
Another banking problem

Example 28. (Page 124 problem 1.8.31)
A college professor contributes $ 5,000 per year into her retirement fund by making
many small deposits throughout the year. The fund grows at a rate of 7% per year
compounded continuously. After 30 years, she retires and begins withdrawing from her
fund at a rate of $ 3,000 per month. If she does not make any deposits after
retirement, how long will the money last?

Example 29. (Page 123 problem 1.8.22) Find the general solution and the solution
that satisfies the initial condition y(0) = 0.

dy

dt
+ y = t3 + sin(3t).

Guessing a solution of
dy

dt
+ y = sin(3t)?

Differentiation Rules: (sin(3t))′ = 3 cos(3t), (cos(3t))′ = −3 sin(3t).



Guess and test for linear equation

y ′ + ay = f (t) (Nonhomogeneous Linear Equation)

solution for homogeneous equation: yh = Ce−at

Guessing a particular solution based on f (t)

1. (exponential) f (t) = Aebt : yp = kebt

2. (sinusoidal) f (t) = A cos(bt) + B sin(bt): yp = k1 cos(bt) + k2 sin(bt)

3. (polynomial) f (t) =
n∑

j=0

aj t
j : yp =

n∑
j=0

kj t
j

4. (constant) f (t) = A: yp = k.

Solve for unknown coefficients and the general solution will be y = yh + yp



Linear Principle

Homogeneous Linear Equation: (H)
dy

dt
+ a(t)y = 0

Nonhomogeneous Linear Equation: (NH)
dy

dt
+ a(t)y = b(t)

Linear Principle:
1. If yh(t) is a solution of the homogeneous linear equation (H), then kyh(t) is also a
solution of (H).
2. If y1(t) and y2(t) are two solutions of the homogeneous linear equation (H), then
y1(t) + y2(t) is also a solution of (H).

Extended Linear Principle:
3. If yh(t) is any solution of the homogeneous linear equation (H) and yp(t) is any
solution of the nonhomogeneous equation (NH), then yh(t) + yp(t) is also a solution
of the nonhomogeneous linear equation (NH).
4. If yp(t) and yq(t) are two solutions of the nonhomogeneous linear equation (NH),
then yp(t) − yq(t) is a solution of the homogeneous linear equation (H).
5. The general solution of the nonhomogeneous equation is the sum of the general
solution of the homogeneous equation and one solution of the nonhomogeneous
equation. That is y(t) = kyh(t) + yp(t).



Summary of Chapter 1

First order ODE:
dy

dt
= f (t, y)

1 Analytic methods: separation of variables, linear equation

2 Numerical method: Euler’s method

3 Qualitative methods: slope field, graph of solutions, phase line, equilibrium
points and their stability, asymptotic behavior of the solutions, bifurcation,
linearization.

4 Modeling: population models (Malthus, logistic, logistic with harvesting),
mixing problems (constant volume, varying volume), banking problems (saving,
withdrawing, mortgage).

5 Existence, uniqueness and the defining domain of the solution.


