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Abstract
We consider a single-species model of population dynamics allowing for migrations and the Allee eﬀect.
Two types of migration are taken into account: one caused by environmental factors (e.g., a passive
transport with the wind or water current) and the other associated with biological mechanisms. While the
ﬁrst type is apparently density-independent, the speed of migration in the second one can depend on the
population density. Mathematically, this model consists of a non-linear partial diﬀerential equation of
advection–diﬀusion-reaction type. Using an appropriate change of variables, we obtain an exact solution of
the equation describing propagation of travelling population fronts. We show that, depending on parameter values and thus on the relative intensity of density-dependent and density-independent factors, the
direction of the propagation can be diﬀerent thus describing either species invasion or species retreat.
Ó 2003 Published by Elsevier Inc.
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1. Introduction
Spatial aspects of population dynamics, particularly the processes and mechanisms underlying
species dispersion and the patterns of spread during biological invasions have been a focus of
intense research during the last decade [1–6]. Invasion of exotic species often results in dramatic
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changes in native community and, consequently, in a major threat to biodiversity. Therefore, a
highly practical and theoretically important question is what environmental and biological factors
can aﬀect the rate of invasion either speeding up or slowing down the spreading of invasive
species. This issue is usually treated in terms of diﬀusion-reaction models [7–9] or their modiﬁcations [5,10] which are essentially based on the assumption that the motion of individuals of
given population is random and isotropic, i.e., without any preferred direction.
There is, however, another type of dynamics when the individuals exhibit a correlated motion
towards certain direction. The origin of this motion can be diﬀerent, and there are at least two
apparently diﬀerent mechanisms resulting in the species transport. We will call ÔadvectionÕ the
correlated motion caused by purely environmental factors such as wind in case of seeds or pollen
spreading or water current in case of plankton communities, and we will call ÔmigrationÕ the
transport caused by biological interactions. Evidently, species transport due to the advection is
density-independent. As for migration, however, there are certain indications that the speed of the
individual motion can increase with the population density [1]. Note that, since a focus of this
paper is on the factors that can aﬀect the rate of species invasion, we are not much interested in
the periodical return migrations which are typical for many bird and ﬁsh species. A point of
interest is the migration occurring on a smaller spatial scale when individuals or groups of
individuals of given species move from the regions with high population density towards the
regions where given species is either absent or exists at low population density [11]. Although these
small-scale migrations are often interpreted in terms of random motion, cf. Ôstratiﬁed diﬀusionÕ
[1,12], this phenomenon exhibits apparent spatial anisotropy. Interestingly, this mechanism of
species dispersion usually comes to operation when the population density becomes suﬃciently
high [2].
The goal of this paper is to study the interplay between diﬀusion and advection/migration
regarding species invasion, spatiotemporal dynamics of the population being described by a nonlinear partial diﬀerential equation of advection–diﬀusion-reaction type. An issue of particular
interest is under what conditions such an interplay can block or reverse the species invasion.
Once the main processes underlying given phenomenon are identiﬁed and a mathematical
model is developed, it becomes a major problem to assess its properties for diﬀerent parameter
values. Numerical simulations usually provide only meagre information on that account and
analytical solutions are rare, especially when the model is non-linear. Some examples of ad hoc
solutions to non-linear partial diﬀerential equations can be found in [13–15]. An approach ﬁrst
considered by Hopf [16] and later used by a few other authors [17–19] (for a more general
framework see also [20]) is a suitable change of variables, which can linearize the equation under
study. In our work, we apply this approach to a non-linear advection–diﬀusion-reaction equation
taking into account the eﬀect of density-dependent migrations and the Allee eﬀect on population
growth [21,22] and obtain an exact solution describing propagation and interaction of travelling
population fronts.
The paper is organized as follows. In Section 2 we describe the model that will be used to study
the interplay between diﬀusion and advection/migration. In Section 3 we describe the method to
obtain exact solutions of non-linear partial diﬀerential equations and apply it to the equation
without migrations. In Section 4 the interplay between diﬀusion and advection/migration is analyzed based on an exact solution of non-linear advection–diﬀusion-reaction equation. The last
section gives a discussion of our results.
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2. Main equations
Following the approach widely used in theoretical population dynamics, we assume that a
population can be described by the population density U . In a general case, U depends on the
position R ¼ ðX ; Y ; ZÞ in space and time T . There are two basically diﬀerent mechanisms making
U to change with time: the one associated with local processes such as birth, death and predation,
and the other associated with the redistribution of the population in space due to the motion of its
individuals. Correspondingly, in a rather general case the dynamics of a given population can be
described by the following equation:
oU ðR; T Þ
¼ div J þ f ðUÞU ;
oT

