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In this paper we investigate the structure of the solution set for a large class
of nonlinear eigenvalue problems in a Banach space. Our main results demon-
strate the existence of continua, i.e., closed connected sets, of solutions of these
equations. Although the emphasis is on the case when bifurcation occurs, the
nonbifurcation situation is also treated. Applications are given to ordinary and
partial differential equations and to integral equations.

INTRODUCTION

In this paper we investigate the structure of the solution set for
a large class of nonlinear eigenvalue problems in a Banach space.
Our main results demonstrate the existence of continua, i.e., closed
connected sets, of solutions of these equations. Although the emphasis
is on the case when bifurcation occurs, the nonbifurcation situation is
also treated. Applications are given to ordinary and partial differential
equations and to integral equations.

Let & : & — &, where & and &, are real Banach spaces and % is
continuous. Suppose the equation #(U) = 0 possesses a simple curve
of solutions € given by {U(?) | t € [a, b]}. If for some 7€ (a, b), F
possesses zeroes not lying on € in every neighborhood of U(7), then
U(7) is said to be a bifurcation point for F with respect to the curve %.

A special family of such equations has the form

u = G\, u) (0.1)

where A € R, u € E, a real Banach space with norm || - ||and G : & =
R X E— E is compact and continuous. In addition, G(}, u) =
ALu + H(A, u), where H(A, u) is O(| #|)) for » near 0 uniformly on
bounded A intervals and L is a compact linear map on E. A solution
of (0.1) is a pair (A, u) € &. The known curve of solutions {(A, 0 | A e R}
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will henceforth be referred to as the trivial solutions. The closure of
the set of nontrivial solutions of (0.1) will be denoted by #.

Equations of the form (0.1) are usually called nonlinear eigenvalue
problems and arise in many contexts in mathematical physics. It is
therefore of interest to investigate the structure of the set of their
solutions. Let r(L) denote the set of ue R such that there exists
veE, v # 0, with v = plo, i.e., r(L) consists of the reciprocals of
the real nonzero eigenvalues of L. Following [1], we call per(l) a
characteristic value of L.

It is well-known that the possible bifurcations points for (0.1) with
respect to the curve of trivial solutions lie in {(u, 0)| u € r(L)} [1].
In fact if p € 7(L) is of odd multiplicity, (u, 0) is a bifurcation point.
We will show much more, namely that there exists a continuum of
solutions of (0.1) in & which meets (u, 0) and either meets o in & or
meets (4, 0), where p # fi € r(L). Therefore, bifurcation from charac-
teristic values of odd multiplicity is a global rather than a local
phenomenon. Partial results in this direction already appear in [1].
We will describe them more fully later.

The proof of the above theorem as well as related results will be
carried out in Section 1. Examples are given showing that both
possibilities of the theorem may occur. Additional results are obtained
if u is a real simple characteristic value of L. For this case a pair of
continua in & can be associated with (u, 0). The main tool required
for the proofs of these results is the theory of degree of mapping of
Leray—Schauder [1-3, Appendix].

Various applications of the results will be given in Sections 2.
In particular, some problems for second order ordinary differential
equations and integral equations are treated in which nodal properties
for solutions implies that the various continua meet o0 in &. The
question of the existence of positive solutions to quasilinear elliptic
partial differential equations is also considered.

Lastly in Section 3 it will be shown how some of the ideas used in
Section 1 can be employed to prove the existence of global continua
of solutions for problems which need not be a bifurcative nature.
We treat equations of the form

u = T(\ u), (0.2)

where again 7T : & — E is compact and continuous but T'(A, 0) need
not equal zero. Here (0, 0) is a solution and, as we shall show, lies on
a pair of continua of solutions of (0.2) meeting co in &. Applications
will be given to quasilinear elliptic partial differential equations and
also nonlinear wave equations.
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Many people have worked on nonlinear eigenvalue problems; in
particular, for ordinary differential equations and integral equations.
See [1, 4 and 5] where several references are given. This paper was
motivated by our earlier results in [3] and many of the ideas used here
already appear in that paper within its special context.

1. THE Opp MULTIPLICITY RESULTS

We begin with some definitions and technical lemmas. Let € and G
be as in the Introduction. For @ C &, &0 denotes the boundary of @.
By a subcontinuum of @ we mean a subset of ¢ which is closed and
connected in €. We say a continuum % of & meets infinity if € is not
bounded. A useful result on continua is [6]:

LemmMa 1.1. Let K be a compact metric space and A and B disjoint
closed subsets of K. Then either there exists a subcontinuum of K meeting
both A and B or K = K, U Ky, where K, , K are disjoint compact
subsets of K containing A and B, respectively.

As norm in &, we take ||(A, )| = (| A |2 + || #|[*)'/2. Let &, and B,
denote respectively open balls in 8 and E of radius € centered at

(u, 0), O.

Lemma 1.2, Let p € r(L). Suppose that there does not exist a sub-
continuum of & U {(u, 0)} which meets (u, 0) and etther

(1) meets infinity in &, or
(i1) meets (i, 0), where p +~ fier(L).

Then there exists a bounded open set ¢ C & such that (i, 0) €0,
00N ¥ = g, and O contains no trivial solutions other than those
in #. where 0 < ¢ < ¢, ¢, being the distance from p to (r(L) — {u}).

Proof. Let %, denote the (connected) component, i.e., the maximal
connected subset, of & U {(u, 0)} to which (u, 0) belongs. By (i),
this is a bounded subset of & and, therefore, by the continuity and
compactness of G, is compact. Let u; be a 8-neighborhood of €, .
For 8 < ¢, sufficiently small, by (ii) together with the fact that (A, 0)
is an isolated solution of (0.1) if A ¢ #(L), we can assume %, contains
no solutions (A, 0) of (0.1) for | A — p | > 8.

Let K = %, N &. Then since & is locally compact in &, K is a
compact metric space under the induced topology from & and
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€, " 0u; = & by construction. By Lemma 1.1, there exist disjoint
compact subsets 4, B of K such that €,C 4, (ou;) " ¥ CB and
K= A4 U B.Let 0 be any € neighborhood in & of A where € is less than
the distance between 4 and B. Then ¢ satisfies the requirements of
the lemma.

Suppose per(L). The multiplicity of p is the dimension of
U;-il N((eL — I)) where I is the identity map on E and N(P) denotes
the null space of P. Since L is compact, p is of finite multiplicity.

Let 2 C E be bounded and open, ¥(u) = u — T(u) where T is
continuous and compact on 2, and b€ E, b¢ ¥P(082). Then the
Leray-Schauder degree of ¥ with respect to £2 and b is well defined
and will be denoted by d(¥, £, b). [1-3, Appendix]. In what follows,
b = 0, and therefore we just write d(¥, 2). The index of an isolated
zero 4, of ¥ will be denoted by i(¥, u,).

Next, let ®(A, u) = u — G(A, u). When the » dependence of @ is
not important, we just write @(A). For fixed A, &(A) is of the appro-
priate form for the use of Leray—Schauder degree. With the aid of 4
and Lemma 1.2, we can prove our first global result.

TueoreM 1.3. If wer(L) is of odd multiplicity, then & possesses
a maximal subcontinuum €, such that (u, 0) € €, and €, either

(1) meets infinity in &, or
(i1) meets (g, 0), where p # fer(L).

