
Math 302 Final Exam, Fall 2004
Monday, December 6th, 2004

Name: Score:

Instruction: The exam is close book, close notes, but you are allowed to use calculators. The
problems 1-13 are 10 points each, and the problems 14-18 are 20 points each. Choose 10 problems
from No. 1-13 to solve, and solve all of No. 14-18. If you solve more than 10 among No. 1-13, select
10 which you want to be graded for exam, but the others you solve will also be graded as extra
point problem with 5 points each. To select the problems, mark 3 problems as extra point problems
by writing E above the following scoring table, then the other 10 will automatically become the
regular problems. Thus the maximum total point is 200+15. Show all necessary work to receive
the full credit.

01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 18 Total

1. The following is the graph of f(u), and f(u) = 0 has three root u = −1, 0 and 1.

Consider the differential equation
du

dt
= f(u).

(a) Sketch the phase line of the equation.

(b) If y(t) is the solution with y(0) = 0.3. What is lim
t→∞

y(t)?

(c) Determine which equilibrium solution is a sink (stable), source (unstable) or node.

2. (Continuation of problem 1) Suppose that f(u) is given by the graph in problem 1. Now

consider the differential equation
du

dt
= f(u) + ε, where ε is a small real number.

(a) When ε > 0 (but small), how many equilibrium points are there?

(b) When ε > 0 (but small), if y(t) is the solution with y(0) = 0, what is lim
t→∞

y(t)?

(A) an equilibrium close to −1; (B) an equilibrium close to 0;
(C) an equilibrium close to 1; (D) None of the above.

(c) When ε < 0 (but small), how many equilibrium points are there?

(d) When ε < 0 (but small), if y(t) is the solution with y(0) = 0, what is lim
t→∞

y(t)?

(A) an equilibrium close to −1; (B) an equilibrium close to 0;
(C) an equilibrium close to 1; (D) None of the above.



3. Solve the initial value problem:

dy

dx
=

sinx

y
, y(0) = −1.

4. The velocity of a boat moving in a lake satisfies the equation

v′ = 1600− 4v2, v(0) = 0.

(a) Solve this equation, and express the solution as a function of time t.

(b) What is the velocity when t →∞?

5. Consider the equation
dY
dt

=
(

7 15
−6 −11

)
Y.

The solutions of the equation are spirals on the phase plane.

(a) Determine the orientation of the spirals. (clockwise or counterclockwise)

(b) Determine the period of the spirals.

(c) Determine the direction of the spirals. (spiral sink, or spiral source)

6. Consider the equation
dY
dt

=
(

0 9
−1 6

)
Y.

Find the straight line solution(s) of the equation.

7. Suppose that p and q are positive real numbers. We define a linear operator L(u) = u′′ +

pu′ + qu. If a particular solution L(u) = 1 is u1(t) =
1
6
, and a particular solution of L(u) = t

is u2(t) =
1
6
t− 5

36
.

(a) Find a particular solution u3(t) of the equation L(u) = 3t−2 by using the linear principle.

(b) Find the values of p and q.

8. Suppose that −2 and −5 are eigenvalues with eigenvectors
(

1
2

)
and

(
−3
1

)
respectively

of the coefficient matrix A for the system of differential equations:
dY
dt

= A · Y, where

Y =
(

x(t)
y(t)

)
. Find the solution of the system with

(
x(0)
y(0)

)
=

(
3
4

)
.

9. A two-species harvesting model is

u′ = u(1− u)− v, v′ = v(1− v)− auv,

where a > 0 is a constant related to harvesting rate. If there is an equilibrium point (u0, v0)
such that u0 > 0 and v0 > 0, then the system has a coexistence equilibrium state. When a
is larger than some value a0, the system will not have a coexistence state any more due to
severe harvesting; but when a < a0, a coexistence state exists. Find this a0.

10. Consider a Hamiltonian system: x′ = f(x, y), y′ = g(x, y). It is known that the Hamiltonian
function H(x, y) = x2 + 5xy + 6y2. Find possible f(x, y) and g(x, y). (You only need to find
one possible f and g.)



11. The spring + shock absorber on your Harley-Davidson motorcycle can be modeled using the
differential equation mu′′ + cu′ + ku = F (t). Suppose that the Harleys mass is 400 kg and
the spring is designed so that the natural frequency is 500 sec−1.

(a) Find the spring constant k. (express your answer in form of a× 10n)

(b) You take your Harley to the shop to have it fixed. To order the proper shock absorber,
you must find the required coefficient of damping, c, so that the system is at least
critically damped. Whats the smallest allowable value of c?