ð1Þ

where J is the population density ﬂux and the second term allows for the local processes, f ðU Þ
being per capita growth rate. In the case f ðU Þ  0, Eq. (1) has the form of the conservation law; it
means that the total number of the individuals does not change with time unless the processes of
birth and death are taken into account.
The form of the ﬂux J essentially depends on the properties of the motion. In the case that the
motion of the individuals can be regarded as random, the ﬂux is usually assumed to be given by
the following equation:
J ¼ DrU ðR; T Þ;

ð2Þ

where D is diﬀusivity [23–25]. In this case Eq. (1) takes the form of the diﬀusion-reaction equation
which is of common use in theoretical studies, cf. [2,25,26] and references therein.
However, the motion of individuals cannot always be regarded as random. Another widely
observed dynamics is advection/migration when the individuals exhibit a correlated motion toward a certain direction. Assuming for the sake of simplicity that at given position all the individuals move with the same speed A, we immediately obtain that J ¼ AU ðR; T Þ. In a more general
case, when the correlated motion is combined with the random motion, the population density
ﬂux is given by the following equation:
J ¼ AU ðR; T Þ  DrU ðR; T Þ:

ð3Þ

For the rest of this paper we restrict our consideration to the one-dimensional case. The spatiotemporal dynamics of a given population allowing for migrations and diﬀusion is then described the following equation:
oU ðX ; T Þ oðAU Þ
o2 U
ð4Þ
þ
¼ D 2 þ f ðU ÞU ;
oT
oX
oX
where A is positive in the case that advection/migration is going in the direction of axis x and
negative otherwise.
It is well-known that, for a wide class of initial conditions, Eq. (4) describes the propagation of
travelling population fronts [27,28]. Concerning the dynamics of real ecological communities, that
may correspond either to species invasion (when the front moves towards the region where a given
species is absent) or to species retreat (when the front moves towards the region where a given
species is at its carrying capacity). Interestingly, each type of underlying individual motion
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(random or correlated) can result in a similar phenomena, i.e., either in species invasion or species
retreat. For the correlated motion, these two options are obvious; whether the species is actually
invading or retreating depends on the sign of the speed of migration A. For the random motion,
invasion of a species due to propagation of population fronts was ﬁrst studied in [29,30], for an
account of recent advances see [2]. A possibility of species retreat resulting from increasing Allee
eﬀect was considered in [4], for a more general discussion see also [27].
In theoretical studies, these two types of motion (random or correlated) are usually considered
separately (but see [11]). In a real ecological community, however, the individuals are likely involved into a combination of these two types of motion. The following question may arise here:
what can be the interplay between these two types of motion regarding species invasion? In
particular, can advection (e.g., due to the impact of wind) block the species spreading in the case
when the invasion would otherwise take place due to random motion?
To address this issue, we study analytically the properties of an exact solution of the advection–
diﬀusion-reaction equation (4) describing propagation of travelling fronts. For the sake of analytical tractability, two additional assumptions are to be made. First, we assume that the growth
rate is damped by the Allee eﬀect [21,22]. Following [4], we choose the square polynomial to
parameterize the per capita growth rate:
f ðU Þ ¼ aðU  U0 ÞðK  U Þ;

ð5Þ

where K is the species carrying capacity, U0 is the ÔmeasureÕ of the Allee eﬀect [4] and a is a coeﬃcient. We mainly restrict our attention to the case 0 < U0 < K which corresponds to the
ÔstrongÕ Allee eﬀect [7,31] when the growth rate becomes negative for suﬃciently small population
density.
Second, for the speed of migration, we assume that it is given by the following equation:
A ¼ A0 þ A1 U ;