Proof. By a maximal €, we mean %, is not a proper subcontinuum
of any ¥ C & having the above properties.

If there does not exist %, as above, there exists ¢ and 6 as in Lemma
1.2. Let 0, = {ueE| (A, u)e@}. For 0 < |A — p| < §,(A0) is an
isolated solution of (0.1). Therefore there exists p(A) > 0 such that
(A, 0) is the only solution of (0.1) in {A} x B, . Let p() = p(u + 96)
for A > u 4+ 8 and p(A) = p(u — 8) for A << u — 8. By choosing
p(x + 8) small enough, it can be assumed that B,y N 0, = & if
IAX—pu] > 8 For X # u there are no solutions of (0.1) on
A} x 80, — B,() and therefore d(P(}), O, — B,») is well-defined.
We will show first that

dDQ), O, —B,w) =0  AFp, (1.4)

and then that it is not possible for Eq. (1.4) to hold for all A near p.
With the aid of this contradiction, the theorem is established.

Let A > u. Choose A* > X so large that (v, u) €@ implies that
v < X*, Let p = inf{p(f) | A << 6 << A*}. Tt is easily seen that p > 0.
Then % = 0 — [\, A*] x B,isabounded opensetiné = [}, A*] x E
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and ®(8, u) # O for (0, u) € 0% (in &). Therefore by the homotopy
invariance of d, [2 and 3, Appendix],

d(®(6), O, — B,) = constant, O [A A*]. (1.5)
Since Oy« — B, = &,
d(®(\*), O — B,) = 0. (1.6)
Thus Egs. (1.5) and (1.6) imply
d(d(), 0, — B,y = 0. (1.7)

Since ®(A) has no zeroes in {A} X (B, — B,), Eq. (1.7) and the
additivity of d imply Eq. (1.4) for A > pu. If A < p a similar argument
is employed.

Again using the homotopy invariance of d,

d(P(2), 0,) = constant  [A —p | <e. (1.8)

Let u —e <A < p < A < p+ e By the additivity of d and the
fact that (A, 0) is an isolated zero of ®(A) for A ¢ r(L),

d(@(Q), 0,) = i(@Q), A, 0)) + d(DQ), 0, — B,),

- _ 1.9
d@Q), Ox) = i(PA), (A, 0)) + d(@Q), €5 — B,m). 2
Combining Eqgs. (1.4) and (1.9) gives
d(@Q), 0,) = i(BR), (4, 0)). w0
d(@R), 6) = i@R), (%, 0)). '
So by (1.8),
i(PQ), A, 0) = {(2A), (, 0)). (L.11)

However since p is a characteristic value of L of odd multiplicity,
(D), (A, 0) = —i(D(A), (A, 0)) # 0. Thus we have a contradiction
and the proof is complete.

If G is not globally defined, a somewhat weaker result prevails.

CoroLLARY 1.12. If Q is a bounded open set in & containing (u, 0),
and G(A, u) is continuous and compact on Q, and per(L) is of odd
multiplicity, then & possesses a maximal subcontinuum €, C £ such that
(1, 0) e ¥, and €, either

(i) meets 082, or
(i) meets (&, 0), where u +~ f e r(L), (4, 0) € 2.
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Proof. The proof is essentially the same as that of Lemma 1.2
and Theorem 1.3 and will be omitted.

If w e (L) is of even multiplicity, simple examples show that (u, 0)
need not be a bifurcation point for Eq. (0.1). Thus no analog of
Theorem 1.3 is possible for this case without further conditions on G.

It is of interest to compare Theorem 1.3 to previous results of
Krasnoselski [1]. For Eq. (0.1) Krasnoselski calls A a characteristic
value and u an eigenvector, if (in our terminology) (A, #) is a non-
trivial solution of Eq. (0.1). The set of characteristic values of G is
called the spectrum of G. The set of eigenvectors is said to form a
continuous branch passing through an eigenvector #, if every bounded
open set in E containing #, and of small diameter possesses an eigen-
vector on its boundary. It is proved in [1] that if x € 7(L) is a charac-
teristic value of odd multiplicity, then (g, 0) is a bifurcation point for
Eq. (0.1) corresponding to a continuous branch of eigenvectors passing
through u, = 0. Moreover if some bounded open set in E containing 0
has no solutions on its boundary, then the spectrum of G is continuous,
i.e., contains an interval near p. If u, as above, is an isolated point in
the spectrum of @, then the set of eigenvectors corresponding to u
forms a continuous branch intersecting every bounded open set in E
containing 0.

By projecting €, on R or E, it is easily seen that the above results
are a consequence of Theorem 1.3. In fact, we see if u is not an
isolated point in the spectrum of G, the spectrum is continuous.

Next we will illustrate how both alternatives of Theorem 1.3 are
possible. The simplest example of (i) is the linear case H = 0.
Examples of (ii) are more complicated. A sufficient condition for (ii)
to occur is that €, be bounded. We give an example of this nature due
to M.G. Crandall and the author. Let E = R% If u = (u; , u,) € E,

| ul] = (> + u,2)*/%. Consider the equation
Au = Mu — B(u) u), (1.13)
where
410 (4w - 6uy? —2u,u,
4= (o 2) Blu) = ( —Dumy 6w + 4u22)

By inverting 4, Eq. (1.13) may be put in the form (0.1) with L = 4!
which has characteristic values } and 1. Taking the inner product of
Eq. (1.13) with u leads to the estimate

(2,2 + 42 < (B(u) u, u) < uy® 4 u?. (1.14)
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This implies || # || < 1 for all solutions (A, u) of Eq. (1.13). Therefore,
the projection of €, and %, on E is bounded. If the first alternative
of Theorem 1.3 were to hold, there would exist a sequence (A, , #,)
of solutions of (1.13) with A, > »n. Dividing Eq. (1.13) by A, , letting
n — o0, and using the bounds for || u, ||, a subsequence of the u,
can be found which converges to a solution v of the “limit equation”

Bu)u = u. (1.15)

Moreover, v # 0 for otherwise dividing Eq. (1.13) by || %, || and
letting # — oo gives a conradiction. The matrix B(x) can be written
as B(u) = T-Y8) D(r) T(6), where u; = r cos 0, u, = r sin f and

w . m™
a0y cos (6+ ) sin(6+7)

D@r) = ( 0 &) w4 TO)=

—sin (0 + %) cos (0 + %)

Rewriting (1.15) as D(r) T(0yu = T(0)u leads to 1 = 47 = 672
which is not possible. Thus since alternative (i) of Theorem 1.3 cannot
occur here, (ii) must.

It would be of interest to find general conditions on G which imply
one or the other of the alternatives of Theorem 1.3.

Remark. 1In arecent paper [7], a study was made of a pair of inter-
locking nonlinear ordinary differential equations arising from a
problem in the buckling of spherical shells. This problem can be put
in the form (0.1). All of the characteristic values of the L occuring
there are simple. Moreover, it was shown numerically that for all cases
considered (i1) occured, i.e., the solution branches always intersected.

Remark. Suppose the solutions of Eq. (0.1) are a priori bounded
in the sense that there exists a continuous function M : [0, c0) — [0,0]
such that if (A, #)e L and A > 0, || u|| < M(}). Then if u > 0 is as
in Theorem 1.3, €, cannot meet o0 and have a bounded projection
on R. Such a priori bounds occur in many problems. For example,
they often occur in buckling problems in elasticity and in problems
involving rotating or convecting fluids (see [5]).

