! :
Ab+ )\ Aa + A

(4.9)

51()‘a+)‘1) 1/q<5 < ALg &P
>\Lf \2\>\b+/\1 1

then (u,v) = (€191, e2¢1) is a lower solution of (3.15). We can choose smaller £; and
€2 but still satisfy (4.9), so that (u,v) < (@,7) = (us, ). Then from theorem 2.3,
there exists a positive solution (u, v) of (3.15) between the lower and upper solutions.

Next we prove the uniqueness of the solution for any A > 0. Here we follow an
argument of [2,11]. We fix A > 0. We define G.(z,y) as the Green function of the
linear elliptic operator —A + ¢l with zero boundary condition where ¢ > 0. Then it
is well known that G.(x,y) > 0 for ,y € 2. Let (u;,v;), j = 1,2, be two positive
solutions of (3.15). Define

S={se€(0,1]: ug —tug =20, v —tve =0 for ¢t € [0, s]}.
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Since uj, v; € C*(£2) with a = min{p, ¢}, there exists small € > 0 such that € € 9,
and thus S # ). Let 6 = sup S and assume that ¢ < 1. Then u; — fup > 0 and
v1 — 0vy > 0 in (2. Then, from (4.1) and (4.4), we have

() = A /Q Gira(,9) f1 (01 (1)) dy
> /Q Gina (2, ) F1 (002(y)) dy

> M7 /Q Gra(,y) f1(v2(y)) dy

Similarly, we have v (z) > 6Pva(x). From these relations, we obtain

(=A+ Aa)(ur — Ouz) = A[f1(v1) — 0f1(v2)]
2 ALf1(0%v2) — 6 f1(v2)]
> A(6P1 —0) f1(v2) (4.11)
and, similarly,
(—A + Ab)(v1 — Ovg) = N(0P7 — 0) g1 (us2). (4.12)

Since f1(ve(x)) > 0 and gq1(uz(z)) > 0 for x € £2, 79 — 0 > 0, from the strong
maximum principle, (4.11) and (4.12), we have

up(z) — Qug(x) >0, wvi(x) —Ove(x) >0 for x € (2, (4.13)

and the Hopf lemma implies that the normal derivatives on the boundary satisfy

up(x) — Qug(x) vy () — Ova ()
— L O’ P e N
ov ov
This would allow that u; () —(6+¢)uz(x) = 0 and vy (x)—(0+¢)va2(x) > 0 for a small
€ > 0, which contradicts the definition of §. Hence, we must have 6 = 1, u; > us
and v; > vs. On the other hand, substituting uq,v; with us, ve, we have u; < us
and v; < vg. Therefore, u; = us and v; = v, and this proves the uniqueness of the
solution.

Finally, we prove that the set of solutions {(\,u(A), v(A)): A > 0} is a con-
tinuous curve. Indeed, for any A, > 0, choose a sequence \™ — \,. Then, from
the uniqueness of solutions and the form of the upper/lower solution, one can see
that (w(A™),v(A™)) = (u(Ag),v(As)) as n — oo. Hence, the set of solutions is a
continuous curve. O

<0 forx € 012 (4.14)

THEOREM 4.2. Consider (3.31) with a,b > 0. Suppose that f1(0) = ¢1(0) = 0,
f1(v) and g1(u) satisfy (3.5) and, for any u > 0 and v > 0, (4.1) and (4.2) hold.
Then (8.81) has a unique positive solution (u(X),v(X)) for A € (0, \*), where \* =
min{A;/a, \1/b}. Moreover, {(A,u(X),v(A)): A € (0,A*)} is a continuous curve, so
u(\) and v(\) are strictly increasing in A, (uw(\),v(N\)) = (0,0) as A = 01, and

[uM)lloo + [[v(AM)]loe =00 as A — (A7)
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Proof. The proof is similar to that of theorem 4.1, so we only point out the differ-
ence. For the existence part we still use (u,v) = (e1¢1,€2¢1) as a lower solution of
(3.31), but now £1,e5 € (0,1) satisfy

\D q/(1-pq) \D 1/(1-pq)
0<e < g ! :
)\1 — b )\1 —\a

(4.15)

s A\ AD,
AD; D VIS VAR

where
Dy = (inf o7 @)) (), Dy = (inf 7' (@)ar(1),

and here we assume that A < min{\;/a, A\1/b}. Note that, from the proof of theo-
rem 3.5, we can only have the solution for A < min{\;/a, \1/b}.
For any ¢ < A\; we define e, to be the unique positive solution of

Ae+ce+1=0, zelf2 e(r) =0, z€0af (4.16)

For the upper solution we choose (u,7) = (Miexq, Maeyy), where My > 1 and
Mg 2 1. Then

A(Mierg) + AlaMierg + f1(Maexp)]
= —M; + Af1(Maexy)
< =My + AMJ fi(ex)
< My + AMICY,

where Cy = max,c 5 fi(exy(2)). Similarly, if Cy = max, 5 g1(exa(z)), then
A(MQ@)\b) + )\[ngeM, + gl(MleAa)] < —Ms + /\M{’C’g
Thus, if we choose M7 and Ms by

M,y

1/q
Acf) > My > AM{Cy, (4.17)

My > (A\T1Cacy)/=ra) and <
then (@, ) = (Miexq, Maeyy) is an upper solution of (3.31). By choosing M; and My
larger (but still satisfying (4.17)) so that (u,v) < (@, ), we have a pair of upper and
lower solutions needed in theorem 2.3. Hence, the existence of a positive solution
is proved.

For the uniqueness proof we only change the operator —A + Ac to —A — Ac for
c = a, b. The elliptic operator is still positive and the maximum principle still holds,
since A < min{A;/a, A1/b}. The other parts of the proof are same as those in the
proof of theorem 3.5. O

We remark that the stability defined in §1 can still be established for f and g in
theorems 4.1 and 4.2, although f, and g, become oo near 9f2. By using remark 3.1
of [1] we can extend the spectral theory to the case when the Jacobian has a
singularity of the form u?~! or v¢~! with 0 < p,q < 1.
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EXAMPLE 4.3. We can apply the existence and uniqueness results of theorems 4.1

and 4.2 to
Au+ Aztau + v =

0,
Av+ A[£bv+uP] =0, z €, (4.18)
u(z) =v(x) =0, ze€dn,

where 0 < p,q¢ < 1. When p,q > 1 and pq are subcritical, (4.18) (with — sign)
was considered in [14]. Here we prove the existence and uniqueness of the positive
solution for the sublinear case.

T € (2,
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