ð6Þ

where A0 and A1 are parameters, A0 is the speed of advection (e.g., due to the impact of wind or
water current) and A1 U is the speed of migration due to biological mechanisms. For convenience,
we will call parameter A1 the per capita migration speed.
From (4)–(6), we obtain
oU ðX ; T Þ
oU
o2 U
þ ðA0 þ 2A1 U Þ
¼ D 2 þ aU ðU  U0 ÞðK  U Þ:
oT
oX
oX
The dimensionless variables
rﬃﬃﬃﬃﬃﬃﬃﬃ
U
aK 2
;
u ¼ ; t ¼ T aK 2 ; x ¼ X
K
D
are substituted to transform Eq. (7) as follows:
ut þ ða0 þ a1 uÞux ¼ uxx  bu þ ð1 þ bÞu2  u3 ;
1

1=2

ð7Þ

ð8Þ

ð9Þ
1=2

, a1 ¼ 2A1 ðaDÞ
are dimensionless parameters, and subwhere b ¼ U0 =K, a0 ¼ A0 K ðaDÞ
scripts x and t stand for the partial derivatives with respect to dimensionless space and time,
respectively. Eq. (9) will be studied in the unbounded domain with the following conditions
at inﬁnity: the species is absent for x ! 1 and the species is at its carrying capacity for
x ! þ1.
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3. No-migration case
Although the main goal of this paper is to study the interplay between the advection/migration
and the diﬀusive spread of the population (which will be done in the next section), for the sake of
clarity we begin with the case when the individuals perform only random motion. In this case
a0 ¼ a1 ¼ 0 and Eq. (9) reduces to
ut ¼ uxx  bu þ ð1 þ bÞu2  u3 :

ð10Þ

It was shown in [17,19,32] using diﬀerent methods that Eq. (10) has an exact solution in the
following form:
b expðk1 n1 Þ þ expðk2 n2 Þ
;
1 þ expðk1 n1 Þ þ expðk2 n2 Þ
pﬃﬃﬃ
where ni ¼ x  ni t þ /i , ni ¼ 2ð1 þ bÞ  3ki , i ¼ 1, 2,

ð11Þ

uðx; tÞ ¼

b
k1 ¼ pﬃﬃﬃ ;
2

1
k2 ¼ pﬃﬃﬃ
2

ð12Þ

and /1;2 are arbitrary constants. Since uðx; tÞ must be non-negative for any x and t, solution (11) is
valid only for b P 0. The spatial distribution of the population as given by (11) for diﬀerent time is
shown in Fig. 1. It must be mentioned here that, although solution (11) formally corresponds to a
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Fig. 1. Population density vs space at diﬀerent moments as given by the exact solution (11) of diﬀusion-reaction
equation (10); curve 1 for t ¼ 0, curve 2 for t ¼ 40, curve 3 for t ¼ 80, curve 4 for t ¼ 120, curve 5 for t ¼ 160, curve 6
for t ¼ 700. Parameters are b ¼ 0:2; /1 ¼ 100, /2 ¼ 100. For small time, the solution describes the propagation of two
ÔpartialÕ population fronts connecting the homogeneous stable steady states u  0 and u  1 to the unstable state u  b,
cf. upper and lower parts of curves 1–3. For large time, the solution describes propagation of a single population front,
cf. curves 4–6, the arrow indicating the direction of further propagation. While the ÔpartialÕ fronts always propagate
towards each other (see [17,19] for details), the direction of propagation of the population front connecting the states
u  0 and u  1 (curves 4–6) depends on parameter b, cf. conditions (15).