Next we will prove a result about the general odd multiplicity case
when the first possibility of Theorem 1.3 does not occur as, e.g.,
the above matrix example.

THeoREM 1.16.  Suppose the hypotheses of Theorem 1.3 are satisfied
and (i) does not occur.Let I' = {y e r(L) |(y, 0) €€, ,y # u}. Then I"
contains at least one characteristic value of odd multiplicity.
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Proof. Since (i) does not hold, I" contains finitely many points
which we order by size: y; < - < y; . Arguing as in Lemma 1.2,
a bounded open set 0 C & can be found such that 0 D%, ,00 N ¥ = &,
and @ contains no trivial solutions other than those within € of u or
some y € I', where € < ¢, the distance from I' U {u} to the rest of
7(L). We define 0, as in Theorem 1.3 and likewise p(X) which can
again be taken to be constant outside of e-neighborhoods of p and the
ver 1 <7 <

Suppose y, ,..., y; are all of even multiplicity. The computations of
Theorem 1.3 and in particular Eqgs. (1.8) and (1.9) show that

d(@@), 0, — B,) +#(PQ), 3, 0))
= d(@Q), 05 — B,) + i(PA), (A, 0))- (1.17)

Since {(D(A), (A, 0)) = —i(P(2), (A, 0)) # 0, at least one of the integers
d(P(2), 0, — B,y), d(D(), ; — B,z) is nonzero.
Let v, be the smallest member of I" which is larger than u. For
A€ (u, v,), an argument as in Theorem 1.3 yields
d(D(), 0, — B,) = d(PM), U5 — B,p)- (1.18)
As in (1.8),
d(D(N), 0,) = constant | A —y, | < e. (1.19)

Lety, —e <y <y, < ¥ < v, + e Since y, is of even multiplicity,
i(P(y), (v, 0)) = i(P(F), (7, 0)), and the argument of Eqgs. (1.8) and
(1.9) gives

dD(y), 0, — B,»)) = d(2(7), O — B,i»)- (1.20)

Combining Eqs. (1.18) and (1.20) and using the properties of d yields
d@Q), O, — B,py) = d(PQ), O — B,@),  AE(¥s,7s) (121)

Continuing this argument and noting that ¢, = o for A sufficiently
larger than y; , we find that

(@), 05 — B,») = O. (1.22)

A similar argument for A << u implies that
d(PQ), O, — B,) = 0. (1.23)

But Egs. (1.22) and (1.23) contradict (1.17). Thus the result is estab-
lished.

The compactness of L implies that its characteristic values are of
finite multiplicity, In general, however, it is a very difficult question



NONLINEAR EIGENVALUE PROBLEMS 495

to determine the multiplicity of a characteristic value of L. In many
applications, the characteristic value (or values) of interest are simple,
i.e., of multiplicity 1 (see [5] and section 2.). More can be said about
€, for this case. In particular, if H(A, u) is Fréchet differentiable
near (u,0), then €, near (u, 0) is given by a curve (A(a), #(x)) =
( + 0(1), av + O] « [)) for o near 0 where v is an eigenvector
corresponding to u. Note that we can distinguish between two
portions of this curve, namely those parametrized by « > 0 and by
o < 0. We shall show that for the general simple characteristic value
case, €, can be decomposed into two subcontinua which near (g, 0)
have only (u, 0) as a common point.

First some preliminaries. Let u be a simple characteristic value of L
and let v € E, £ € E’ (the dual of E) be corresponding eigenvectors of L
and L7, the transpose of L, normalized so that{ ¢ || = 1 and (£, v)> =1,
where (-, -> denotes the duality between E and E'. Let E; =
{ueE|<{f,u) = 0}. Then E = R @ E, with « = av + w, where
a=<fupandwe k.

For {,ne R where e.g. 0 << £, 0 << 5 < 1, define

Kew={Aw)el [ X —p| <&KGw)] > nllull)

Then K, , is an open subset of & and consists of two disjoint convex
components K7, , K;., where (A, u) e K], implies (£, u) > | ul||
and (A, ) € K, implies {£, up < —n | ul.

LemMa 1.24. There exists a [, > 0 such that for all { < {,
(# — {0 O) N B, C Ko 1t A u)e(F — (1, O) N 4, then
u = av 4 w, where |« | > nlul. Moreover, |A — pu| = o(1), w =
o(| « |) for o near 0.

Proof. If there is no {, as above, there exist sequences {, “x 0
and (A, , u,) € (S — ({u, 0))) N B, such that [A, —p| <L, < ¢
u, — 0, but K¢, u,>| < nllu,l. D1v1d1ng (0.1) by || #, || and letting
n — o, the form and properties of G imply that a subsequence of
[l , || converges in E to v or —v. Hence K7, u, )|/l u, ]| > 1 >
along this subsequence, a contradiction. Thus there exists {, as above
and in &, for { < §, if Qu)yeS — {1, 0)}, v = av + w with
lo| >nfull

Itis clear that | A — p | = 0(1) for « near 0. To show that w = 0(] «|),
we argue similarly to the above. Note that w = 0(] « |) since || w || <
loo| + el < [a|+ 1| al Let (A, u,) — (i, 0),

(ns ) (L —{ O N Z. N K,
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Then H(QA, , o0,v + w,)/| 4, || > 0 as n — oo and, as above, a sub-
sequence of u,/|| u,| converges to v. Therefore, |{4, u,/|u,|> =
o/l 4, || = 1 and w,/|| u, ||, w,/«, — 0 along this subsequence. Since
this is true for all such subsequences, and likewise with K}, replaced
by K, , it follows that w = o(] « |) for « near 0.

Remark. If we are dealing with a family of maps ®(A, u, t) =
w—ALu — H(A\ u, t), t€[0,1], and H(A u, f) possesses the same
properties as earlier uniformly in £, then {; can be chosen uniformly
with respect to ¢.

Next using a simple reflection argument, we show near (u, 0), %,
consists of two subcontinua which meet only at (g, 0).

THEOREM 1.25. &, possesses a subcontinuum in K, U {(u, 0)} and
in K;, U {(n, 0)} each of which meet (u,0) and 0%, for all { >0
sufficiently small.

Proof. By Theorem 1.3 and Lemma 1.24, the result is true for at
least one of the sets. Suppose it is not true for K;, U {(, 0)}. Recall
u = {/, upv + w. We define a new mapping B(\, u) = u—ALu— H(}, u)
as follows: for —n | u| = <4 ud, let HQ\, u) = H(A u); for 0 >
uwy +n|lulland &, uy <0, let

HO, u) = <”/ “ HQ, —qllullv +w); for Lup =0
let H(\, u) = —H(A, —u). Then H(}, u) possesses the same properties
as does H(), u) and also is an odd function of u as is ®(), u). Con-
sequently, for @ there exists a continuum €, satisfying the alternatives
of Theorem 1.3. By Lemma 1.24, €, N &, C K,, U {(u, 0)} for all
0 < { < ¢, . Therefore,

€. NeBNK,, # @ forall 0<l <. (1.26)

On the other hand, since €, = €, in K;, there exists values <ty
such that €, N 0%; N K:, = @. The oddness with respect to u
of & then implies that ¢.n 2% N K, = o contradicting (1.26).
Thus it must be the case that % N 0A, N K;’n # o for all { >0
small and the theorem is proved.

