
A bifurcation problem

Example 2
dx

dt
= x(−x − y + 70),

dy

dt
= y(−2x − y + a), (x ≥ 0, y ≥ 0)

1 When 0 < a < 70, three equilibrium points, (0, 0), (70, 0) and (0, a). (70, 0) is a
sink, and its attraction basin is the whole region x > 0, y > 0.

2 When 70 < a < 140, four equilibrium points, (0, 0), (70, 0), (0, a) and
(a− 70, 140− a). Both (70, 0) and (0, a) are stable, their attraction basin splits
the region.

3 When a > 140, three equilibrium points, (0, 0), (70, 0) and (0, a). (0, a) is a
sink, and its attraction basin is the whole region x > 0, y > 0.

Example 3.

dx

dt
= x(2− x)− y

dy

dt
= y(2− y)− axy

In this two-species competition model, a > 0 is a constant related to competition
strength. If there is an equilibrium point (u0, v0) such that u0 > 0 and v0 > 0, then
the system has a coexistence equilibrium state. When a is smaller than some value a0,
the system will not have a coexistence state any more due to severe harvesting; but
when a > a0, a coexistence state exists. Find this a0.



More examples

(In all problems, only consider x ≥ 0, y ≥ 0)

1 Find all the equilibrium points of the system.

2 Find the Jacobian at each equilibrium point, and classify each equilibrium point
(as a source, sink, saddle, etc.).

3 Sketch the nullclines, and determine the direction of vector field along the
nullclines.

4 Sketch the phase portrait using the information above.

Example 4.

dx

dt
= x(−8x − 6y + 480)

dy

dt
= y(−x2 − y2 + 2500)

Example 5.

dx

dt
= −x − y + 4

dy

dt
= 3− xy



A brief theory of periodic orbits

Theorem 1 Inside a periodic orbit, there is at least one equilibrium point.

Corollary 2 Let (x0, y0) be an equilibrium point. If there is a stable or unstable orbit of
this equilibrium going to infinity as t → ±∞, then there is no periodic orbit around
this equilibrium point.

Corollary 3 Let (x0, y0) be an equilibrium point. If the direction of vector field on the
nullclines near (x0, y0) is not clockwise or counterclockwise, then there is no periodic
orbit around this equilibrium point.

Theorem 4 (Dulac-Bendixson) If there is a function H(x , y) such that
∂(Hf )

∂x
+

∂(Hg)

∂y
is always positive or always negative in a region, then there is no

periodic orbit entirely in that region.

Theorem 5 (Poincaré-Bendixon) If there is a “donut” region (a region without
equilibrium point) that the vector field is pointing inward at any point on the
boundary, then there is a periodic orbit in the “donut” region.

Corollary 6 If in a region, there is only one equilibrium point which is unstable
(unstable node or spiral), and the vector field is pointing inward at any point on the
boundary, then there is a periodic orbit around this equilibrium point.
A typical case: the solutions from outside are spiraling in, and the equilibrium point is
an unstable spiral.



Hopf bifurcation

Theorem 7 (Hopf bifurcation) If there is a bifurcation occurring that an equilibrium
point changes from a stable spiral to an unstable spiral, and the solutions from outside
are always spiraling in, then there is a periodic orbit around the unstable spiral.
(Hopf bifurcation is similar to flip bifurcation for difference equation).



Limit cycle in predator-prey systems

Example 9 Consider the following system of equations (Odell, 1980), which are said to
describe a predator-prey system:

x ′ = x[x(1− x)− y ], y ′ = y (x − a) .

1 Find and sketch the nullclines of the system, and mark the direction of the
equation vector field on the nullclines. (consider two cases: a > 1 and a < 1)

2 Find all equilibrium points of the system.

3 At each equilibrium point, linearize the system and identify the type of the
linearized system. (stable node, unstable node, stable spiral, unstable spiral,
saddle, or cannot be linearly determined etc.)

4 Use a as a bifurcation parameter, and show that a Hopf bifurcation occurs at
the positive equilibrium for some a = a1 > 0.

5 Use pplane to plot the phase portrait for a < a1 and a > a1. What is the
behavior of the system? Describe asymptotic behavior for typical initial values.