84

S. Petrovskii, B.-L. Li / Mathematical Biosciences 186 (2003) 79–91

speciﬁc initial condition (which is immediately obtained from (11) setting t ¼ 0, cf. curve 1 in Fig.
1), convergence of initial conditions from a wide class to solution (11) was shown in [19].
Since k1 < k2 , it is readily seen that, in the large-time limit (when the transients die out, cf.
curves 4–6 in Fig. 1 and see [17,19] for details) or for suitable values of /1 , /2 , solution (11)
reduces to
uðx; tÞ ’

expðk2 n2 Þ
;
1 þ expðk2 n2 Þ

ð13Þ

thus describing a travelling population front propagating with the speed n2 given by the following
equation:
pﬃﬃﬃ
3
2b  1
ð14Þ
n2 ¼ 2ð1 þ bÞ  pﬃﬃﬃ ¼ pﬃﬃﬃ :
2
2
The direction of the propagation can be either positive or negative:
1
1
and ðbÞ n2 > 0 for b > :
ð15Þ
2
2
Thus, under condition (15a) the front propagates to the region where the species is absent, which
corresponds to species invasion, cf. Fig. 1; under condition (15b) the front propagates to the
region where the species is at its carrying capacity, which corresponds to species retreat. Conditions (15) are in full agreement with more general mathematical considerations [27].
The fact that (11) is an exact solution of Eq. (10) can be checked immediately by substituting it
into (10). To arrive at solution (11) from Eq. (10), various approaches are available. In the
original paper [17], solution (11) was obtained by using a formal perturbation scheme. Later, it
was shown in [32] that (11) can be obtained by expanding the solution into Dirichlet series. In this
paper, however, we will use another approach [16,19] which is much less laborious, leads to essentially the same result, and has been successfully applied to a few other non-linear problems as
well, cf. [16,18,33,34] and also see [35] for less straightforward examples.
Since we are going to apply to the general Eq. (9) the same method that was used in [19] to
obtain the exact solution (11) of Eq. (10), it is convenient to give a brief description here. Let us
introduce a new variable wðx; tÞ deﬁned by the following equation:
wx
;
ð16Þ
uðx; tÞ ¼ l
wþr
ðaÞ

n2 < 0

for b <

where l 6¼ 0 is a coeﬃcient (the case l ¼ 0 would correspond to the trivial solution uðx; tÞ  0)
and r is a constant. In so far as we are, for biological reasons, primarily interested in bounded
solutions of Eq. (10), r is included into the denominator of (16) in order to avoid singularities. If
 that either (i) wðx; tÞ 6 w

we assume that function w is semi-bounded, i.e., there exists a certain w
 for 8x, t, then constant r can have an arbitrary value under the constraint
or (ii) wðx; tÞ P w
r < 
w or r > 
w corresponding to the cases (i) and (ii), respectively.
Substitution of (16) to (10) leads to the following equation:
½ð2  l2 Þw3x ðw þ rÞ3 þ wx ½wt  3wxx þ ð1 þ bÞlwx ðw þ rÞ2 þ ½wxxx  bwx  wxt 
 ðw þ rÞ1 ¼ 0;

ð17Þ
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which, as constant r is (nearly) arbitrary and diﬀerent powers of ðw þ rÞ are linearly independent,
is equivalent to the following system:
wxt ¼ wxxx  bwx ;

ð18Þ

wt ¼ 3wxx  ð1 þ bÞlwx ;
pﬃﬃﬃ
l ¼  2:

ð19Þ
ð20Þ

Without loss of generality, we choose plus in Eq. (20) (minus would correspond to the change
x ! x). Taking the partial derivative of Eq. (19) with respect to x in order to eliminate wxt from
Eq. (18), then from the system (18)–(20) we arrive at
1þb
b
ð21Þ
wxxx  pﬃﬃﬃ wxx þ wx ¼ 0;
2
2
pﬃﬃﬃ
wt ¼ 3wxx  2ð1 þ bÞwx :
ð22Þ
The solution of linear equation (21) has the following form:
wðx; tÞ ¼ f0 ðtÞ þ f1 ðtÞek1 x þ f2 ðtÞek2 x ;