Let 2,4(2,~) denote the maximal subcontinuum of %, which meets
(1, 0) and lies in K{,(K7,). Let %,%(¥,”) be the maximal sub-
continuum of €, — 2,~(¥, — 2,) which meets (u, 0). Note that
€09, €.~ 22,7 ,and ¥, = €,* U %,~. The subcontinua €,*,
%, are extensions of those given by Theorem 1.25. A natural question
to ask is: How global are these extensions ? At least one of them must
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satisfy the alternatives of Theorem 1.3. If €, and €,~ meet outside of
a neighborhood of (g, 0), then %, contains a “closed loop”. This is
the case, e.g., in the matrix example given earlier. Generalizing our
reflection argument, we can give another partial answer to the above
question.

THEOREM 1.27. Each of €,* and €, either satisfies the alternatives
of Theorem 1.3 or (iii) contains a pair of points (A, u), (A, —u), u # 0.

Proof. Suppose €, does not satisfy any of (1)-(iii). Then we can
find a bounded open set  C &, containing¥,~ U %#,,00 N & = o,
and (7 — 2, contains no trivial solutions nor pairs of points of the
form (A, u), (A, —u), { < {, being as in Lemma 1.24. Let O =
AOo{Muyef |\, —w)e@®} =0 V. Note that A NA = B, .
A new mapping (A, u) = u — ALu — H()\, u) is defined on @ by
setting (A, u) = H()\, u) in &,, H as in Theorem 1.25, H(\, u) =
H u) in & — #; and HQA, u) = —H(\, —u) in & — #,. Then
H possesses the same properties in @ as does H and is odd in u as in &.
Then @ has no zeroes on 8¢. But by Corollary 1.12 this is not possible.
Thus €, satisfies (i), (ii), or (iii).

Theorem 1.27 suffices for some of the applications given in Section 2.
However, a stronger result is valid here, viz., each of €,*, €, satisfy
the alternatives of Theorem 1.3. This does not imply that %, consists
of two globally distinct subcontinua since %,* and %,~ may meet
outside of a neighborhood of (u, 0). If this does not happen, then we
have globally distinct subcontinua. Unable to give a proof of this by
using the previous theory, we proceed to present an independent
proof of this result. This, in fact, amounts to an alternate proof of
Theorem 1.3 for the simple characteristic value case and is related to
the local theorem when H is Fréchet differentiable mentioned after
Theorem 1.16.

Recalling that E = R @ E, , (0.1) can be rewritten in an equivalent
form as an equation in R @ E, . Thus,

o« — ﬁ";"_ £ (4 HR, o0 + ) (1.28)
and
w = ALw 4+ (I — P)H(A, aw -} w), (1.29)
withu = av 4+ w, « = (£, u), we E, , and Pu = . Since (/ — uL)~!
exists as a bounded operator on E, , Eq. (1.29) is equivalent to
w = —p)(I —pLy* Lw + (I — uLy 2 (I — P)H(\, o0 + w) = T(, A, ).
(1.30)



498 RABINOWITZ

Leté = R X R x E;and E = R x E,. We define

Ploy X, ) = (A — toy X, ), w — T(e, A, w)),
where
Ho, A, ) = oA + £, HQ\, av + %)) — o + A,

Then ¥:&€ — E. Since (t, T) : £ — E is continuous and compact,
for fixed «, ¥ is of the appropriate form for the use of the theory of
Leray-Schauder degree. Note that any zero of ¥ is a solution of (0.1)
and conversely. The trivial solutions of (0.1) correspond to the solu-
tions (0, A, 0), A € R, of Eqgs. (1.28) and (1.30). In what follows, when
the (A, w) dependence of ¥ is not important, we just write ¥(«).

Let % denote the closure of the set of nontrivial solutions of Egs.
(1.28) and (1.30).

First we find subcontinua of % near (0, y, 0). Let

U={AweE|x—p| <e,ln]<p}

By Lemma 1.24 it can be assumed that all nontrivial solutions
(, A, w) of Egs. (1.28) and (1.30) near (0, p, 0) have (A, w)e % if
| «| < o provided that «, € , p; are sufficiently small. Therefore
¥, A, w) # 0on 0% for 0 < | o | < «; . (The trivial solutions pierce
% at « = 0). Consequently, d(¥(a), %, (0, 0)) = d(¥(x), %) is well-
defined for 0 << | a| < «; . Since for any a, €(0, o), [0, ] X %
is a bounded open set in [«, , ;] X E, as in Theorem 1.3, the homo-
topy invariance of 4 implies that

d(¥(«), %) = constant = ¢, , (1.31)

for0 <va <oy, v=+, —.

To evaluate ¢,, consider the family of operators Wy(o, A, w) =
A —(afp + DA — 8, HA, av + @)) + o, w — 8T(x, A, w)). It can
be assumed that Wy(a) £ 0 on 0% for 0 <0 < 1,0 < || < oy .
Using the homotopy invariance of d again gives

dPe), W) =¢c, 0<0<1, (1.32)
with 0 < va < oy, v = 4, —. Hence to calculate ¢,, it suffices to
take § = 0, when ¥y(o, A, w) = (A — (afu + 1)A + o, ) 1s linear

(and inhomogeneous). The only zero ¥y(«) possessesis A = p, w = 0.
Moreover, ¥,(«) is an isomorphism on . Hence

¢, = {(Py(a), (11, 0)) =1 or —1.
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For what follows it is important to know that ¢, =% ¢_ which will
be shown next. Observe that

i), (1, 0)) = d(Poler), %, (0, 0)) = d(Py(e), %, (—e, 0)), (1.33)

where
Yol w) = (A — (ofpe + DA w),  ie, Pyw)

is the homogeneous linear operator corresponding to Wy(a). Since
¥,(«) is an isomorphism (x # 0),

dPo(e), X, (—a, 0) = i(Po(), (— 0)) = i(F(w), (0,0)).  (1.34)

Since (A — y(afpn + 1)A, w) possesses no characteristic values y in the
interval (0, 1) for « < 0 and one characteristic value in this interval
for « > 0, the basic theorem on change of index, [1-3, Appendix] and
Eqgs. (1.32) and (1.34) imply thatc_ = 1,¢, = —1.

By a slight modification of the arguments of Theorem 1.3, it follows
that & contains a pair of continua 4%, v = +, —, each of which
meets (0, 1, 0) and {voy} X %, and lies in {(o, Z#) C € | 0 < v < oy}
These continua can essentially be identified with £,” as defined
earlier. Let A4” be the maximal subcontinuum of & — M which
meets (0, p, 0) and let A, = A7 U A,~. Then A4, #,* can be
identified with %,,%,” via the isomorphism (a, A, @) <> (A, u) =
(A, 0w + ).

Next we show each of A+, 4, meets c in & or meets (0, 3, 0),
where p # i e€r(L). Suppose, e.g., A" does not satisfy either of
these alternatives. There are two cases to consider. First assume that
At meets A~ outside of a neighborhood of (0, y, 0). As in Lemma
1.2, we can find a bounded open set ¢ D ., such that 80 N & = o
and O consists of [—oy , 0q] X % near (0, p, 0). In addition, it can be
assumed that ¢ contains no trivial solutions other than those in
0} x %. Let 0, = {(\, w)e E | (&, \, w) € O}. Then O, = & for | «|
sufficiently large and by the homotopy invariance of 4,

A(¥(), 0) =0 & 0. (1.35)
For 0 < « < a,, the additivity of d implies
A(P(), 0,) = d(¥(), %) + d(¥(a), 0, — ). (1.36)
Hence Egs. (1.32), (1.35), and (1.36) yield

dq¥), 0, — M) = —c, =1 0<oa<o. (1.37)
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Since P(a) # 0 on 80 — [—ay , ay] X %) (@in [—oy , og] X E)
dP(), O, — Ty =1 o] <aq. (1.38)
But then (1.36) implies
d(P(@), O) =2 £ 0 (1.39)

for 0 > a > —« , contradicting Eq. (1.35).

