
Math 302 Final Exam, Fall 2003
Monday, December 15th, 2003

Name:

Instruction: The exam is close book, close notes, but you are allowed to use calculators. The
problems 1-13 are 10 points each, and the problems 14-18 are 20 points each. Choose 10 problems
from No. 1-13 to solve, and solve all of No. 14-18. If you solve more than 10 among No. 1-13, select
10 which you want to be graded for exam, but the others you solve will also be graded as extra
point problem with 5 points each. To select the problems, mark 3 problems as extra point problems
by writing E above the following scoring table, then the other 10 will automatically become the
regular problems. Thus the maximum total point is 200+15. Show all necessary work to receive
the full credit.

Score:

01 02 03 04 05 06 07 08 09 10 11 12 13 14 15 16 17 18 Total

1. Consider the differential equation v′ = v + v2, v(0) = 1. Use Euler’s method to estimate
v(0.01) and v(0.02).

2. Find the general solution of
dy

dt
=

y2 − 5y + 6
t2

.

3. Solve the differential equation t100 dy

dt
+ 100t99y = e−t.

4. Consider the harvesting model
dP

dt
= P

(
1− P

200

)
− 5h, where h > 0.

(a) Find the equilibrium points and draw the phase line of the equation when h = 9.6, and
determine the asymptotic behavior of the solution y(t) which satisfies y(0) = 100.

(b) Find the bifurcation point h0 where the number of equilibrium points changes.

5. Consider the equation
dY
dt

=
(

2 −4
1 −3

)
Y.

Find the straight line solutions of the equation.

6. Sam solves a differential equation, and he finds the solution is y = 3e7t+5e−3t. But he cannot
find which problem he actually solved. He only remember that the equation is a second order
equation y′ + py′ + qy = 0, with initial values y(0) = a, and y′(0) = b. Could you help Sam
to find the equation he solved by finding the numbers p, q, a and b?

7. In a matrix differential equation Y′ = A ·Y, where A is a 2 × 2 matrix with constant coef-
ficients, and Y (t) = (x(t), y(t)) is a vector function. The matrix A has a complex eigenvalue
λ = −3+5i, and the corresponding eigenvector is V = (1+2i, 2). Find the real value general
solution of the equation.



8. Consider an undamped harmonic oscillator y′′+4y = cos(wt). When w 6= 0, y(0) = y′(0) = 0,

the solution of the equation is y(t) =
1

4− w2
[cos(wt)−cos(2t)]. Sam wants to generate a nice

beating patterns from this oscillator with the period of the slow oscillations is 12 times of the
period of the fast oscillations. Find the possible values of w.

(Hint: (a) trigonometric formula cos A− cos B = − sin
(

A + B

2

)
sin

(
A−B

2

)
; (b) there are

more than one answer, since w can be greater than or less than 2.)

9. Consider the equation
dY
dt

=
(

2 −b
b 2

)
Y,

where b is a real number.

(a) Find the eigenvalues of the system, and determine the type(s) of the equilibrium (0, 0).

(b) Determine for what values of b, the direction of the solution orbits is clockwise, or
counterclockwise.

10. Consider a competition model with a parameter a > 0:

dx

dt
= x(10− x− y),

dy

dt
= y(12− 3x− ay).

There is a bifurcation value a0 > 0 such that when 0 < a < a0, the system has four equilibrium
points in the region x ≥ 0, y ≥ 0, and when a > a0, the system has only three equilibrium
points. Find a0.

11. Consider a Hamiltonian system: x′ = y3, y′ = cos x. Find a Hamiltonian function H(x, y) for
the system.

12. Let f(t) be defined as


0, 0 ≤ t < 2π;
sin(t), 2π ≤ t < 4π;
0, t ≥ 4π.

Find the Laplace transform of f(t).

13. Find the solution of the following equation:

y′′ + 2y′ + 2y = δ2(t), y(0) = y′(0) = 0.

14. Sam wants to make some extra cash on the weekend. He decides to sell lemonade in his
neighborhood. He has a 10 gallon cooler for the lemonade. His first batch comes out much
too sweet. He decides to dilute the lemonade but the cooler is already full. So he decides to
add some plain water to the top at the rate of 1 gallon per minute while he drains the mixture
in the cooler at the same rate out of the bottom spigot. Originally, there were 5 pounds of
sugar in the 10 gallon cooler. A tasty lemonade mixture has 6 ounces of sugar per gallon.
How long until his lemonade is properly mixed, assuming that Sam is stirring his lemonade
well? Solve the problem in the following steps.

(a) Let S(t) be the amount of sugar in the cooler at time t. Setup a differential equation of
S(t), and specify the initial value S(0).

(b) Solve S(t), and determine the time needed for a tasty lemonade.



15. (a) Find the general solutions of y′′+2cy′+y = 0 for all possible c > 0, where c is a constant.
(Hint: there are three different formulas for different c > 0.)

(b) Find a particular solution (for any c > 0) of y′′ + 2cy′ + y = cos(3t) + 2 sin(3t).
(Hint: there is only one formula but it depends on the parameter c.)

16. Let r(t) be the population of rabbits at time t, and let w(t) be the population of wolves.
Wolves like to eat rabbits; thus, the population of rabbits is diminished proportionally to
the number of wolves, and the number of wolves increases proportionally to the number of
rabbits. All in all, we propose that the number of rabbits and wolves are governed by the
following differential equation:

dr

dt
= 4r − 2w,

dw

dt
= r + w.

(a) Express this differential equation in matrix form Y′ = A ·Y, where Y(t) = (r(t), w(t)).

(b) If the initial conditions are r(0) = 300, w(0) = 200, what are the populations at time t?

(c) Are the rabbit and wolf populations dying out, burgeoning out of control, or neither?
And after a long time, what is the proportion of rabbits to wolves?

17. A population model in which the interaction of two species is mutually beneficial is called a
cooperative model. Consider a cooperative model:

dx

dt
= x(10− 5x + 4y),

dy

dt
= y(10− 2y + x).

(We only consider x ≥ 0, y ≥ 0.)

(a) Find and sketch the nullclines of the system, and mark the direction of the equation
vector field on the nullclines.

(b) Find all equilibrium points of the system.

(c) At each equilibrium point, linearize the system and identify the type of the linearized
system. (sink, source, saddle, etc.)

18. Professor Shi opens a retirement fund account with an initial deposit of $5, 000, and he will
contribute $3, 600 each year to that account. The annual interest rate of the account is 5%,
the interest will be compounded continuously, and the contribution to the account will also
be made continuously throughout the whole year. Suppose that Prof. Shi will retire after 30
years, then he will stop contribute to the account but withdraw from the account at a rate
of $30, 000 per year.

(a) Suppose that the account balance is A(t). Show that A(t) satisfies a differential equation:

dA

dt
= 0.05A + f(t), A(0) = 5000,

where f(t) is a piecewise defined function which has different values for 0 < t < 30 and
t > 30. Find an expression of f(t) by using the Heaviside function.

(b) Find the Laplace transform of f(t).

(c) Use Laplace transform to solve the equation.

(d) How long will the fund support Prof. Shi before it runs out?


