
Exam 2 makeup problems
Math 302

Rule: This set of problems is similar to the problems in Test 2; The purpose of doing the problems
is to solidify your knowledge and problem-solving ability for these material. It is voluntary to do
the problem and hand in, but it is strongly suggested for the students whose test 1 score is below
80; You need to complete the problems by yourself, but you can consult books and notes, and there
is no time limit; Handed in problems will be graded by Prof. Shi; If your score in Test 1 is n, you
can receive up to (100− n)× 0.3 extra points for the problems. (For example, if your score is 70,
and you do all the problems here correctly, then you can get 9 extra points, and your modified test
score is 79. )

1. (10 pt) The following differential equations represent the movement of a mass-spring system.
For each, determine if it is underdamped, overdamped, or critic ally damped.
(a) y′′ + 5y′ + 6y = 0; (b) y′′ + 12y′ + 36 = 0; (c) 2y′′ + 9y′ + 4y = 0; (d) y′′ + 4y′ + 13y = 0.

2. (15 pt) Find the general solution y(t) of the equation: y′′ + 3y′ + 2y = e−2t + 2.

3. (10 pt) Suppose that a complex solution of the equation y′′ + py′ + qy = e2it is found to be

y(t) =
5

6− i
e2it. Find a real-valued particular solution of y′′ + py′ + qy = sin(2t)− 2 cos(2t).

4. (25 pt) A harmonic oscillator driven by a periodic external force can be modeled by differential
equation:

d2y

dt2
+ p

dy

dt
+ qy = cos(2t), y(0) = y′(0) = 0,

where p ≥ 0 and q > 0.

(a) (8 pt) When p > 0, the solution y(t) eventually approaches a periodic trigonometric
function y0(t) with period π. Find y0(t) (the solution may depend on p and q.)

(b) (5 pt) What is the maximum of y0(t)?

(c) (4 pt) When p = 0, and q equals to some q0, y(t) is unbounded. What is q0?

(d) (8 pt) Find the solution y(t) when q = q0 and p = 0.

5. (15 pt) Consider the equation
dY

dt
=

(
10 −2
18 −2

)
Y.

It is known that λ = 4 is a repeated eigenvalue of the system.

(a) Find the solution of the system with initial condition (x(0), y(0)) = (3, 1).

(b) Find a straight line solution of the system.

6. (25 pt) Consider the equation
dY

dt
=

(
a −4
2 6

)
Y.

(a) Find the eigenvalues of the system with a general parameter a.

(b) Find the real-valued general solution when a = 2. What is the type of the phase portrait
(such as source, saddle, spiral etc.)?

(c) Determine the types of linear systems (such as saddle, sink, spiral source, etc.) for any
a ∈ (−∞,∞), and find the bifurcation points a1, a2 and a3 where the type changes.