Next assume that 4, + does not meet 4, outside of a neighborhood
of (0, p, 0). Then € as above can be chosen with the modifications that
O = {—0yf2} X # CoO, [—ay, ~f2] X 4 N O = @, and
(80 — )N ¥ = @. Note that N & C A,~. Equation (1.35) is
now valid for « > 0 and o < —o,/2. The computations (1.36)—(1.38)
are unchanged. Since 0, — % = 0, for « = —3a,/4, Eqs. (1.35) and
(1.38) are inconsistent. Thus .4, T satisfies the above alternatives.

Identifying € with &, we have shown

TreoREM 1.40. Each of €,*, €., meets (u, 0) and either

(1) meets cc in &, or
(i1) meets (i, O), where p ~ g er(L).

Remark. We suspect that there is an analog of this theorem for
the general odd multiplicity case.

2. SOME APPLICATIONS

Here we will give some applications of the theory of Section 1 to
ordinary differential equations and integral equations as well as to
quasilinear elliptic partial differential equations.

Our first application to nonlinear Sturm-Liouville problems for
second-order ordinary differential equations has already been done in
[3] but the proof given here is simpler. Consider

Pu= —(pu) +qu=Fx,u,v',2) O<x<m 2.1)

and
au(0) + b’ (0) = 0, ayu(m) + by (m)y = 0,

where (a,% + bo?)(a,% + 5,%) # 0. The boundary conditions of Eq. (2.1)
will henceforth be denoted by B.C. The function F(x, £, 1, A) =
Aa(x)é + H(x, &, 1, A), and H is 0((£2 + 7?)*/%) near (£, 1) = (0,0)

uniformly on bounded A intervals. In addition, p, ¢, @ are assumed
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respectively to be continuously differentiable and positive, continuous,
continuous and positive on [0, 7}, and F is assumed to be continuous
in its arguments on [0, 7] X R3.

If H = 0, Eq. (2.1) becomes a linear Sturm-Liouville problem:

Lu = Aau, 0 < <m ueB.C. (2.2)

As is well-known, Eq. (2.2) possesses an increasing sequence of simple
eigenvalues \; < - < A, < --- with A, — o0 as # — c0. Any eigen-
function v, corresponding to A, has exactly # — 1 simple nodal zeroes
on (0, 7). (By a nodal zero we mean the function changes sign at the
zero and at a simple nodal zero, the derivative of the function is
nonzero).

To exploit these nodal properties an appropriate family of sets is
introduced. Let E denote the Banach space C'[0, =] N B.C. with the
usual norm || u {|; = max,.[o . | w(x)| + max, . | @' (x). Let S, be
the set of u € E which have exactly # — 1 simple nodal zeroes on
(0, 7) and which are positive for 0 # x near 0; then, S, = —8, 1,
and S, = §;* U §;~. The sets S,+, S+, S, are open in E. The
eigenfunction v, corresponding to A; in Eq. (2.2) is made unique by
requiring that v, € S;t and || v, ||, = 1.

Let § =R X E, =R x S+, &~ =R x S, and &, =
R X S, . The linear existence theory for Eq. (2.2) can be stated as:
For each integer 2 > 0 and each v = + or —, there exists a half line
of solutions of Eq. (2.2) in & of the form ()., av,), « € R*. This
half line joins (A , 0) to infinity in &. (Here R” = A€ R | 0 < vA < o0},
v = -+, —-)

An analogous result holds for Eq. (2.1).

THEOREM 2.3. For each integer k > 0 and each v = 4+ or —,
there exists a continuum of solutions of Eq. (2.1) in * U {(A; , 0)} which
meets (A, , 0) and o in &.

Proof. Note first that if (A, ) is a solution of Eq. (2.1) and u has
a double zero, then the growth estimate on H near the double zero
and linearity of .# and au implies that ¥ = 0 on [0, #]. Therefore,
in particular, any solution (A, u) of Eq. (2.1) with u € 8S,? has u = 0.

Assume that 0 is not an eigenvalue of .. Then using the Green’s
function g(x, y) of £ with respect to the B.C. of Eq. (2.1), the equation
can be converted to the equivalent integral equation

w) = [ gw )P ), W () Ny = GO (24)
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It is easily seen that G is a continuous compact map of & — E. Hence
Eq. (2.4) is of the form (0. 1) with Lu = [g g(x, ¥) a( y) u( ) dy. The
eigenvalues of .Z are the characteristic values of L and are simple.
Therefore the hypotheses of Theorem 1.3 are satisfied and there
exists a continuum ¥, = % as in Theorem 1.3. Lemma 1.24 implies
that if (A, u) € €} and is near (A;, 0), 4 = av, + w with w = O(| « |).
Since S, is open and v, € S}, then

Wweh and (G — {0, ONDNBCF,

forall0 < { small. By an above remark, (¢, — {(A,,0)}) N 6%, = @.
Consequently, € lies in &, U {(A, , 0)} and alternative (ii) of Theorem
1.3 is not possible.

It remains to decompose %) into two subcontinua which meet
(A%, 0) and oo in FAF U {(A;, 0)} and F4~ U {(A;, 0)}, respectively.
Again writing u = av, + w for (A, u) €€, — {(A;,0)} and near
(A, 0), we have av, € &7 if 0 # o € R” and, therefore,

(" — {4, 0)) N #,C A,

€, — {(A, 0} N B, CF forall 0 < { small. Since €, — {(A; , 0)}
cannot leave % outside of a neighborhood of (A;, 0) and %> does
not contain a pair of points of the form (A, u), (A, —u), it follows from
Theorem 1.27 or Theorem 1.40 that %, meets infinity in &,
v = 4+, —.

If 0 is an eigenvalue of &, the result is trivial if A, = 0. If A, £ 0,
then replacing % by £ + ea, and passing to a limit using the already
established result and the compactness of G, completes the proof of
Theorem 2.3 (see {3]).

Remark. It is possible to generalize Theorem 2.3 by permitting ¥
to depend on A and on % in a nonlinear fashion (see [3]). Likewise F'
could be a map of C*[0, ] x R — C[0, »]. However, then, the form
of F must be such that Eq. (2.1) has the property that whenever (A, )
is a solution of (2.1) with # having a double zero, then # = 0 (see [10]).