12. Let f(t) be defined as


t, 0 ≤ t < 2;
3, 2 ≤ t < 5;
0, t ≥ 5.

Find the Laplace transform of f(t).

13. Fins the inverse Laplace transform of

e−2s

(s + 2)(s2 + 9)
.

14. It is 3 hours before his calculus final exam and Waldo needs to memorize a set of 60 deriva-
tive/integral formulas. According to a theory of learning, the rate at which a person can
memorize a set of facts is proportional to the number of facts remaining to be memorized. If
he memorizes y facts in t minutes, the model would be:

dy

dt
= k(60− y),where k is a positive constant and y < 60 for t ≥ 0.

Initially Waldo knows no formulas.

(a) (15 pt) If he memorizes 15 formulas in the first 20 minutes, find the value of k and write
an equation for y as a function of t.

(b) (5 pt) How many facts will he memorize in one hour?

15. A harmonic oscillator driven by a periodic external force can be modeled by differential
equation:

d2y

dt2
+ p

dy

dt
+ qy = cos(2t), y(0) = y′(0) = 0,

where p ≥ 0 and q = 0.

(a) (8 pt) When p > 0, the solution y(t) eventually approaches a periodic trigonometric
function y0(t) with period π. Find y0(t) (the solution may depend on p and q.)

(b) (2 pt) What is the maximum of y0(t)?

(c) (2 pt) When p = 0, and q equals to some q0, y(t) is unbounded. What is q0?

(d) (8 pt) Find the solution y(t) when q = q0 and p = 0.

16. Consider two 100 gallons water tanks that are connected as shown. Suppose that they are
filled with salty water. However, do not assume that the concentration of salt in both tanks
are identical. Suppose that the fresh water flows into Tank 1 at the rate of 20 gal/min. At
the same time 20 gal/min of salty water flows out of Tank 2. Finally suppose that well-mixed
solutions are exchanged between the two tanks as follows:
(a) 30 gal/min is pumped from Tank 1 to Tank 2, and
(b) 10 gal/min is pumped from Tank 2 to Tank 1.
Let x(t) represent the amount of salt in Tank A at time t and let y(t) represent the amount
of salt in Tank B.



(a) (2 pt) What is going to happen to x(t) and y(t) as t → ∞? (You do not need to take
this course to answer this question.)

(b) (8 pt) Express the exchange of salt between Tanks A and B by a linear system of
differential equations:

dx

dt
= ax + by,

dy

dt
= cx + dy.

Find the values of a, b, c and d from information given above.

(c) (5 pt) Find the eigenvalues of the matrix A =
(

a b
c d

)
, and justify your answer to

Part (a).

(d) (5 pt) Find the general solution of the system.

17. Consider the following system of differential equations, which can be used to model a predator-
prey species interaction.

dx

dt
= x(−5 + 2xy),

dy

dt
= y(2− x).

(We only consider x ≥ 0, y ≥ 0.)

(a) (2 pt) Which one is the population of the prey, x(t) or y(t)?

(b) (5 pt) Find and sketch the nullclines of the system, and mark the direction of the equation
vector field on the nullclines.

(c) (5 pt) Find all equilibrium points of the system.

(d) (5 pt) At each equilibrium point, linearize the system and identify the type of the
linearized system. (sink, source, saddle, etc.)

(e) (3 pt) From information above, determine the fate of the two species.

18. The pendulum clock in Jones 302 is almost out of battery. Just before the final exam of Math
302, Prof. Shi changes the battery so you can watch the time correctly during the exam. This
can approximately be modeled by a second order differential equation with an external force
which is turned on at 8 am:

y′′ + 2y′ + 17y = u8(t) sin(t− 8), y(0) = 0, y′(0) = 2.

(Here time is scaled so T = 2π is “one hour”.)



(a) (6 pt) Find the Laplace transform of y(t).

(b) (10 pt) Use Laplace transform to solve the equation.

(c) (4 pt) The total energy of the system is E =
1
2
[y′(t)]2 +

17
2

[y(t)]2. How does the energy

change since midnight of the exam day (t = 0)? What is the energy after a long time?

(d) (extra 5 pt) The external force f(t) = u8(t) sin(t − 8) is not realistic in a very long
time since the battery power will decay. So solve the same equation with f(t) =
u8(t)e−(t−8) sin(t− 8) to get a more realistic answer.