ð23Þ

where k1;2 are the roots of the square polynomial:
1þb
b
k2  pﬃﬃﬃ k þ ¼ 0
2
2

ð24Þ

and thus k1;2 are given by (12).
To obtain functions f0;1;2 , we substitute Eq. (23) into (22). That leads to the following result:
pﬃﬃﬃ
f0 ðtÞ ¼ C0 ; fi ðtÞ ¼ Ci eci t where ci ¼ 3k2i  2ð1 þ bÞki ; i ¼ 1; 2
ð25Þ
and C0;1;2 are arbitrary constants. Note that the form of wðx; tÞ deﬁned by Eqs. (23)–(25) appears
to be in agreement with our earlier assumption about semi-boundedness of w; thus our analysis
has been consistent.
From (16), (23) and (25), we obtain
pﬃﬃﬃ
C1 k1 expðk1 x þ c1 tÞ þ C2 k2 expðk2 x þ c2 tÞ
:
ð26Þ
uðx; tÞ ¼ 2
ðC0 þ rÞ þ C1 expðk1 x þ c1 tÞ þ C2 expðk2 x þ c2 tÞ
Obviously, for uðx; tÞ to be positive, it is necessary that C0 þ r, C1 and C2 have the same sign, i.e.,
new constants as
either C0 þ r > 0, C1;2 > 0 or C0 þ r < 0, C1;2 < 0. Thus, introducing
pﬃﬃﬃ
/i ¼ ð1=ki Þ lnðCi =½C0 þ rÞ, i ¼ 1, 2 and taking into account that 2k1;2 ¼ u1;2 (where u1 ¼ b and
u2 ¼ 1 are the steady states of the spatially homogeneous system), from Eq. (26) we arrive at (11).

4. Interplay between diﬀusion and migration
Now we are going to apply the method described in the previous section to obtain an exact
solution of the advection–diﬀusion-reaction equation (9). The exact solution will be then used to
study the interplay between the advection/migration and the diﬀusive spreading of the population.
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We begin by considering the cases of density-independent migration (advection) and densitydependent migration separately proceeding then to a general case.
4.1. Density-independent migration
In the case that the speed of the species migration does not depend on the population density,
e.g., when drifting with the wind, the dynamics of the population are described by the following
equation:
ut þ a0 ux ¼ uxx  bu þ ð1 þ bÞu2  u3 ;

ð27Þ

where a0 is the (dimensionless) speed of advection.
Considering travelling wave coordinates, ðx; tÞ ! ðz; tÞ where z ¼ x  a0 t, so that u ¼ u~ðz; tÞ,
from Eq. (27) we obtain
u þ ð1 þ bÞ~
u2  u~3 :
u~t ¼ u~zz  b~

ð28Þ

Eq. (28) coincides with (10) and thus the exact solution (11) gives also an exact solution of (28)
with the obvious change x ! z. In particular, in the large-time limit when the solution describes a
single travelling population front, it reads as follows:
uðx; tÞ ¼ u~ðx  a0 t; tÞ ’

expfk2 ½x  ðn2 þ a0 Þt þ /2 g
:
1 þ expfk2 ½x  ðn2 þ a0 Þt þ /2 g

ð29Þ

Here n2 þ a0 is the speed of the front where n2 is given by Eq. (14); n2 þ a0 < 0 corresponds to the
species invasion, n2 þ a0 > 0 corresponds to the species retreat. Advection enhances the species
invasion in case a0 < 0 and enhance the species retreat otherwise. Thus, the species will invade in
spite of the counteracting impact of advection (e.g., cross-wind or cross-current) in case n2 < a0 ,
i.e., for
2b  1
pﬃﬃﬃ < a0 ;
2
which is equivalent to


pﬃﬃﬃ
1
b<
1  2a0 :
2

ð30Þ

ð31Þ

Relation (31) has an intuitively clear meaning: the weaker the Allee eﬀect is for a given population, the higher is its capability to invade new areas. This conclusion is in a good agreement with
the results of other authors, cf. [4,7]. In case we are restricted to the case of the ÔstrongÕ Allee eﬀect,
b is positive while a0 can be arbitrary. It means that the species aﬀected by a ÔstrongÕ Allee eﬀect
cannot invade in case the cross-wind is suﬃciently strong, a0 < 21=2 .
4.2. Density-dependent migration
In this section, we consider the case when the density-independent advection caused by environmental factors is absent and migration takes place due to biological mechanisms which are
assumed to be density-dependent. Then a0 ¼ 0 and from (9) we arrive at the following equation:
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ð32Þ