Next we show how nodal properties can likewise be exploited for
a class of nonlinear integral equations. Consider

() = ) [ K(v9) Flp, () (3) dy = GO, ), 25)

where K(x, y) is a continuous symmetric oscillation kernel on [0, 1]2
and F(y, ) is a positive continuous function on [0, 1] X R. Let
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E = C[0, 1] under || # || = max_,[, ;1 | #(x)|. Then G is continuous and
compactoné& = R X Easis

Lu= | K(x,y) F(3, 0) u(y) dy

and HQA, u) = G(A, #) — ALu is O(|| u ||) for || u || near 0.
Since K(x,y)F(z,0) is also a symmetrizable oscillation kernel,
the linear characteristic value problem

u = ALu (2.6)

possesses an increasing sequence of positive simple characteristic
values A; << -+ << A, < +-» with A, — o0 as n— o0 (see [9]). Any
eigenfunction v, corresponding to A; has exactly & — 1 nodal zeroes
on (0, 1). Let N+ denote the subset of u € E such that # has exactly
k — 1 nodal zeroes on (0, 1) and is positive near x = 0; N, = — N, %,
and N, = N, U N;~. Then v;, € N, . We normalize v;, by requiring
o]l = 1 and o, € N, t.

As was the case with Eqgs. (2.1) and (2.2), there is a nonlinear
analog for Eq. (2.5) of the linear theory for Eq. (2.6). Let A4} =
R X Npforv =+, —,and #/; = R X N;.

THEOREM 2.7. For each k >0 and each v = + or —, there
exists a continuum of solutions of Eq. (2.5) in N> which meets (), , 0)
and o0 in &.

Proof. By Theorem 1.3, there exists a continuum %), = ¢, C &
meeting (A, , 0) and satisfying the alternatives of Theorem 1.3. Let
A ={AQuw)eb,| (A u)et U, 0)}. We will show that & is
both open and closed in %), under the induced topology from & and
therefore since %), is a continuum, (7 = %,,. (Certainly / # o).

Suppose (A, u) e, (A, u) # (A, 0). Since K(x,y)F(y,u(y)) is
a symmetrizable oscillation kernel, and (A, «) is an eigenpair of Eq. (2.5)
with uw € N, , it follows that A is the k-th characteristic value of
K(x, y) F(y, u( y)). Likewise, this is the case if (A, ) = (A, , 0).

Now we show (7 is closed, for if (u, , #,) C 7 and (,, , u,,) — (1, ©),
then (u, u) € €, since it is a closed set. The kernels KF(y,u,)—KF(y,u)
in E and therefore the corresponding integral operators converge in
the operator norm. Consequently the respective sets of characteristic
value of these operators converge uniformly on compact subsets of R.
Hence p being the limit of k-th characteristic values must be the k-th
characteristic value of KF(y, u). Therefore, u is a k-th eigenvector
and # € N, unless # = 0 in which case A = A, . Thus & is closed.

580/7/3~10
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A similar argument shows 7 is open. Let (A, u) € (. Since A is
the k-th characteristic value of KF(y,u), given any ¢ > 0, there
exists a p > 0 such that if ||u — w| << p the k-th characteristic
value p of KF(y,w) satisfies |A — u| < e. Moreover, since the
kernels KF(y, p) possess only simple eigenvalues, given any ¢, > 0
there exists p; > 0 such that || u — w| < p, implies all eigenvalues y
of KF(y, w) other than the k-th satisfy |y — A| > ¢, . Taking
€, = 2¢, we see that if (p,w)e€, and |p — A < ¢ [|w—ul| <
min(p, p;), then (u, w) e A} U {(A;, 0)}. Hence (¥ is open.

By our foregoing remark it follows that ¢/ = %, . Therefore, if
k#j, €, N%; = @ and alternative (ii) of Theorem 1.3 is not
possible. Thus alternative (i) prevails.

Next €}, is decomposed into two subcontinua lying in

At VA, OO, A VU {2, O},

respectively, each meeting co. By the remarks following Theorem 1.16,
we can break up %, into %+, €, It will be shown that

€ C A VA, 0)) v=+4, —.

Hence %, does not meet €, ~ outside of a neighborhood of (3, 0)
and neither of €+, €, contains a pair of points (A, u), (A, —u).
Therefore, by Theorem 1.27 or Theorem 1.40, €;* meets co in A7,
v= 4+, —.

Thus to complete the proof, we show %,* C A4} U {(A;,0)},
v = -+, —. First observe that %, * cannot have nonempty intersection
with both 4, + and A4~ for otherwise since €+ is a continuum, we
could find a point (A, #) on %)+ with ue N;, j < k, which is not
possible. Therefore %,* lies either in A+ U {(A;,0)} or in
Ny~ U{(A, 0)}. Suppose €.+ C A~ U{(A;,0)}. Let (A, ) e %,*, (A, u)
near (A, 0). Then 4 = av;, + w, where 0 < « = {f,uy andwekE,.
Since ue N,~, u#/a = v, + wla € N;+. Letting « — 0 and using
Lemma 1.24, we find #/a — 7, € N,~. But v, € N, * and

Nk+nNk_ = .

Thus €+ C A+ U {(A¢, 0)}. Similarly €,~ C A3~ U {(A;, 0)}, and
the proof is complete.

Remark 1. 'The only point in the above proof in which the sym-
metry of K has played a role is in guaranteeing that certain linear
operators have positive simple eigenvalues and corresponding eigen-
functions with nodal properties. Thus Theorem 2.7 is also valid if K
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is an arbitrary oscillation kernel provided its eigenvalues and eigen-
functions have these properties as, e.g., in [19].

Remark. 2. The ideas used in the above proof can readily be
generalized to include the case in which F is a map depending also on
A [10]. Likewise it is possible to generalize the results of Parter on
interlocking pairs of ordinary differential equations of a special
form [20].

The last application in this section treats a nonlinear eigenvalue
problem for a class of quasilinear elliptic partial differential equations.
Let 2 be a smooth bounded domain in R®. Consider the boundary
value problem:

Lu = — Z aii(x; u, Dll) “a:ng + Z bi(x’ “ Du) ux‘
i=1

4=l
+ (%, u, Du) u = Ma(x) u + F(x, v, Du, X)) x€2 (2.8)
=10 on 2.

Here Du denotes arbitrary first partial derivatives of #. The functions
a;, b, ¢, a, F are assumed to be continuously differentiable functions
of their arguments. In addition, we assume ¢ =0, a > a, > 0,
F > 0, F(x, u, p, A) = 0((«* + | p [*)!/*) near (u, p) = (0, 0) (p e R")
uniformly on bounded A intervals, and that Eq. (2.8) is uniformly
elliptic, i.e.,

Z aij(x) s P) figj ZBlER

forall x € 2, n e R, p, § € R* with B a positive constant.
Let o € (0, 1) and let E be the Banach space: E = {u € €'(2) | u =
0 on 82} under the norm

I #liire = max | u(x)] + max max | u,(¥)]

+ max max | u, () — uy (y)l/| 2 —y|*

1<ig<n z,ved

LetP+ = {ue E|u > 0inP and 0u/dw < 0 on 6%}and P~ = — P+,
where w is the outward pointing normal to ¢2. P+ and P~ are open
subsets of E.

Let =R X E, # =R X P, v= 4, —. We will prove the
existence of a continuum of solutions of Eq. (2.8) with ue P+
We define a mapping of & — E as follows: For (A, u) e &, let v =
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G(A, u) be the solution of the linear uniformly elliptic partial differen-
tial equation:

— Y ay(x, u, Du) vy, + Y by(x, u, Du) vy, + o(x, u, Du)v

ij=1 i=1
= MNa(x)u + F(x,u, Du,r)) x€9 (2.9)
v =0 on 09.

