
Test 1 makeup problems
Math 302

Name:

Rule: This set of problems is similar to the problems in Test 1; The purpose of doing the problems
is to solidify your knowledge and problem-solving ability for these material. It is voluntary to do
the problem and hand in, but it is strongly suggested for the students whose test 1 score is below
80; You need to complete the problems by yourself, but you can consult books and notes, and there
is no time limit; Handed in problems will be graded by Prof. Shi; If your score in Test 1 is n, you
can receive up to (100− n)× 0.3 extra points for the problems. (For example, if your score is 70,
and you do all the problems here correctly, then you can get 9 extra points, and your modified test
score is 79. )

1. Suppose that y(t) denotes the size of a population at time t. The predation reduces the size
of the population so that the equation of the population is given by

dy

dt
=

16y

3 + y
− (y + 5).

(a) Find the equilibrium points of the equation.

(b) Determine the stability of the equilibrium points (sink, source, node) by using lineariza-
tion or phase line.

(c) Sketch the phase line. If y(0) = 2 or y(0) = 4, what are the asymptotical behavior of
solutions?

2. If the equation in problem 1 is now

dy

dt
=

hy

3 + y
− (y + 5)

where h > 0 is a parameter. Find the bifurcation value h0 > 0 so that when 0 ≤ h < h0,
the population always becomes extinct regardless of initial population, and when h > h0, the
population could persist if the initial condition is relatively large.

3. Consider the differential equation

x
dy

dx
− y = 2x2y.

Show that the equation is a separable equation, and find the general solution by using the
method of separation of variables.

4. Solve the initial value problem (your solution should not contain any integral):

dy

dt
+ y = 3t2 − 2t, y(1) = 1.

5. Find all the equilibrium points of the system

dx

dt
= 0.4x

(
1− x

100

)
− 0.01xy,

dy

dt
= −0.3y + 0.005xy.

(1)



6. Consider the system

x′ = −5x + y

y′ = −2x− 2y.

(a) Find all straight line solutions of the system.

(b) Sketch the phase plane of this system, including all straight line solutions and typical
solution curves lying in regions between these straight line solutions.

(c) Find the solution with initial values x(0) = 1, y(0) = 0. Put its orbit on the phase plane
(and label it). As t→∞, which one of the straight line solutions is it parallel to?

7. A 100-gallon tank initially contains 100 gallons of sugar water at a concentration of 0.25
pounds of sugar per gallon. Suppose that pure sugar is added to the tank at a rate of 3
pounds per minute, sugar water is removed at a rate of 2 gallon per minute, and the sugar
water in the tank is kept well mixed.

(a) Derive an initial value problem of differential equation for S(t).

(b) Solve S(t).