Eq. (32) diﬀers from (10) and the exact solution (11) is not immediately applicable. However,
to obtain an exact solution of Eq. (32), we can try to make use of the approach described in
Section 3.
Introducing a new variable pðx; tÞ,
px
;
ð33Þ
uðx; tÞ ¼ m
pþr
where m is a coeﬃcient and r is a (nearly) arbitrary constant included in order to avoid singularities, cf. Section 3. Having substituted Eq. (33) into (32), we arrive at the following system:
pxt ¼ pxxx  bpx ;

ð34Þ

pt ¼ ð3 þ a1 mÞpxx  ð1 þ bÞmpx ;

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
m¼
a1  a21 þ 8 :
2

ð35Þ
ð36Þ

Choosing plus in Eq. (36) without any loss of generality (minus would correspond to the change
a1 ! a1 , x ! x) and excluding pxt form Eq. (34), from (34)–(36) we obtain
ð2 þ a1 mÞpxxx  ð1 þ bÞmpxx þ bpx ¼ 0;

ð37Þ

pt ¼ ð3 þ a1 mÞpxx  ð1 þ bÞmpx :

ð38Þ

The solution of the linear equation (37) has the following form:
pðx; tÞ ¼ g0 ðtÞ þ g1 ðtÞex1 x þ g2 ðtÞex2 x ;

ð39Þ

where
b
1
x1 ¼ ; x2 ¼ :
m
m
Having substituted (39) into (38), we obtain
g0 ðtÞ ¼ B0 ; gi ðtÞ ¼ Bi edi t

where di ¼ ð3 þ a1 mÞx2i  ð1 þ bÞmxi ;

ð40Þ

i ¼ 1; 2

ð41Þ

and B0;1;2 are arbitrary constants.
Considering Eq. (33) together with (39) and (41) and taking into account that coeﬃcients
B0 þ r, B1 and B2 must have the same sign in order to provide positiveness of the solution, we
arrive at the following exact solution of Eq. (32):
uðx; tÞ ¼

b expðx1 w1 Þ þ expðx2 w2 Þ
;
1 þ expðx1 w1 Þ þ expðx2 w2 Þ

ð42Þ

where wi ¼ x  qi t þ i , qi ¼ ð1 þ bÞm  ð3 þ a1 mÞxi and i ¼ 1, 2, and 1;2 are arbitrary constants.
Note that, apart from the above arguments leading to (42), the fact that (42) is an exact solution
to Eq. (32) can be proved straightforwardly having substituted (42) into (32).
The structure of solution (42) is apparently similar to that of (11) and it has similar properties.
Particularly, since x1 < x2 , in the large-time limit solution (42) describes a single travelling
population front:
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uðx; tÞ 

expðx2 w2 Þ
1 þ expðx2 w2 Þ

ð43Þ

propagating with the speed q2 . The species spreads into the region with low population density in
the case q2 < 0, i.e., for
q2 ¼ ð1 þ bÞm 

1 þ m2
< 0:
m

ð44Þ

From inequality (44), we readily obtain the following condition of successful invasion:
b<

1
;
m2

ð45Þ

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
where m ¼ 0:5ða1 þ a21 þ 8Þ so pthat
ﬃﬃﬃ m ! þ0 for a1 ! 1 and m ! þ1 for a1 ! þ1. In the
case a1 ¼ 0 (no-migration), m ¼ 2 and (45) coincides with (15a).
Unlike the density-independent case, cf. (31), the right-hand side of inequality (45) is always
positive. Consequently, the interplay between the diﬀusive spread of the population and migration
appears to be diﬀerent. Even a strong density-dependent migration (corresponding to large
positive a1 ) going from the region with low population density towards the region with high
population density cannot block the species invasion caused by the random dispersion of the
individuals in case the Allee eﬀect (quantiﬁed by parameter b) is suﬃciently small.
4.3. General case
In a general case, migrations can take place due to both density-dependent and density-independent factors. The dynamics of a given population are then described by full equation (9) where
now a0 6¼ 0 and a1 6¼ 0. The results of the two preceding sections immediately apply to this case
leading to the following exact solution:
uðx; tÞ ¼

b expfx1 ½x  ðq1 þ a0 Þt þ 1 g þ expfx2 ½x  ðq2 þ a0 Þt þ 2 g
;
1 þ expfx1 ½x  ðq1 þ a0 Þt þ 1 g þ expfx2 ½x  ðq2 þ a0 Þt þ 2 g