The standard linear existence theory for such equations implies there
exists a unique v e ¥*t+(J) satisfying Eq. (2.9) (see [11]). The
Schauder estimates imply that the mapping G is continuous and
compact. Any solution (A, #) of Eq. (2.8) satisfies # = G(A, u), and
conversely.

For (A, u) €&, let w = T(A, u) denote the solution of

— Y a;(%,0,0) w0, + Y bi(x,0,0)w,, + ¢(x,0,0)w = dau  x€P
ii=1 i-1
w=20 on 09.
(2.10)

Then T'(A, u) = ALu, where, as above, L is the linear compact map of
E — E. 1t is easily seen that H(A, u) = G(A, u) — ALu is O(|| # ||;4.)
for  near O uniformly on bounded A intervals.

Consider the linear characteristic value problem v = ALv, i.e.,

=Y a,4%,0,0) Vo, T Y by(x,0,0) v,, + c(x,0,0) v = Aa(x) v x€D
ii7=1 in1
' =20 on 092.

@.11)

Using the maximum principle and the linear theory for L, it is easily
seen that L is a strongly positive operator (in the sense of Krein—
Rutman [11]) on the cone Pt+. Therefore by a theorem of Krein—
Rutman, the smallest characteristic value A, of L is positive and simple
and possesses a corresponding eigenfunction v, € Pt. v, is made
unique by taking || v, [ = 1.

Thus we see that all of the hypotheses of Theorem 1.3 are satisfied
for Eq. (2.8) with 4 = A, and by that theorem, there exists a continuum
€\, = €, of solutions (A ) of Eq. (2 8) in & satisfying the alternatives
of that theorem. If (A, u) € €, and is near (A, ,0), then u = yv, + w
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where |y | is small and w = o(] y |). Hence as for Eq. (2.1), ue P*
ifyeRY, v = +, —,and | y | small. Thus €» N #, C Z* U {(A,, 0)}
for0 < {small,v = 4, —.

Next we claim %,+ C &t and therefore as in Theorem 2.3 or 2.7,
%,* meets oo in &. To prove this, note first we can assume (A, #) € €,
implies A > 0 for otherwise A = 0 is an eigenvalue of an equation
of the form (2.8). But this is impossible via the maximum principle.
If €.+ ¢ P, there exists (A, u) € €;7 N (RT x 0P*), (A, u) # (A,, 0),
such that (A, ) is the limit in & of (A, , u,) € #*. The function « has
either an interior zero in & or du/dw = 0 at some point on 0%,
0/0w denoting the outward normal derivative to 2. Then from Eq.
(2.8), Lu > 0 and the strong maximum principle [13] implies « = 0.
Therefore (A, 0) € €,* and is the limit of solutions of Eq. (2.8) in #+.
An argument similar to that of Lemma 1.24 then shows that A = A;
contrary to hypothesis. Thus we have proved

THEOREM 2.12. There is a continuum of solutions €.+ of Eq. (2.8)
in P+ U {(A,, 0)} which meets (A, , 0) and c© in &.

Remark. Actually for this theorem all we need is that F > 0 if
u > 0. If further F < 0 when u < 0, the above argument gives a
second continuum %,~ in #- U {(};, 0)} which meets (};, 0) and
in #-. Appropriate growth conditions on a;;, b;, etc. imply a priori
bounds (depending on A) for solutions of Eq. (2.8) (see [12]). This
implies the projection of €, * on R contains (}, , o).

CoroLLARY 2.13. If F is independent of Du, Theorem 2.12
obtains for €+ and €~ without the positivity of F.

Proof. The proof is the same as that of Theorem 2.12 modulo
showing that €, C 2" U {(A;, 0)}, v = 4, —. We treat the 4 case.
If this is not the case, we can find (A, u) € €, N R™ x ¢P* where u
has an interior zero in & or ou/dw = 0 at some boundary point of 2.
Suppose u(x,) = 0 at x, € 2. Consider a small neighborhood 2 of x; .
It can be assumed that |F(x, u, A)| << aq,|u|/2 in 2. Therefore
Zu > 0 in £ and the maximum principle implies # = 0 in 2 and
therefore in & by a simple continuation argument. A similar argument
works if x, € 02 and ou(x,)/0w = 0. The proof continues as earlier.

Remark. In some work in progress, R.E.L. Turner has shown the
existence of continua (in another sense) of solutions of a class of
quasilinear elliptic equations.
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3. RELATED RESULTS

In this last section we shall show how some of the ideas developed
in the previous sections can be used to prove the existence of continua
of solutions for nonlinear eigenvalue problems where bifurcation need
not occur. Let & and E be as earlier and let & = {(A, u) e & | Ae R},
v = 4, —. Consider the equation

u= T, u), (3.1)

where T : & — E is continuous and compact, and 7'(0, #) = 0. It is
not assumed that 7'(A, 0) = 0 and in fact the case of interest is when
T(A, 0) # 0 for 0 = Anear 0.

Note that (0, 0) is a solution of Eq. (3.1). Use of the Schauder fixed
point theorem in a straightforward fashion shows that Eq. (3.1)
possesses a solution (A, #(A)) for each | A| small. However a global
result actually obtains here. Let & denote the set of solutions of

Eq. (3.1).

THEOREM 3.2. If T is continuous and compact on & and T(0, u) = 0,
then & contains a pair of continua S+, $— lying in &+, &, respectively,
and meeting (0, 0) and co.

Proof. If Ay > 0 is sufficiently small, the continuity of T implies
that T :[—Xy,A] X B, — B,. Let ®(\, u) = u — T(A, ). Then
d(D(A), By, 0) = d(D(A), B,) is well defined for | A | < Ag; and by the
homotopy invariance of d,

d(P()), B,) = constant for [A]| < A, 3.3)
For A = 0, ®(A) = I, the identity map on E. Hence
dDQ), B) — dL,B) =1, |A[<X. (3.4)

Let #* denote the (maximal) sub-continuum of & lying in &7,
v = +, —, and which meets (0, 0). Since (0, 0) is the unique solution
of Eq. (3.1)for A = 0, #+ N J~ = (0, 0). If #* does not meet infinity
in &”, as in Lemma 1.2 a bounded open set ¢* C &” can be found such
that @* D #* and 0" N {0} x E C{0} x B;. The argument used in
the proof of Theorem 1.3 together with Eq. (3.4) shows that this is
not possible. Thus the proof is complete.

An obvious corollary which shall not be formalized results when
the solutions of Eq. (3.1) are a priori bounded as a function of A. The
projection of #* on R”is then R, v = +, —.
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If T(A, 0) = 0, Theorem 3.2 tells us nothing new since the trivial
solutions (A, 0) are present.
To illustrate Theorem 3.2, consider the nonlinear integral equation

u(x) = X | LK) F(o u), ) dy = T, w) (3.5)

where x € Z, a bounded domain in R*, E = %(), K is continuous
onJ X 9, and F is a continuous map of J X E X R into E which
is bounded on bounded sets. Then T'(A, #) satisfies the hypotheses of
Theorem 3.2 on & and there exists a pair of continua as in that
theorem. If | F( y, u, )] < M()) for all y € &, u € E, A € R, with M(})
continuous on R, then Eq. (3.5) possesses solutions for all A € R.

