
Differential equations

Differential equations are equations containing derivatives

Example:
dy

dx
= x2 + 3y

The unknown of the equation is a function y(x)

Algebraic equation: y2 + 2y + 3 = 0
(the unknown is a number y)

The solutions of algebraic equations are numbers, while the solutions of differential
equations are functions.

A solution of a differential equation
dy

dx
= f (x , y) is a function y(x) which satisfies

y ′(x) = f (x , y(x)).

An equilibrium solution is a constant function y(x) = C which is a solution and

satisfies
dy

dx
= 0.

In a differential equation
dy

dx
= f (x , y), x is the independent variable, and y is the

dependent variable.



Types of differential equations (DEs)

Ordinary differential equations: (ODE) depends on only 1 independent variable: y(t)

dy(t)

dt
= 3y2 + 1

Partial differential equations: (PDE) depends on > 1 independent variables: y(t, x)

∂y(t, x)

∂t
−
∂2y(t, x)

∂x2
= 3y2 + 1

we only discuss ordinary differential equations in this course

Types of ordinary differential equations (ODEs):

First order equations: containing only first derivatives
dy

dt
= 3y2 + 1

Second order equations: containing second and first derivatives

y ′′ + 3(y ′)2 − 3y + 4y2 = 0

Systems of ODEs: more than one dependent variables,
dx

dt
= 3x − 4y ,

dy

dt
= 5x + y .

Autonomous Equations: no independent variables on the right hand
dy

dt
= f (y)

Non-autonomous Equations: containing independent variables on the right hand
dy

dt
= f (t, y)



Mathematical models

Differential equations are from mathematical models.

Mathematical models are ways of simulating real life problems by mathematical
equations. The simulations are used to explain the natural phenomena and more
importantly to predict the future.

Examples of applications:

physics and engineering (everything)

chemistry (chemical reactions)

medical sciences (cell activities, epidemics)

ecology (population growth, food-chain)

economics (banking, mortgage)

finance (stock market)

weather forecast

Differential Equation models describe the relation between the rate of change of
dependent variables (the derivatives) and the current state (sometimes past state) of
dependent variables, independent variables and parameters.



Basic methods of modeling

Step 1 Clearly state the assumptions on the physical phenomenon (which requires
simplifications of the phenomenon)

Step 2 Identify all variables and parameters

Step 3 Setup the equations of the variables and parameters using the relations
described in Step 1

Consider the population of a reproducing species

Assumption: the reproduction rate is proportional to the size of the population

Variables: t—time, P(t)—the size of the population at time t
Parameter: k—the proportionality between the reproduction rate and the size of the
population (k is called growth rate per capita)
(“A is proportional to B”⇔ A = kB)

The reproduction rate of P(t) is the rate of change of P(t)

Equation:
dP

dt
= kP



What can we do with a DE?

Analytic method: solve the equation
Qualitative method: describe the solutions without solving, and draw the graph of
solutions
Numerical method: find approximate solution using computer program when you
cannot solve it analytically

dP

dt
= kP, Solution : P(t) = P(0)ekt

Qualitative behavior: the population has an exponential fast increase, and tends to
infinity if given infinite time

Malthus Model (or exponential model):
Proposed by Thomas Robert Malthus (1798) (British) :
An essay on the principle of population (available online)

Validity of Malthus model: good for bacteria in an unlimited environment or computer
virus, otherwise not reasonable due to the the limitation of the resource

Example 1: A biologist prepares a culture. After 1 day of growth, the biologist counts
1000 cells. After 2 days of growth, he counts 3000. Assuming a Malthus model, what
is the reproduction rate and how many cells were present initially?



Exponential model

dP

dt
= kP, exponential growth P(t) = P(0)ekt , growth rate k > 0,

Doubling Time: T such that P(T ) = 2P(0), ekT = 2, and T = ln 2/k.

dP

dt
= −λP, exponential growth P(t) = P(0)e−λt , decay rate λ > 0,

Half Life: T such that P(T ) = P(0)/2, e−λT = 1/2, and T = ln 2/λ.

Example 2: The half life of Carbon 14 (C-14) is 8 days.
Determine the decay rate parameter λ for C-14.

Example 3: Carbon dating is a method of determining the time elapsed since the
death of organic material. the assumptions implicit in carbon dating are that
A. C-14 makes up a constant proportion of the carbon that living matter ingests on a
regular base
B. Once the matter dies, the C-14 present decays, but no new carbon is added to the
matter
Hence by measuring the amount of C-14 still in the organic matter and comparing it
to the amount of C-14 typically found in living matter, a time-since-death can be
approximated. Using the decay rate parameter λ above to determine the
time-since-death if 12% of the original C-14 is still in the material.



Logistic equation

Idea of new assumptions: population growth cannot be unbounded, since resource is
limited

Assumptions: the reproduction rate is proportional to the size of the population when
the population size is small, and the growth is negative when the size is large

Variables: t—time, P(t)—the size of the population at time t
Parameters: k—the proportionality between the reproduction rate and the size of the
population,
N: the border line population which divides large and small

dP

dt
= P · g(P), g(P) = growth rate per capita

Choose the simplest form which fulfils the assumptions:

dP

dt
= kP

(
1−

P

N

)

k = maximum growth rate per capita, N = carrying capacity
Proposed by Pierre Francois Verhulst (1838) (Belgian)

Examples: bacteria, yeast in a limited environment.
(laboratory experiments by Gause (former USSR), 1932)



Method of separation of variables

Example 4:
dP

dt
= kP

(
1−

P

N

)
A. For what value of P, the population is in equilibrium?
B. For what values of P is the population decreasing?
C. For what values of P is the population increasing?

Separation of variables

dy

dt
= f (t)g(y)

dy

g(y)
= f (t)dt ⇒

∫
dy

g(y)
=

∫
f (t)dt

Then solve y in term of t if possible.
Example 5:

1 y ′ = ty , y(0) = 3.

2 x ′ =
2tx

1 + x
.

3
dy

dt
=

1 + 4t

2y
, y(0) = −2.