ð46Þ

where the notations are the same as in Eq. (42). Particularly, in the large-time limit, the solution
(46) takes the following form describing propagation of a population front:
uðx; tÞ 

expfx2 ½x  ðq2 þ a0 Þt þ 2 g
:
1 þ expfx2 ½x  ðq2 þ a0 Þt þ 2 g

ð47Þ

The condition of successful invasion now takes the form q2 < a0 which, after a little algebra,
reads as follows:
1 a0
 :
ð48Þ
m2 m
It is readily seen that r P 0 for m 6 1=a0 and r is negative otherwise. Thus, since b is assumed to be
non-negative, for any ﬁxed b and m inequality (48) is violated in the case a0 is positive and sufﬁciently large. In agreement with the results of Section 4.1, it means that the species invasion can
always be blocked or reversed in case of suﬃciently strong counteractive advection (such as crossb < rðm; a0 Þ ¼
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wind or cross-current) provided that the density-dependent migrations
are either absent or
pﬃﬃﬃ
enhance the species retreat (which corresponds to a1 P 0 and m P 2). However, another property
of relation (48) is that, for any ﬁxed positive value of a0 , however large it can be, inequality
(48) becomes true for suﬃciently small m. Small m corresponds to large negative a1 , i.e., to the
case when the density-dependent migrations takes place towards the region where the species
is absent. It means that even strong counteractive advection cannot stave oﬀ the spread of a
given population in the case of cooperative impact of biological factors enhancing the species
invasion.

5. Concluding remarks
In this paper, we have considered a single-species model of spatiotemporal population dynamics taking into account advection and/or migrations, diﬀusion due to the random motion of
the individuals, and the local growth of the population damped by a ÔstrongÕ Allee eﬀect. The
model consists of a non-linear partial diﬀerential equation of the advection–diﬀusion-reaction
type. Using a suitable change of variables, we have found an exact solution of the equation
describing the propagation of a population front. By means of studying the properties of the
solution, the interplay between diﬀusion and diﬀerent types of advection/migration (densitydependent and density-independent) has been thoroughly investigated. Exact relations between
the parameters have been obtained, cf. (31), (45) and (48), which make it possible to forecast
whether the interplay between various factors leads to species invasion or to species retreat. In
particular, we have shown that species invasion caused solely by isotropic random motion of the
individuals can be blocked by suﬃciently strong counteracting advection. However, in the case
that invasion caused by the random isotropic motion is supported by a correlated motion by the
individuals towards the region with low population density, the species spread cannot be blocked
by purely environmental factors (such as wind or water current) provided that per capita migration speed is suﬃciently large. Surprisingly, our model predicts that density-dependent migration alone cannot block diﬀusive spreading in the case that the Allee eﬀect is Ônot too strongÕ:
however large m is (which corresponds to the species retreat with large per capita migration speed),
there always exists a small positive b so that inequality (45) is true.
Since our conclusions are based on the properties of exact solutions (11), (42), (46), and thus
restricted to the assumptions made beforehand in order to obtain the solutions, cf. Section 2, our
study leaves a number of open questions. First, since the solutions are non-negative only for
b P 0, our conclusions mainly apply to the case of ÔstrongÕ Allee eﬀect. It would be interesting to
know how the interplay between diﬀusion and advection/migration can be modiﬁed in the case of
species with either a ÔweakÕ Allee eﬀect (i.e., for 1 < b 6 0, cf. [4,7]) or without an Allee eﬀect at
all (for b 6  1, cf. [4]). Second, to describe the density-dependent migrations, we assumed that
the migration speed increases linearly with the population density. It is quite possible, however,
that in real ecological communities this relation is more complicated. Third, Eqs. (7), or (9) in
dimensionless variables, which we used to describe the spatiotemporal dynamics of a given
population, actually implies that the individuals migrate and produce oﬀspring at the same time.
In reality, it seems more probable that the individuals are involved in diﬀerent activities at different life-stages. These issues outline the direction of future research.
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