A second example is provided by the quasilinear elliptic partial
differential equation

FLu=0(x,u,Du,d) nZ wu=0 on 09, (3.6)

where Zu is as in Eq. (2.8), the coefficients having the same properties
as earlier. The function Q is assumed to be continuously differentiable
in its arguments and Q(x, u, p, 0) = 0. Let E be as earlier and define
T(A, u) just as G(A, u) was defined before Eq. (2.9). Then Eq. (3.6) is
equivalent to the equation # = T'(A, #) in E with T satisfying the
hypotheses of Theorem 3.2. Hence we obtain £+, #-. If O > 0 for
A > 0 then the maximum principle implies that T'(A, ) C P+ for
A>0 and S+ C 2+ U{0,0)}. Similarly, if Q >0 for A >0,
T(A u) C Pt for A > 0 and S+ C P+ U (0, 0).

By formalizing the above, we have

Turorem 3.7. Egquation (3.6) possesses a pair of continua of solution
I+, I~ which meet (0, 0) and infinity in &+, &, respectively. If O > 0
(= 0) for A > 0, then #+ C P+ U (0, 0) (Z*+ U (0, 0)).

Remark. It is easily shown that these results are valid under more
general boundary conditions. Some results related to Theorem 3.7
have been obtained by D. Cohen and H. Keller [5, 14] for the case in
which the coefficients of £ are independent of , Du; Q = O(x, u) > 0,
and Q is monotonic increasing in u.

Next we investigate a situation related to but somewhat different
from that of Eq. (3.1).

Lu = F(\ u), (3.8)

where £ is a linear map on E and & a nonlinear map of & — E with
F(0, u) = 0. If £ exists as a bounded map on E, then Eq. (3.8) can
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be put into the form (3.1). However, this may not be the case and,
in particular, # may have a null space N. Despite this if Eq. (3.8)
possesses sufficient structure, it may be still possible to convert it
to an equation of the form (3.1) such that Theorem 3.2 can be used.
Rather than develop a general theory here, we will restrict ourselves
to one problem, viz., the question of the existence of time periodic
solutions of a nonlinear wave equation.
Consider, then,

Uy — Uy = AF(2, 1, 1) O<e<m 0Kt 27 (3.9)

together with the boundary and periodicity conditions:

w0,t) =u(mmt) =0 0<<t<2n
(3.10)
w(x, t + 27) = u(x, ) 0y

The function F is assumed to be k (=3) times continuously differen-
tiable in its arguments, 27 periodic in ¢, and 0F/ét # 0. In addition,
we assume F is strongly monotonic increasing in #, i.e.,

OF(x,t,u)fou = B >0 forallw, ¢, u

This problem was studied in [15] where the existence and local
uniqueness of classical solutions of Egs. (3.9) and (3.10) was shown
for A sufficiently small. By converting these two equations into an
equation of the form (3.1), and verifying the conditions required for
Theorem 3.2, we shall show that a global result actually obtains here.
Free use shall be made of some of the preliminary results of [15].

First some notation. The completion of C* functions in x, ¢ on
[0, 7] x [0, 27], 2 periodic in ¢, with respect to

7 W27
2 == Doy |2 dx dt,
wir= 2 [ 17l
will be denoted by H; . (Here D°p denotes an arbitrary derivative of ¢
of order |o|, the usual multi-index notation being employed.)
Similarly H; denotes the completion as above of C* function having
support contained in (0, 7) with respect to x. H; and H; are Hilbert
spaces with respect to the inner product associated with | - ;. Let C;
denote the closure of C* with respect to || ¢ [l; = ¥, «; max | Dog |.

The closure N in H, of the null space of the wave operator
[ = 8%/o12 — 2?/0x® under the boundary and periodicity conditions
of Eq. (3.10) is the set of @ € H,, such that

o(x, t) = plx + 1) — p(—x + 1),
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where p is 27 periodic and j'f," p¥(s) ds << co. Let N1 denote the
orthogonal complement of N in H, and let P be the projector on N.
Observe that N is infinite dimensional and if ¢ € N is smooth (0, ¢)
is a classical solution of Egs. (3.9) and (3.10). Thus any solutions of
these equations with A 7= 0 bifurcate from (0, N).

Let E = N1 n H, . Itis shown in [15] that for each w € E, there
exists a unique v = V(w) e N N H), such that PF(-, -, v + w) = 0,
ie.,

7T w27
‘[IF@LW+M¢Mﬁ=O (.11
0vo

for all ¢ € N. Theorems 1 and 3 of [15] further show that
[0 [k < () (3.12)

where ¢(w) is a constant depending on bounds for || w||, and | w |, .
Since £ > 3, bounds on | w |; imply corresponding bounds on || w ||,
via the Sobolev inequality [16]. Thus we can consider ¢ as depending
only on | @ | .

The mapping w — V(w) is continuous as a map from E—~ NN H,_,
for if (w,) C E and | w, — w |, — O as » — oo, then Eq. (3.12) gives
uniform bounds for (V(w,))in | - |, . By the Sobolev inequality again,
we get uniform bounds for (V(w,)) in|| * ||, . Therefore by the Arzela-
Ascoli theorem a subsequence of the V(w,) converges in C, to V
satisfying

7 a2
fmeL7+w¢hﬁ=Q (3.13)
0vo

for all @ € N. The uniqueness of solutions ¥ to Eq. (3.13) implies that
V = V(w) and likewise that the entire sequence V(w,) converges to
V(w) in Cy. Taking u = V(w,) — V(w) and p = k in the inter-
polation inequality [16],

lul, e lulBllulif 0<j<k, (3.14)

where ¢, is a constant and using the uniform boundedness of
(I V(w,) — V(w)|z) and the convergence of V(w,) to V(w) in C,, the
continuity of V(w) in | - |,_, follows.

In[15]itis proved that if f € E, there is a uniquew e EN H,,, N H,
such that (w = f and |w |,y < ¢, | f|x, where ¢, is a constant.
Therefore []—! exists and by the Rellich theorem [17] is a compact
map on E.
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The “composition of functions” inequality implies that if v € H, ,
F(x, t, u) € Hy, (see [15] or [18]). Combining these results, we see that
if we EN H,,, N H, and satisfies

w == A|71F(x, t, V(w) + w) = T(A, w), (3.15)

then V(w) + w is a classical solution of Egs. (3.9) and (3.10) (see
also [15]). Thus to solve Egs. (3.9) and (3.10), it suffices to deal with
Eq. (3.15) which is of the form (3.1).

If we show that T(A, w) is continuous and compact on &, then
Theorem 3.2 can be employed here. Since V:E-—> NN H,, and
F:V(w)+w-—>E for weE via the composition of functions
inequality and the lemma cited above, the compactness of T follows
from that of (J7': E— E N H, ;. To prove the continuity of T,
let (A, , w,) — (A, @) in &. As was shown above, V(w,) — V(w) in C,
and therefore A, F(x,t, V(w,) + w,) — AF(x, t, V(w) + w) in C,.
Hence A, [J7'F(x, t, V(w,) + w,) = T(A, , w,) = T(A, w) in H, . By
the interpolation inequality (3.14) with p =k + 1, j =k, and
u=T@0,,w, — T, w), it follows that T(A,,w,) — T(A, w) in
|- Ik -

Thus Theorem 3.2 is applicable here. Since the map w — V(w) + w,
E — H,_, n H, is continuous, we have proved the global result:

THEOREM 3.16. There exist a pair of continua of solutions of Egs.
(3.9) and (3.10) in H,_, N H, which meet (0, V(0)) and .
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